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Preface 


This book is designed primarily to supplement standard texts in elementary machine design, based on 
the belief that numerous solved problems constitute one of the best means for clarifying and fixing in mind 
basic principles. Moreover, the statements of theory and principle are sufficiently complete that, with suitable 
handling of lecture-recitation time, the book could be used as a text by itself. 


Each chapter begins with statements of pertinent definitions, principles and theorems together with 
illustrative and descriptive material. This is followed by graded sets of solved and supplementary problems. 
The solved problems serve to illustrate and amplify the theory and bring into sharp focus those fine points 
without which the student continually feels himself on unsafe ground. Numerous proofs of theorems and 
derivations of formulas are included among the solved problems. The supplementary problems serve as a 
review of the material of each chapter. 


Chapter topics correspond to material usually covered in standard machine design courses. It is felt that 
these are representative topics for illustrating the general approach to design problems. Where more than one 
accepted procedure for handling a problem exists, the authors have in some cases adopted what they feel to be 
the best; in other cases, alternative procedures are shown; and in a few situations there is some innovation in 
treatment. As a result, while this book will not mesh precisely with any one text, the authors feel that it can 
be a very valuable adjunct to all. 


The following are some of the special features of this book. It contains a wide range of applied mechanics 
review problems. Solved problems are used to review Strength of Materials and to demonstrate the application 
of many previous courses to design situations. Step functions and the theorem of Castigliano are introduced as 
tools for determining deflections in machine members. An introduction to Vibration Studies is presented. The 
latest techniques as developed by Boyd and Raimondi for solving lubrication problems are included. Excerpts 
from the latest AFBMA Standards are given for evaluating static and dynamic load ratings of radial ball bearings. 
Gear forces are covered in much more detail than in standard texts. A careful treatment of critical spzeds of 
shafting is presented. An exhaustive treatment is given for determining the rigidity as well as the strength of 
machine members. Thirty-six design Projects are presented, including flow control, automatic electrical control, 
quality control, and creative design problems. 


It is realized that competence in design rests on many factors other than scientific training — ingenuity, 
judgment, familiarity with empirical data, knowledge of design codes and standards, to name a few. Many of 
these can be fully developed only over a number of years of actual experience in industry. However, the 
student can be provided with what is basic, namely a good training in the logical application of theory to the 
design of machine elements plus some feeling for the accompanying assumptions and approximations. It is to 
this end that this book is directed. 


The authors are deeply indebted to many people. Published texts in machine design, strength of materials 
and dynamics of machinery have been studied and compared; all have contributed to the authors’ thinking. 
Members of the machine design staff at Purdue University have served to sharpen and refine the treatment of 
many topics. The authors are extremely grateful to them for constructive criticisms and suggestions. 


Special appreciation is expressed to E. S. Ault, Professor of Machine Design at Purdue University. In 
addition to general encouragement of the authors’ efforts, Professor Ault is to be credited with the procedure 
presented in the chapters on Toothed Gearing for handling the Lewis formula in design calculations. 


Particular thanks are extended to Mr. Henry Hayden for typographical layout and art work for the 
figures. The realism of these figures adds greatly to the effectiveness of presentation in a subject where spatial 
visualization plays such an important role. 


We would also like to thank the following for permission to publish copyrighted material: The Lincoln 
Electric Company, The Anti-Friction Bearing Manufacturers Association, and Mr. A. A. Raimondi and Mr. John 
Boyd of the Westinghouse Electric Company. 


A. S. Hall, Jr. 
A. R. Holowenko 
H. G. Laughlin 
Purdue University 
June, 1961 


Preface to the SI(Metric) Edition 


The foot-Ib-second system of units originally used in this book have been replaced by the S.1. system as 
given in BS 5555 : 1976 (ISO 1000 — 1973). The exercises have consequently suffered some alteration; and 
some of the design methods used contain conversions of long accepted numbers into the newer system of units. 


It is hoped, however, that we have done nothing to mar the aims of the original authors as stated in the 
Preface to the first edition. 


M. D. Bennett 
P.C. Hills 

Royal Military College of Science 

April 1980 
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Chapter 1 


Introduction 


ENGINEERING DESIGN is the creation of plans for machines, structures, systems, or processes to perform 


desired functions. 


THE DESIGN PROCESS includes the following. 


(1) The recognition of a need and a statement of this need in general terms. This defines the problem. 


(2) The consideration of different schemes for solving the problem and the selection of one to be 
investigated in more detail. Feasibility studies, backed up by special research if necessary, are a 


feature of this stage in the process. 


(3) A preliminary design of the machine, structure, system, or process selected. This established broad 
overall features and makes it possible to write specifications for major components. 


(4) Design of all components and preparation of all necessary drawings and detail specifications. 


In the early stages of the design process the di 
ative thinking should be given full play. 


lesigner is a creator. Here his ingenuity and power of imagin- 


The drawings and detail specifications for a completed design are a record of a multitude of decisions, 
some large and some small. The designer, in the later stages of the design process, is basically a decision maker. 
He must work from a sound basis of scientific principles supplemented by empirical data. However, it must be 


understood that science can only establish limits 
within which a decision must be made, or give a 
statistical picture of the effects of a particular 
decision. The decision itself is made by the designer. 
Hence judgment in making decisions is one of the 
outstanding characteristics of a good designer. 


THE DESIGN OF A MACHINE must follow a 
plan somewhat as shown in the adjacent figure. 
After the general specifications have been 
set, the kinematic arrangement, or skeleton, of the 
machine must be established. This is followed by 
a force analysis (incomplete because masses of 
moving parts are not yet known in designs where 
dynamics is of importance). With this information 
the components can be designed (tentatively, 
because forces are not known exactly). Then a 
more exact force analysis can be made and the 
design refined. Final decisions are affected and 


KINEMATIC 
SCHEME 
1 
ANALYSIS of 
FORCES 
! 


DESIGN of COMPONENTS 


for 
STRENGTH, RIGIDITY, etc 


PRODUCIBILITY 


SPACE 
and WEIGHT 
LIMITATIONS 


NATURE of 
MARKET 


Fig. 1-1 


2 INTRODUCTION 


modified by many factors other than strength and rigidity — appearance, weight and space limitations, avail- 
ability of materials and fabrication techniques, etc. 

This is an over-simplification of the problem, but nevertheless a useful outline to keep in mind. None of 
the steps mentioned are independent of the others. There is continual feedback as suggested by the broken 
arrows in the diagram. For example, after the first tentative design of parts, a dynamic analysis may show 
undesirably high inertia effects and dictate a change in the kinematic scheme of the machine. 


THE SCIENCES UNDERLYING MACHINE DESIGN are Mathematics and Physics, with emphasis on Kine- 
matics, Statics, Dynamics, and Strength of Materials. However, it would be difficult to pick out any of the 
technical or scientific courses in an engineering curriculum which do not make important contributions to the 
designer’s equipment. Among those of importance are Graphics, Economics, Metallurgy, Thermodynamics and 
Heat Transfer, Fluid Mechanics, and Electric Circuit Theory. The student beginning the study of Machine 
Design should have some preparation in all these areas. 

The following list of review questions and problems, primarily from Mechanics, will enable the reader to 
quiz himself on some of this basic material. Without the use of references he should answer correctly at least 
90% of these. Otherwise the indication is that some review of Mechanics is in order. 


MECHANICS REVIEW QUIZ 
(Reasonable working time, 3 hours. Answers are given at the end of this chapter.) 
Make free use of sketches. Give correct units for answers. 


1. What power is required to move a car along a level road at 100km/h against a horizontal resisting force 
of 2KN along the line of motion if the overall mechanical efficiency is 85%? 


2. A power screw is being turned at a constant rate by the application of a steady torque of 150N m. How 
much work is being expended per revolution? 


3. A 250mm diameter pulley is mounted on a shaft midway between two supporting bearings that are 
750mm apart. The pulley is driven by a belt, both strands pulling vertically upward. If the tension in 
the tight side of the belt is 2.7kN and in the slack side is 900N, what is the maximum bending moment 
and the maximum torsional moment if power is taken from one end of the shaft through a flexible 
coupling? 


4. A rope is draped over a freely rotating pulley. On one end of the rope is a 100kg mass and on the other 
end is a 25kg mass. Neglecting the mass of the pulley and friction, determine the tension in the rope. 


5. A rigid frame resting on a frictionless plane is made of three straight members pin-joined to form an A 
and is loaded by applying a force F vertically downward on the vertex pin. Draw a free body diagram of 
each member, showing all forces acting in their proper locations and directions. 


6. (a) What is the mathematical definition of the second moment of an area? 

(b) Show by means of calculus that the second moment of area of a rectangular cross section is bd /12 
with respect to the centroidal axis parallel to the base. 

(c) Show that the section modulus for part (b) is bd/6. 

(d) Using the fact that the second moment of area of a circular section with respect to a diameter is 
nd*/64, determine the second moment of area of a hollow shaft having an o.d. of 100mm and an 
id. of 50mm. 

(e) Demonstrate how a close approximation to the second moment of area of a very irregular area 
could be determined with a high degree of accuracy. 


10. 


il. 


12. 


13. 


14. 


45. 


16. 
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The rotor of an electric motor has a mass of 5kg and is 100mm in diameter. What is the length of time 
required for the motor speed to increase from 0 to 1800 rev/min, assuming a constant electrical torque 
of 2.25N m and zero external load during this period? Assume that the rotor is a homogeneous cylinder. 


Define bending moment. What arbitrary convention is ordinarily used to determine the sign of a bending 
moment? Demonstrate the above by means of free bodies consisting of short sections taken from the 
ends of a freely supported beam, loaded in such a manner that a positive bending moment exists in the 
vicinity of the left end and a negative moment exists in the vicinity of the right end. 


If a spring deflects 50mm under a 2KN load, what energy does the spring absorb in one gradual applica- 
tion of this load? 


Show that 1 Hp = 0.746kW. 


Illustrate graphically the distribution of stress over the cross section perpendicular to the axis of a beam 

for the following cases. 

(a) Bending stress, Mc/J, in a simple beam which is (/) symmetrical with respect to the neutral axis of 
the cross section, and (2) unsymmetrical with respect to the neutral axis of the cross section. 

(b) Tensile or compressive stress, P/A , due to an axial load in a member of any cross section. 

(c) Torsional stress, Tr/J, due to an applied torque on a member of circular cross section. 

(d) Transverse shear, VZ/Ib, in a simple beam of (/) rectangular cross section, (2) circular cross section, 
and (3) a symmetrical I-section. 


(a) If a machine member is loaded in such a way that the three principal stresses at a point are 600kPa 
tension, 800kPa tension, and zero, what is the maximum shear stress at the point? 

(b) Same as above except the three principal stresses are 600kPa compression, 800kPa tension, and 
zero. 


(@) If a man ties one end of a rope to a tree and pulls on the other end with a force of 1000N what is 
the tensile force set up in the rope? 

(6) What tension would exist in the rope if one man on each end of the rope pulled with a force of 
1000N? 


A truck with tires of 0.9m outside diameter moves at 18m/s. What is the velocity relative to the ground 
of that point on the tire tread farthest from the ground at a given instant? What is the angular velocity 
(rev/min) of the wheels under these conditions? What is the acceleration of the point on the tread in 
contact with the ground? 


A bevel gear having a 176mm mean diameter is mounted on the overhung end of a shaft 350mm from 
the nearer bearing. The load on the bevel gear has components as follows: tangential, F, = 5KN; radial, 
F, = 3KN; axial, F, = 2KN. 

(a) Calculate the shaft torque due to each force. 

(6) Calculate the bending moment on the shaft at the nearer bearing due to each force. 

(c) Calculate the total or resultant bending moment on the shaft at the nearer bearing. 


A speed reducer having a speed ratio of 10 to 1 when tested at an input speed of 1000 rev/min with an 
output torque of SON m was found to require an input torque of 6N m. What was the efficiency of the 
speed reducer? 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 
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Sand drops from the bottom of a hopper onto a horizontally moving belt conveyor. If the conveyor is 
travelling at 610m/min and the sand is fed at the rate of 6800kg/min, what force is necessary to drive 
the conveyor? Neglect friction within the conveyor drive mechanism. 


A simply supported steel beam when loaded with a force of 2KN at A is found to deflect 4mm at B. 
What force at B would cause a deflection of 1mm at A? 


A planet gear in a planetary gear system moves such that the velocity of the center of the gear is 12m/s 
and the gear has an angular velocity of 20rad/s. What is its kinetic energy? Consider the gear as a solid 
cylinder of 5kg mass and having diameter 150mm. 


The differential equation of motion for a certain single degree of freedom mass-spring damped system is 
8% + 5x + 12x = 0. What is the natural frequency of vibration? (Units used are kg, m, and s). 


A connecting rod is moving such that the acceleration of one end relative to the other end is 600m/s? at 
an angle of 30° with respect to the line joining the two points which are 200mm apart. What are the 
magnitudes of the angular velocity and angular acceleration? 


A steel cable is wrapped twice around a post. A force P is applied to one end of the cable and a force of 
3000N is applied to the other end of the cable. For a coefficient of friction of 0.15 determine (a) the 
force P necessary to cause the cable to move in the direction of the force P, (b) the force P’ necessary to 
prevent the cable from moving in the direction of the 3000N force. 


A block weighing 100N rests on a horizontal surface. If the coefficient of friction is 0.3 (both static and 
kinetic), what frictional force is developed if the force applied to the block in the direction parallel to 
the horizontal surface is (a) 10N, (b) 20N, (c) 30N, (d) 40N? 


The rigid steel bar shown in Fig. 1-2 is 500mm long, 

25mm wide, and 25mm thick. The bar is at rest on a —S—— 500 ——— 
horizontal frictionless surface when a force P= 800N 

is applied suddenly. Determine (a) the magnitude of P 
the maximum bending moment, (b) the maximum Fig. 1-2 

bending stress. 


A constant electrical torque is applied to the motor 
rotor (Fig. 1-3), which has a moment of inertia = yy. 
The pinion drives two gears, one of which is connected 
to a mass which has a moment of inertia = Jy, and the 
other is connected to a mass which has a moment of 
inertia = 2/,y. The gear ratio Ry = D3/Dz is fixed and is 
equal to 3. What should the gear ratio R7 = Da/D2 be to 
give the maximum angular acceleration of gear 4? Neglect 
the mass of the gears. 


The steel bar shown in Fig. 1-4 is 750mm long, 25mm 
wide, and 25mm thick. The bar is at rest on a horizontal 
surface, with negligible friction. Two equal and opposite i 
forces of 800N each are applied suddenly. Considering 
the bar as rigid, determine (a) the maximum bending 
moment, (b) the maximum bending stress. 800N Fig. 1-4 


750 


INTRODUCTION 5 


COMPETENCE IN APPLYING THE PRINCIPLES OF MECHANICS to the rational analysis and design of 
machine components, as with any other activity, is developed through practice. The following chapters, through 
the problem approach, are designed to provide that practice. 

The student is urged to use the following plan of study for each chapter. 


(1) Read the statements of theory and principle. 

(2) Follow through the solved problems. Use paper and pencil. Develop all details yourself following 
the leads given. (Some of the solved problems are highly detailed. Others have some steps omit- 
ted.) 

(3) Work the supplementary problems. After reading a problem statement ask yourself what principles 
apply. Refer back toa similar solved problem only if you find this assistance absolutely necessary. 

Preserve your work in good form for future reference. In studying a later chapter you may 
find some assistance in work you have previously done. 


(4) Re-study the statements of theory until you have them well fixed in mind. 


Answers to Review Questions — Chapter 1 


1. 65.3W 15. (a) Torque due to 2kN = 0, to 3KN = 0, to 
22421 (6) eae sibeem due to 2kN = 176N m, 
3. M, =675N m, T=225Nm to 3KN= 1050N m, to SkN=1750Nm 
4, 392N (c) 1956Nm 
5. Sides are three force members. Ee B23 
6. Refer to any standard text on Mechanics. Pi ahiSON, 
7. 0.5235 By SOON 
8. Refer to any standard text on Mechanics of eee 
Materials. 20. 1.225rad/s 
9. 50J 21. 16.1 rad/s, 150rad/s? 
10. Refer to any standard text on Mechanics. 22. P=19,770N, P’ =455N 
11. Refer to any standard text on Mechanics of 23. (a) 10N, (b) 20N, (c) 30N, (d) 30N 
Materials. 


24. 59.2N m, 21.7MN/m? 
25. Ry = VJB = 1.34 
26. 57.7N m, 21.1MN/m? 


12. (a) 400kPa, (6) 700kPa 
13. (a) 1000N, (6) 1000 N 
14, 36m/s, 382 rev/min, 720m/s? 
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Stresses in Simple Machine Members 


MACHINE DESIGN involves, among other considerations, the proper sizing of a machine member to safely 
withstand the maximum stress which is induced within the member when it is subjected separately or to any 
combination of bending, torsional, axial, or transverse loads. In general, ductile materials, such as the soft 
steels, are weaker in shear and are designed on the basis of the maximum shear stress; while brittle materials, 
such as cast iron and certain hard steels, are usually designed on the basis of the maximum normal stress in 
either tension or compression. 


THE MAXIMUM AND MINIMUM NORMAL STRESSES, s,,(max) ors, (min), which are tensile or compressive 
stresses, can be determined for the general case of two-dimensional loading on a particle by 


Equations (7) and (2) give algebraic maximum and minimum values, where 


5, is a stress at a critical point in tension or compression normal to the cross section under con- 
sideration, and may be due to either bending or axial loads, or to a combination of the two. 
When sx is in tension it must be preceded by a plus (+) sign, and when it is compression it must 
be preceded by a minus (—) sign. 


Sy is a stress at the same critical point and in a direction normal to the sy stress. Again, this stress 
must be preceded by the proper algebraic sign. 


Txy is the shear stress at the same critical point acting in the plane normal to the y axis (which is 
the xz plane) and in the plane normal to the x axis (which is the yz plane). This shear stress 
may be due to a torsional moment, a transverse load, or to a combination of the two. The 
manner in which these stresses are oriented with respect to each other is shown in Fig. 2-1 
below. 


Sn(max) and s,(min) are called principal stresses and occur on planes that are at 90° to each other, 
called principal planes. These are also planes of zero shear. For two-dimensional loading, the 
third principal stress is zero. The manner in which the principal stresses are oriented with respect 
to each other is shown in Fig. 2-2 below. 


STRESSES IN SIMPLE MACHINE MEMBERS % 


$n(0) (max) 


Fig. 2-1 ‘s,,(min) Fig. 2-2 


THE MAXIMUM SHEAR STRESS, 7(max), at the critical point being investigated is equal to half of the 
greatest difference of any two of the three principal stresses (do not overlook any of the principal stresses 
which are zero). Hence, for the case of two-dimensional loading on a particle causing a two-dimensional stress, 
Pie Sn(max) — sp(min) e Sn(max) — 0 a Sn(min) — 0 
7 *4 2 
depending upon which results in the greatest numerical value. The planes of maximum shear are inclined at 
45° with the principal planes as shown in Fig. 2-3 below. 


(min) 


Fig. 2-3 


THE APPLICATION of equations (7) and (2) requires the determination of sy, sy, and Tx at the critical point 
in the machine member. The critical point is the point at which the applied loads produce the maximum 
combined stress effects. In a beam, the following are representative stresses that can occur, to be included in 
equations (/) and (2) if they act at the same point. 


, temembering that these stresses may be either plus or minus depending upon 


Mc ,P 
Sy and Sy StS 
whether they are tension or compression. 


ss 


Tr 
Txy = 7 + sy for a circular cross section (when these stresses are parallel). 


M = bending moment, N m 
c= distance from neutral axis to outer surface, m 
r= radius of circular cross section, m 
1 = rectangular moment of inertia of cross section, m* 
P= axial load, N 
A =area of cross section, m? 
T = torsional moment, N m 
J = polar moment of inertia of cross section, m* 
Sy = transverse shear, Pa or N/m? 
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4 
Sy= a where 


V = transverse shear load on the cross section, N 

b = width of the section containing the critical point, m 

Q= moment of the cross-sectional area of the member, above or below the critical point, with respect 
to the neutral axis, m’ 


4V 
sy(max) = 3A for a circular cross section, and occurs at the neutral axis. 


Ve 
Sy(max) = A for a rectangular cross section, and occurs at the neutral axis. 


Sn(max) = the maximum algebriac stress, N/m? 
Sp(min) = the minimum algebraic stress, N/m? 
7(max) = the maximum shear stress, N/m? 


N/m? may also be written as Pa since the Pascal is defined as being the stress due to 1 Newton being sustained 
by an area of 1 square meter. 


SOLVED PROBLEMS 


1. A hypothetical machine member 50mm diameter by 250mm long and supported at one end as a canti- 
lever will be used to demonstrate how numerical tensile, compressive, and shear stresses are determined 
for various types of uniaxial loading. In this example note that s, = 0 for all arrangements, at the critical 
points. 


(a) Axial load only. 
In this case all points in the member are sub- $50 
jected to the same stress. 


P =1S5kKN 
=F (60x 10-9)? = 1.96 x 10"? m* : 


APS Ss 10 ar 250 
82 = +7 = +796 x 1073 > 65% 10 Nim 


alo 


Txy =0 Fig. 2-4 
Sn(max) = sy = 7.65 MN/m? 
1(max) = 4 x 7.65 = 3.83MN/m? 


(b) Bending only. 
Points A and B are critical. 
Txy = 0 at points A and B (no transverse shear). 
Mc _ 3x 10° x250x 107* x25 x 10" * x 


64 
=+—=+ = 
Sx 7 30x 10-3)" 61.1 MPa 


Me 
$= — = ~61.1MPa at point B F 950 BOEN 


Sn (max) = +61.1 MPa (tension at point A) 
Sn(min) = 0 at point A B "Me 
Sn(max) = 0 at point B 258 I 
S(min) = —61.1 MPa (compression at point B) 
7(max) = %4(61.1) = 30.6 MPa (shear at points A 

and B) Fig. 2-5 
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(c) Torsion only. 
In this case the critical points occur all along the <1 
outer surface of the member. 50 T= 1kNm 


Tr 
8 =0 : QD * 
-7. 1x10" x25 x 10° ~ x32 
Txy = ar quae 40.7MN/m? 250 ara: | 
—— 40.7MN/m? (tension) 
Sn(min) = —40.7MN/m? (compression) 
7(max) = 40.7MN/m? (shear) 


(d) Bending and torsion. 3.0kN 
Points A and B are critical. 


Sz = +Mc/I = 61.1MN/m? at point A 
=—61.1MN/m? at point B 
Txy = a = ~ 7MN/m? at points A and B oa 


Sp(max) = ——— st +61. 1/2)° + (40.7)° = 81.4MN/m? 
(tension at point A) Fig. 2-7 
Sn(min) = 30.55 — 50.89 = —20.3MN/m? (compression at point A) 
Sn(max) = —30.55 + 50.89 = +20.3MN/m? (tension at point B) 
Sn(min) = —30.55 — 50.89 = —81.4MN/m? (compression at point B) 


0. 
(max) = Stes) = 50.9MN/m? (shear at point A) 
r(max) = 8144203) = —50.9MN/m? (shear at point B) 


2 


Note that the magnitudes of the stresses at points A and B are the same. The signs of the 
maximum normal stresses indicate tension or compression, while the sign of the maximum shear 
stress is of no consequence since design is based on the magnitude. 


(e) Bending and axial load. 
Txy = 0 at the critical points A and B. 
At point A: 


= +P/A + Mc/I = 7.65 + Le 1 = 68.8MN/m? (tension) 
reas Sx = 68.8MN/m? (tension) 


Sn(min) = 0 

1(max) = 68.8/2 = 34.4MN/m? (shear). Fig. 2-8 
At point B: 

Sx = +P/A — Me/I = 7.65 — 61.1 = —53.5MN/m? (compression) 

Sn(max) = 0 


Sn (min) = —53.5MN/m? (compression) 
1(max) = —53.5/2 = —26.7MN/m? (shear) 


(f) Torsion and axial load. 050 1kKN m 
The critical points are the points on the outer P =15kNm 
surface of the member. 


Sx = +P/A = 7.65MN/m? 250. 

Txy = Tr/J = 40.7MN/m* 

Sn (max) = 7.65/2 + V(7.65]2)2 + 40.72 Fig. 2-9 
=44.7MN/m? (tension) 

Sn(min) = 3.83 — 40.88 = —37.1 MN/m? (compression) 

(max) = 40.9MN/m? 
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(g) Bending, axial load, and torsion. 
Maximum stresses will occur at points A and B. 3.0kN m 


At point A: A 
Sy = +Me/I + P/A = 61.1 + 7.65 = 68.8MN/m” P= 15KN 
Txy = Tr/J = 40.7MN/m? 
Sp (max) = 68.8/2 + 34.42 + 40.72 non 

4.4 + 53.3 = 87.7MN/m? (tension) 

Sn(min) = 34.4 — 53.3 = -19MN/m? (compression) Fig. 2-10 

1(max) = 53.3MN/m? (shear) 


At point B: 
Sz =—61.1 + 7.65 = —53.5MN/m? (compression) 
2 


= —53.5/2 + (3.5/2)? + 40.72 = —26.8 + 48.7 = 21.9MN/m? (tension) 
26.8 — 48.7 = —75.5MN/m? (compression) 


A cantilever member 40mm long having a rectangular cross section 
of 20mm x 100mm supports a load of 6000N. What is the maximum 6000N 
shear stress and where does it occur? 


A 
Solution: 100 
The maximum shear stress may occur at points along A-A due el 
to the bending moment, or it may occur at points along B-B due to 
the transverse shear load. 4 40 
At points along A-A, 


1 Mc _ (6000)(0.04)(0.05) pcan 
pee b 03) _ 2 
7(max) Soh “2(0.02N0.1)5/12 72 3.6MN/m* (shear) 


At points along B-B, 


3 V___3(6000) 


r(max) => 4 = 3(0.020.1) 


= 4,5MN/m? (shear) 


Therefore the maximum shear stress is due to the transverse shear load and it occurs along the 
neutral axis at B-B. 


Sy = 1200N/m? 


A critical point in a machine member is subjected to 
biaxial loading which produces s,, sy, and Txy stresses as 
shown. Determine the maximum and minimum normal 
stresses and the maximum shear stress. 


= 400N/m? 
Solution: * if en 
= Tes, = 300N/m? 
Sn(max) = ae 7) sly (~~ id 3 
= —300N/m? (compression) 
5n(min) = —1300N/m? (compression) [ } 
Sy S=0 
= Sn(min)—0_ 2 
r{mss) 2 ae = Fig. 2-12 


since the third principal stress = 0. 
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4. Draw bending moment diagrams for the machine members as shown. 


M=—(a\W) 


b | 
wo M=+(=XR;) = Re M=—(b)(Q) 


Fig. 2-13 Fig. 2-14 


Fig. 2-16 


Fig. 2-15 


5. A 50mm diameter steel rod supports a 9KN load and in addition is subjected to a torsional moment of 
100N mas shown in Fig. 2-17. Determine the maximum 
tensile and the maximum shear stresses. 


Solution: The critical stress is at point A. 


sy =0 
T= nd*/64 = 30.68 x 10-8 m* 4 
J =nd*/32 = 61.36 x 10-8 m* nga 
. 100N m 

_,P2,Mc_ 9000, 9000.x0.028 x 0.025 _ ‘ 

<4 1 ioexive esosrgio® > 2MNm 
_Tr_ 100x0.025 _ 5 
(ey ols6xl0sky ae 
25.12 2 
Sn (max) = —— + /12.56? + 4.072 = 25.8MN/m? (tension) 
2 9000N 


1(max) = V12.562 + 4.072 = 13.2MN/m? (shear) Fig, 2-17 
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A 75mm diameter cast iron rod is subjected to an axial compressive load of 55KkN plus a torsional 
moment of 300N m as shown in Fig. 2-18. Determine the 
maximum and minimum normal stresses. 
Solution: 

sy=0 

55,000(4) _ 2 ; 
Sy == (0.075)? = —12.5MN/m* (compression) 
_ 300(0.0375)(32) 
tay “9(0.075)* 


Sn (max) = —12.5/2 +-V6.25? + 3.62? 


= 0.97MN/m? (tension) 


= 3.62MN/m? (shear) 


S,(min) = —13.5 MN/m? (compression) 


Calculate the maximum numerical normal stress and the 
maximum shear stress at section A-A in the member loaded 
as shown in Fig. 2-19. 

Solution: 


T = 1000(0.2) = 200N m due to the 1000N load 
M =2000(0.2) = 400N m due to the 2000N load 
M = 1000(0.25) = 250N m due to the 1000N load 


The total bending moment is the vector sum of the two 
bending moments. 
M( total) = 4002 + 2502 = 472N m 
PM 2000 (472 vay 
5 4720. 

tt pe 7 - 2000 _ 47 V0.028) - M we —39.5MN/m? (compression) 
= Coe BS 4 
4 (0.05) “a (0.05) 


=r _16T _(16)200) _ 2 
tty ta = (0050 Nm (shear) 


$n (min) = —39.5/2 — V(39.5/2)? + 8.152 =—41.1 MN/m? (compression) 
1(max) = V(39.5/2)2 + 8.152 = 2.14MN/m? (shear) 


Note that s,,(min) is the maximum numerical normal stress. 


Determine the required thickness of the steel bracket at section A-A, when loaded as shown in Fig. 2-20, 
in order to limit the tensile stress to 70MN/m?. 


4500N 4500N 
Solution: 50 
M=(4500)(0.05) 
=225N mat section A-A 

pe 
A 0.05b 

PM 
Sn (max) = sy Fi + = fe a 

= 4500 | 225(0.025)(12) 
0.055 * (0.05) a =x 4500N 


=70 x 10° N/m? 
Fig. 2-20 
b =9mm required to limit the stress to 70 MN/m?. 


OF 


10. 
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The parallel side rod of a locomotive weighs 
90kg/m. The crank length OP is 375 mm and the 
radius of the driver is 0.915m. If the speed of the 
engine is 96.6km/h and the tractive effort per 
wheel is 45KN, find the maximum normal and the 
maximum shear stresses in the side rod due to 
inertia and axial loading for the position shown in 
Fig. 2-21. Take into account the weight of the rod. 
The cross section of the side rod is 75mm x 150mm. 


Solution: 


At 96.6km/h the wheels are making 29.3 rad/s. 
All points on the side rod have a downward 
acceleration, ap. 


Qp =o * Apo = Apo, Since ap = 0. 4S5kN 2 

Oyo = res” = (0.375\(29.3) = 322m/s? 

Total weight of side rod = 90(2) = 180kg Fig. 2-21 
Inertia force acting upward on rod = 180 x 322 = $7,960N 

Net upward force on rod = 57,960 — 180(9.81) = 56,200N 


The axial force F can be determined by using the rear wheel and the rod as free bodies and taking 
the summation of moments about the center of the wheel, O. 


0.375 F = 45,000(0.915), F= 110,000N 
The maximum bending moment for a simple beam carrying a uniformly distributed load is 
WL/8 = 56,200(2)/8 = 14,050N m 
5, =P Me__110,000 __ 14,050(0.075)12 _ 
*"A~ I~ 0.075(0.150)" (0.075)(0.150)* 
Sn(max) = sx = 59.7MN/m? (tension) 
1(max) = 59.7/2 = 29.9MN/m? (shear) 


59.7MN/in? 


A Z-bracket is supported and loaded as shown in Fig. 2-22. Compute the maximum shear stress at 
section A-A and at section B-B. 


Solution: 


45,000N 


Using the portion of the bracket above section 
A-A as a free body: at point N, sy = 0 and rxy = 0. 
P Me _ 45,000 45 ,000(0.175)(0.025)12 Tt 
AI 0.125(0.05) — 0.125(0.05)? 

= —158MPa (compression) 

7(max) = 158/2 = 79 MPa (shear) 

Using the portion of the bracket to the left of 
section B-B as a free body: at points Q and R, 

Sy =O and Txy =0. 


“th Me _ 45,000(0.225)(0.025)12 
aay (0.125)(0.05)* 
= 194MPa (tension at point R and 
compression at point Q) 


7(max) = 194/2 = 97 MPa (shear at section B-B). Fig. 2-22 


Sx = 
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11. Asteel latch is 6mm thick. A force P of 2.7KN is uniformly distributed as shown in Fig. 2-23. Determine 
the maximum shear, tensile, and compressive stresses at section A-A and at point B. 


2700N 2700N 


1 
A p 


* M =33.75Nm 


sy = 54MN/m? 


% 


!y=101.3Nm 
Sy; = 49.5MN/m? y 
A 
a Ch eee] 
mre Fig. 2-23 
Solution: At point B (neglecting stress concentration): 
At section A-A: ps _Me o P _2700(0.0375)(0.025)(12) 2700 
b= masse 
The critical point is at the top fibers. roA 0.006(0.05)° 0.006(0.05) 


= 49.5MN/m? (tension) 


_ Me , P _2700(0.0375\(0.025) , _ 2700 
= _ Me _33.75(0.0125)12 


Sx=7 *4 =~ 9.006(0.05)5/12 * 0.006(0.05) 


=—= = 2 : 
Se eNes aa 0.006(0.025) 54MN/m* (tension) 
S,(max) = Sx = 49.5 MN/m? (tension) 82 =0, Txy =0 
at top fibers of section A-A 49.5454 ‘49.5 —54\2 
; = A $n(max) = —~— +4]| —.—__] -0 
$n(min) = —31.5 MN/m* (compression) 2 2 
at bottom fibers of section A-A. = 54MN/m? (tension) 
(max) = 49.5/2 = 24.8MN/m? (shear) 49.5+54 49.5 —54\2 
at top fibers of section A-A. Sn(min) = 2 rr 2 ai 
= 49.5MN/m? (tension) 
7(max) = vam nn = 27MN/m? (shear) 


12. Determine the maximum normal stress and the maxi- 
mum shear stress at section A-A for the crank shown 
in Fig. 2-24 when a load of 10KN is assumed to be 
concentrated at the center of the crank pin. 
Solution: A 

The critical points are at the front and back fibers 
of the section. 


M = 10,000 x 0.09 = 900N m 
T = 10,000 x 0.125 = 1250Nm 


_ Me _ 900(0.0375)64_ : 
ee 21-TMN Im 

Tr —1250(0.0375)32 
ay =e = 1250(0.0575)32 _ 15 1 MN/m? (tension) 


J _-(0.075) 


13. 


14. 


15, 


16. 
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5n(max) = 21.7/2 + V(@Q1.7/2)2 + (5.1)? = 29.4MN/m? (tension) 
7(max) = V(21.7/2)? + (5.1)? = 18.6 MN/m? (shear) 


In a gas turbine rotor, a radial stress of 20MPa and a 
tangential stress of SOMPa have been found at a point 
as shown in Fig. 2-25. What is the maximum shear stress 
at this point? 


Solution: 
Sx = 20 x 10° N/m? 
Sy = 50 x 10°N/m? 
Sn (max) = sy = SOMPa (tension) 


50-0 
(max) = ——— = 25 MPa (she: 
) 2 atten) Pig. 2-25 


SUPPLEMENTARY PROBLEMS 


A cantilever beam of circular cross section is loaded 
as shown in Fig. 2-26. In terms of T, F, L, d, and P, 
write an expression for 

(a) maximum tensile stress at point A, 

(6) maximum compressive stress at point A, 

(c) maximum tensile stress at point B, 

(d) maximum compressive stress at point B, 

(e) maximum shear stress at both points A and B. Fig. 2-26 
Ans. See Solved Problem 1. 


A stee! member has a torque of 100N m and an axial load of 9000N applied as shown in Fig. 2-27 below. 
What is the magnitude of (a) the maximum shear stress, (b) the maximum normal stress, (c) the minimum 
normal stress? Ams. (a) 12.2MPa, (b) 23.6MPa, (c) —14.9MPa (compression) 


Fig. 2-27 Fig. 2-28 


A short circular bar 50mm in diameter has a couple of 565N m and a compressive load of 65KN applied 
as shown in Fig. 2-28 above. Determine (a) the maximum shear stress in the bar, (b) the maximum tensile 
stress in the bar, (c) the maximum compressive stress in the bar. 

Ans. (a) 28.3MN/m?, (6) 11.8MN/m?, (c) 44.9MN/m? (compression) 
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17. 


18. 


19. 


20. 


21. 
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Determine the maximum shear stress in the member loaded as shown in Fig. 2-29 below. 
Ans. 13.6MPa (shear) 


S000N 10KN | to page 


Fig. 2-29 Fig. 2-30 


An overhung crank has a load of 10KN applied as shown in Fig. 2-30 above. Determine the maximum 
shear stress at section A-A where the diameter is 50mm. 
Ans, Sx =224MN/m?, r<y =93.7MN/m?, (7(max) = 146MN/m?) 


The three components of the total force acting on the bevel gear are mutually perpendicular, with the 
5000N force being perpendicular to the paper and acting at the mean radius of the gear as shown in 
Fig. 2-31 below. Determine the bending moment and the maximum shear stress at section A-A. 

Ans. M=1020N m, 7(max) = 28.2MN/m? 


200- 


Lr biel mee isl. 
3000 
1300N Fig. 2-31 Fig. 2-32 
A steel bracket of the dimensions shown in Fig. 2-32 is loaded with two 22KN forces. The weight of the 
bracket as well as any stress concentration present is to be neglected. If the maximum tensile stress in 


the bracket is not to exceed 35MN/m? what is the minimum value that the length x can be made? 
Ans. 91.5mm 


The parallel side rod of a locomotive weighs 90kg/m. 
The crank length OP is 400mm and the radius of the 
driver is 1m. If the speed of the engine is 33.5m/s 
and the tractive effort per wheel is 4.5KN, find the 
maximum normal stress and the maximum shear 
stress in the side rod due to inertia and axial loading. 
The cross section of the rod is 75mm x 150mm. 


Ans. Acceleration of rod = 449 m/s? upward 
Inertia force on rod = 121 kN downward 
Axial load on the rod = 113kN (compression) 
Sn (max) = 155MN/m? (tension) 

Sn(min) 175MN/m? (compression) 
(max) =87.8MN/m? (shear) Fig. 2-33 
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22. Stresses in a hollow shaft due to a press fit are found to be 35MN/m? and 60MN/m? tension at a point 
as shown in Fig. 2-34 below. What is the maximum shear stress at the point? Ans, 30MN/m? (shear) 


8 
Sigg 10,000N 
40 CO A 


125 


O75 


A 


—bsl- jase 
Fig. 2-34 Fig. 2-35 


23. Determine the maximum normal and maximum shear stress at section A-A for the crank shown in Fig.2-35 
above, when a load of 10KN, assumed concentrated, is applied at the center of the crank pin. Neglect the 
effect of transverse shear in this problem. 

Ans, $x =21.2MN/m?, txy = 13.3MN/m?, r(max) = 17MN/m? (shear), sp(max) = 27.7MN/m? 


24. Ladder rungs 25mm in diameter are welded to the flange of an I-beam, as shown in Fig. 2-36 below. The 
tung is bent outward 75mm in a horizontal plane to provide toe room. Assuming the flanges provide 
rigid end supports, compute the maximum shear stresses induced in the rung by a 785N man with his 
foot at the center of the span. Neglect the curvature of the rung in the calculation of maximum stress. 
Ans. 1(max) = 15.5MPa. 


P RISO 
L 
2 2 150 


RE fine PE 9000N 
8 8 


Fig. 2-: 
oe Fig. 2-37 
25. A weight of 900kg is suspended from a bent supporting member as shown in Fig. 2-37 above. This is 
being carried on a moving platform which is accelerated at the rate of 2.44m/s?. Find the diameter of 
bar necessary such that the maximum shear stress at the base of the rod does not exceed 70MPa. 
Ans. 60mm. 


26. A crank built up from cylindrical sections by welding required 
a loading of 1kN to overcome the resistance when in the 
position shown. 

(a) Compute the maximum normal and shear stresses induced 
in the section A-A. 

(b) Determine the maximum shear stresses induced in parts 
I, II, and II. 


Ans. (a) Sp(max) = 186MN/m?, (max) = 96 MN/m? 
(b) 55.7MN/m? for part I, 43.5MN/m? for Il, 96MN/m? for III 


Chapter 3 


Metal Fits and Tolerances 


METAL FITS must be specified to ensure the proper assembly of mating machine members. Since it is impos- 
sible to manufacture quantities of machine parts with exactly the same dimensions, systems have been devised 
to tolerate small dimensional variations of the mating parts without sacrificing their proper functioning. 


Basic size is the theoretical size decided upon by the designer and to which tolerances are applied to 
arrive at final dimensioning of the mating parts. Limits of size are the maximum and minimum sizes permitted 
for the part. Tolerance is the maximum permissible variation in the size of the part. Clearance (or interference) 
is the actual difference in the size of the mating parts. Allowance is the difference between basic dimensions of 
the mating parts. The tolerance may be bilateral, in which case the size of the part is permitted to vary above 
and below basic size, such as 25.000 + 0.010; or the tolerance may be unilateral, in which case the part may be 
either larger or smaller than the basic size, but not both, such as 25.000 ee The hole-based standard 
having unilateral tolerances is generally preferred, for ease of manufacture. In the hole-based system the 
minimum hole diameter is the nominal dimension, and details of the limits for selected holes are given in 
Table III-1. Limits for selected shafts are given in Table III-2. 


Lower deviation 


Lower deviation 


Maximum diameter] | Upper deviation 
of zero deviation 


Zero line or line 


Basic size 


Maximum diameter 


Minimum diameter! 


Fig. 3-1 Principal Terms Used in Describing Limits and Fits 


For recommendations concerning dimensioning practice references should be made to BS 308 (1972) Engine- 
ering Drawing Practice. 
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TABLE III-1 LIMITS OF TOLERANCE FOR SELECTED HOLES 


(Upper and lower deviations) 
ES = Upper deviation 
EI = Lower deviation Unit = 0.001 mm 
Nominal sizes 
7 48 #9 HL 
Upto 
Over and 
including | ES | Et a | es | e | es EL 
mm | mm [ T 
= z wo | o | 4 | 0 ae 6o | 0 
3 6 12 [| o [ wlio 30 | 0 is [0 
6 10 is | o | 2] o 36 | 0 90 | 0 
10 18 is | o | 27[ 0 4 | o | no] o 
18 30 2 | o | 33] 0 sz [ o | 130 [ 0 
30 30 2s | o [| 399 | 0 a | o | 160 | 0 
30 80 30 | o | 4 | o m [| o | i190 | 0 
so | 120 3s | o [ s# | 0 a | o | 20] 0 
120 | 180 { 40 | o [ 6 [ o [ 10 | o | 20] o 
180 | 250 oe Re Se ee o | 20] 0 
250 | 31s [sz | o [ #1 | o | 10 | o [ 320] o 
I 0 0 0 360 o 
° o | 400 | 0 


BS 4500 (1969), ISO Limits and Fits. 


TABLE Ill-2 LIMITS OF TOLERANCE FOR SELECTED SHAFTS 
(Upper and lower deviations) 


:pper deviation 
lower deviation Unit = 0.001 mm 
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TABLE III-3 
Type of Brief Examples 
Fit Description 
Clearance loose clearance Some farm equipment 
loose running Gland seals 
easy running Several bearings in line 
normal running Pump or Gear box shaft bearings 
precision location Light precision bearings 
average location Non-running assemblies 
Transition easy keying Couplings keyed to shafts 
push Fitted bolts 
Interference press Gears, nuts 
heavy press Bearing bushes in alloy housings 


STRESSES DUE TO INTERFERENCE FITS may be calculated by considering the fitted parts as thick-walled 
cylinders, as shown in Fig. 3-2, by the following equations: 


6 
ae 
% de +d? dtd bi , Mo 
*| Eid? —d?) Eo —dz) Ei Eo 


‘Inner Member 
Outer Member 


where 


Pc = pressure at the contact surface, N/m? 
6 = the total interference, m 
d; = inside diameter of the inner member, m 
d, = diameter of the contact surface, m 
do = outside diameter of outer member, m 
Uo = Poisson’s ratio for outer member 
Hz = Poisson’s ratio for inner member 
Eo = modulus of elasticity of outer member, N/m* 
E; = modulus of elasticity of inner member, N/m? 


4 


Fig. 3-2 


If the outer and inner members are of the same material, the above equation reduces to 


6 
Pe 373/42 hy 
“"__2de(do ~ di) 
et 
Ede — di Xdo — dz) 
After p, has been determined, then the actual tangential stresses at the various surfaces, in accordance with 
Lame’s equation, for use in conjunction with the maximum shear theory of failure, may be determined by: 


_ pede 


On the surface at d,, Sto = 
dg —de 


On the surface at d. for the outer member, 
Gn the surface at d, for the inner member, 


On the surface at d;, 
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The equivalent tangential stresses at the various surfaces, in accordance with Birnie’s equation, for use in 
conjunction with the maximum-strain theory of failure may be determined by: 


1 _ 2pede 
On the surface at d, for the outer member, sto = fa 
le 


fo 


+d 
ee lo + de 
On the surface at d, for the outer member, stco = Pc (#24 + 1) 


aside 
; : de + d? 
On the surface at d, for the inner member, Sci = —De @-a Mi 
le — di 
—2pede 
On the surface at d;, St = 55 
de — dj 


FORCES AND TORQUES. The maximum axial force F, required to assemble a force fit varies directly as the 
thickness of the outer member, the length of the outer member, the difference in diameters of the mating 
members, and the coefficient of friction. This force in Newtons may be approximated by 


Fa = fadL pe 


The torque that can be transmitted oy an interference fit without slipping between the hub and shaft 
can be estimated by 


a 


where 


F,, = axial load, N 
T = torque transmitted, N m 
d = nominal shaft diameter, m 
= coefficient of friction 
L = length of external member, m 
Pc = contact pressure between the two members, N/m? 


ASSEMBLY OF SHRINK FITS is often facilitated by heating the hub until it has expanded by an amount at 
least as much as the interference. The temperature change AT required to effect an increase 5 in the inside 


diameter of the hub may be determined by 
6 
ar=— 
ad; 


where 


6 = diametrical interference, m 
a = coefficient of linear expansion, K™ 3 
AT = change in temperature, K 
d; = initial diameter of the hole before expansion, m 


An alternative to heating the hub is to cool the shaft by means of a coolant such as dry ice. 
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SOLVED PROBLEMS 


What are the values of maximum clearance, hole tolerance, and shaft tolerance for the following dimen- 
sions of mated parts according to the basic hole system? (H11 hole, cll shaft, 34.000 basic size). Note 
that the ‘maximum metal’ limit is always at the top. 


Solution: 
Refer to Tables III-1 and III-2. 
Hole 34.000mm Shaft 33.880mm 
34.160mm 33.720mm 
Maximum clearance = 34.160 — 33.720 = 0.440mm 
Hole 0.160mm Shaft 33.880 — 33.720 = 0.160mm 


A ¢20mm shaft rotates in a bearing in a pump. Recommend suitable fits and tolerances. Dimension both 
the shaft and bearing bore in accordance with the basic hole standard. 


Solution: Choose H8-f7 (by reference to Table III-3) for this application. 
Hole 20.000mm Shaft 20.000 — 0.020 = 19.980mm 
20.033 mm 20.000 — 0.041 = 19.959mm 
A medium force fit on a 50mm shaft requires a H7 hole and a p6 shaft. Give the proper hole and sha 
dimensions in accordance with the basic hole standard. What are the maximum and minimum inter- 
ferences? 
Solution: 
Hole 50.025mm Shaft 50.042mm 
50.000mm 50.026mm 


Max. interference = 50.042 — 50,000 = 0.042mm 
Min. interference = 50.026 — 50.025 = 0.001 mm 


(a) What is the difference in the type of assembly generally used in running fits and interference fits? 
(b) If a medium force fit (0.040mm int.) is desired, which axle should be fitted to each car wheel in 
the following group? 


Wheel A B € 

Hole Diameter 75.010, 75.015, 75.000 dimensions 
in 

Axle A’ B Cc mm 

Diameter 75.040, 75.055, 75.050 


Solution: 
(a) Running fits are strictly interchangeable while interference fits require selective assembly. 
(b) For selective assembly A’ should be mated with C, B’ with B’ and C’ with A. 
Give the dimensions for the hole and shaft for the following: (a) a 12mm electric motor sieeve bearing, 
(b) a medium force fit on a 200mm shaft, (c) a 50mm sleeve bearing on the elevating mechanism of a 
road grader. 
Solution: 
(a) H8-f7 would be suitable for an electric motor sleeve bearing. 
Hole dimen. = 12.000 to 12.027mm Shaft dimen. = 11.966 to 11.984mm 


(b) H7-p6 would be suitable. 
Hole dimen. = 200.000 to 200.046mm Shaft dimen. = 200.050 to 200.079mm 
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(c) Hli-cl1 would be suitable. 
Hole dimensions = 50.000 to 50.160mm. Shaft dimensions = 49.710 to 49.870mm. 


It is usual practice to design a hub such that its outside diameter is about twice the bore diameter. It is 
also known that a selective assembly should be used when shrinking a hub on a shaft. The purpose of 
this problem is to determine how small and how large stresses can be with a shrink fit (H7-s6) if a selective 
assembly is not used. Determine for a 25mm diameter solid shaft, the actual maximum and minimum 
tangential stresses that will result if the maximum and minimum interferences should be used for a hub 
with a 50mm outside diameter. The shaft and hub are both made of steel. Poisson’s ratio may be taken 
as equal to 0.3. 


Solution: 

d;=0, de = 0.025, do = 0.050m 

First determine the radial pressure on the contact surface, p,. Since both hub and shaft are made of 
the same material. 

rae dE(de — d7 ido — dz) _ 5(200 x 10°)(0.0257 — 0)(0.05* — 0.0257) _ 
‘ 2d2(d2 — d?) 2(0.025°)(0.057 — 0) 

Then, using Lamé’s equation, determine the tangential stress at the contact surface of the outer 

member. 


3x 10'75, 


_. deny 12, 0.05? +0,0257 _ ia 
Steo = Pe a = 8(3 x 10") 5 oer g gpg = 5x 10175 


For an H7 fit, hole dimension may vary from 25.000 to 25.021 and shaft dimension may vary from 
25.035 to 25.048; then  8(max) =48 x 10-® m, 5(min) = 14 x 10—® m and 
Steo(max) = (48 x 107°)(5 x 10'?) = 240MN/m? 
Steo(min) = (14 x 10~°)(5 x 10'*) = 70MN/m” 


A 150mm diameter steel shaft is to have a press fit with a 300mm o.d. by 250mm long hub of cast iron. 
The maximum tangential stress is to be 35 MPa. E = 200GPa for steel and 100GPa for cast iron; 4 = 0.3 
assumed for both steel and cast iron; f= 0.12. 


(a) Determine the maximum diametral interference. 


(b) What axial force F, will be required to press the hub on the shaft? 
(c) What torque may be transmitted with this fit? 


Solution: 
(a) The tangential maximum stress occurs on the surface d, for the outer member: 


ey eas PY (CEE Ces ae 
suo=Pe( S45 »35 x 10° =pe 037 0.152 + Pc = 21 MPa 


Using 
me 6 
pa aes i eee TIT aT ee | 
= de+di , do+de ui Mo 
“| Bde —d?) Eo(do—de) BE; Eo 


: 6 
DD x 108 
: 0.15 [azn +0 0.37 +0.157 0.3 03 | 


10” | 0.157(200) * (03? —0.15*)(100) 200 * 100 
from which 5 = 0.073 mm (maximum permissible diametral interference). 
(6) Fy = fndLpe = 0.12n(0.15)(0.25)(21 x 10°) = 297kN. 
(0) T = fpend?L|2 = Fa(d/2) = 297(0.15/2) = 22.3KN m 
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8. A cast steel hub having a minimum diameter of 100mm is to be shrunk on a shaft which has a maximum 


10. 


11. 


12. 


i; 


diameter of 100.150mm. Assuming a room temperature of 21°C, a coefficient of linear expansion for 
steel of 11.34 x 10~°K~! and a desired diametral clearance of 0.05mm, to what minimum temperature 
should the hub be heated in order to permit assembly without interference? 


Solution: 


0.2 
11.34 x 10° x 100 
The hub should then be heated to a minimum temperature of: 176 + 21 = 195°C. 


The hub diameter is to be expanded to 100.20mm, AT = = 176K. 


Note the use of K (Kelvin) for temperature difference, and °C (degrees Celsius) for temperature reading. 


SUPPLEMENTARY PROBLEMS 


What are the values of maximum clearance, hole tolerance, and shaft tolerance for the following dimen- 
sions in millimeters of mated parts 


Hole 44.500 Shaft 43.975 
44.515 43.957 Ans. 0.558, 0.015, 0.018mm 


What are the correct dimensions for mating a 150mm diameter shaft with a hub to give an H7-p6 fit? 
Ans. Hole 150.000 Shaft ages 
150.040 150.0435™™ 


A shrink fit ona 75mm diameter shaft is required. Determine the proper dimensions for the hole and shaft. 
Ans. H7,s6 Hole 75.000 Shaft 75.078 
75.030 75.059 


A 450mm o.d. x 250mm i.d. steel hub is to have a shrink fit on a 250mm diameter steel shaft. The 
tangential stress at the contact surface is to be 10OMPa. The length of the hub is 300mm. (a) What is the 
radial stress at the contact surface? (b) How much torque may be transmitted assuming a coefficient of 
friction of 0.18? Ans. pe = 52.8MPa, T= 280kN m. 


A 50mm o.d. x 28mm i.d. steel hub is to be assembled on a 28mm diameter steel shaft with a heavy 

press fit not using a selective assembly. 

(a) Determine the tolerance, interference, and dimensions of the mating parts. 

(b) What will be the maximum radial contact stress? 

(c) What will be the actual maximum and minimum tangential stresses at the contact surface? (Use the 
Lamé equation.) 

(d) What will be the equivalent maximum and minimum tangential stresses, based on the maximum- 
strain theory, at the contact surface? (Use Birnie’s equation.) 

(e) What is the maximum axial force F, required for assembly of the mating parts, assuming a hub 
length of 75mm and f= 0.12? 

(f) What is the maximum torque that may be transmitted with this assembly? (Base solution on maxi- 
mum interference.) 

Ans. (a) Tolerance Maximum interference 0.048mm Hole 28.000 Shaft 28.048 

hole: 0.021 mm; shaft: 0.013mm Minimum interference 0.014mm 28.021 28.035 


(b) p-(max) = 118MPa (c) s;(max)=2.25MPa (d) s;(max)=261MPa (e) Fz =93.2kN 
s,(min) = 65.7MPa s;(min) = 76MPa T=1.30kNm 


14. 


15. 


16. 


17. 
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A steel hub of 25mm id. is to be assembled on a shaft having a diameter of 25.025mm. To what tem- 
perature should the shaft be cooled to permit a slip fit, assuming a room temperature of 21°C and a 
coefficient of linear expansion of 11.34 x 10-°K~!, Ans. —138°C for 0.045 mm min. clearance. 


It is desired to assemble two steel cylinders having nominal diameters of 25mm i.d. x 50mm o.d. and 
50mm i.d. x 75mm o.d. with the tangential stress at the inner surface of the outer member limited to 
83 MPa. Determine the required interference and the tangential stresses at the inner and outer surfaces of 
the two members, in accordance with Birnie’s equation. 


Ans. Dc = 28.6MPa Sti =—76.3MPa 
6 = 30.5um Sto = —39.1MPa 

Steo = 83.0MPa 

Sto =45.8MPa 


A centering fit for a flange coupling is to locate the two halves of the coupling. If an H7-hé6 fit is used to 
provide for a close fit, the allowance is proper but the tolerances are small. Determine the necessary 
dimensions of the centering fit for a nominal dimension of 150mm, if a compromise is made by using 
the allowance of an H7-h6 fit with the tolerances of an H8-f7 fit. Note that some of the benefit of an 
H7-hé6 fit is obtained with the economy of an H8-f7 fit. 


Ans. 150.000 Ban tso000}™™ 

150.063 150.000 
A medium force fit is used for a hub shrunk on a 50mm shaft. How many groups of the parts are neces- 
sary for selective interchangeable assembly to yield a maximum interference of 0.040mm and minimum 
interference of 0.028mm if it is found that a batch of hubs have been produced varying in size from 
50.000mm to 50.024mm, and the shafts vary from 50.034 to 50.052mm? 


Ans. 4 groups separated as follows: 


Curved 


BENDING STRESSES IN CURVED BEAMS do not 
follow the same linear variation as straight beams, 
because of the variation in arc length. Even though 
the same assumptions are used for both types, i.e. 
that plane sections perpendicular to the axis of the 
beam remain plane after bending and that stress is 
proportional to strain, the distribution of stress is 
quite different. Fig. 4-1 shows the linear stress 
variation in a straight beam and the hyperbolic 
stress distribution in a curved beam. Note that the 
bending stress in the curved beam is zero at a point 
other than at the centroidal axis. Also, note that the 
neutral axis is located between the centroidal axis 
and the center of curvature; this always occurs in 
curved beams. 


STRESS DISTRIBUTION due to bending is given by 


where _s is the bending stress, N/m? or Pa 


Beams 


Fig. 4-1 


My 


** Aen — 9) 


M is the bending moment with respect to the centroidal axis, Nm 
y is the distance from the neutral axis to the point in question, m (positive for distances 
toward the center of curvature, negative for distances away from the center of curvature) 


A is the area of the section, m? 


e is the distance from the centroidal axis to the neutral axis, m 


Tm is the radius of curvature of the neutral axis, m 


BENDING STRESS AT THE INSIDE FIBER is given by 


where 


_ Mh; 
m Aer; 


h; is the distance from the neutral axis to the inside fiber, m (h; = rn — ri) 


7; is the radius of curvature of the inside fiber, m 


BENDING STRESS AT THE OUTSIDE FIBER is given by 


where 


= 


Aer; 


ho is the distance from the neutral axis to the outside fiber, m (Ao =o — Tn) 


To is the radius of curvature of the outside fiber, m 
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If the section is a symmetrical one (as a circle, rectangle, I-beam with equal flanges) the maximum 
bending stress will always occur at the inside fiber. If the section is unsymmetrical, the maximum bending 
stress may occur at either the inside or outside fiber. 

If the section has an axial load in addition to bending, the axial stress must be added algebraically to the 
bending stress. 

Considerable care must be taken in the arithmetic. The distance “e” from the center of gravity axis to 
the neutral axis is usually small. A numerical variation in the calculation of “‘e” can cause a large percentage 
change in the final results. 

Table I below gives the location to the neutral axis, the distance from the centroidal axis to the neutral 
axis, and the distance to the centroidal axis from the center of curvature for various commonly encountered 
shapes. 


TABLE I 
i 
loge ro/ri 
e=R-r 
_ tire 2 
Centroidal axis | | Neutral axis R=rj+h/2 
eee 
d ee (rh? +f]? 
| i he a 
| 
@ | Rie 
(st R=7,4d/2 
aie * 


: yp = i= (t) + (bo = Mio) + th 


= 4-4 ntti To —to To 
5; lo: +tlo + bo lo 
1 Laas SE 


oto 


e=R-ry, 


fe 4h? 0 +407 (b; — 0) + (bo — toh — }to) 
=r;+ 
(b; — t)(t;) + (bo — tte) + th 


Centroidal axis} + Neutral axis 


| an 
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n= 
+ ti 
(reer) re Ee ar Sip yt 


" " 


e=R-r, 


der+hiGi-) 


R=7+ 
e+ (6 — Oe 


e=R-rm 


Rear edhe thib — 1) +0 — MtoMh = Ho) 
: At +(b — tt; + to) 


Tm is determined using the integral in Problem 5, part (f) and R by considering the first moment of area of the 
section. 


a 


The offset bar has forces applied as 
shown. The bar is 25mm x 50mm. The 
effect of the two applied forces is a 
pure couple which causes the same 
bending moment at every section of 


the 
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SOLVED PROBLEMS 


beam. Determine the maximum 


tension, compression and shear stresses, cael | 300N 


and state where each occurs. 


500. 


Solution: 


@ 


(6) 


© 


@ 


() 


2) 


The bending moment at every 900N 
section is 126Nm 


140 x 10-3 x 900 = 126N m Vis 


Since the couple for equilibrium is Fig. 4-2 300N 
as shown, tension occurs in the 

upper fiber CDE and compression occurs in the lower fiber ABF. Because the beam is symmetrical, 
the maximum normal stress occurs at the inner fiber of the portion with the smaller radius of curva- 
ture, with R = 90mm, 7; = 77.5mm, rp = 102.5mm; the maximum stress at the inner fiber is com- 
pression. However, the location of the maximum tensile stress is not evident. The sections with 
R=90mm and R = 115mm should be checked. 


To determine e : 
h 0.025 = 
Tp = 7 = 0.08942; € = R — rn = 0.09 — 0.08942 = 5.8 x 10 
"Tope rolri 5, (0.1025 pres ieaig ic a. ™ 
0.0775 
For the section with R = 90mm the stress at the inner fiber is 


= Mh 126(0.01192) . 
** Aer; (0.025)(0.05)(0.00058)(0.0775) 


The stress at the outer fiber is 
Z — Mle _ 126(0.0131) 
° Aer, (0.025)(0.05)(0.00058)(0.1 025) 


Nicene < ami era 
ofTt 


26.7MN/m? compression 


= 22.2MN/m? tension 


= 0.1145; e=R — rm = 0.115 — 0.1145 


=5x10-4*m 
_ Mh; _ 126(0.012) 
Aer; (0.025)(0.05)(0.0005)\(0.1025) 


Mh _ 126(0.013) 
Aer, (0.025)(0.05)(0.0005)(0.1275) 


The stress at the inner fiber is 5; = 23.6MN/m? tension 


= 20.6MN/m? 
compression 


The stress at the outer fiber is s, = 


Hence, the maximum tension occurs at the inner fiber of the section with R = 115mm. 

The maximum compression occurs at the inside fibers of the section with R = 90mm. The 
maximum shear stress is half of the greatest difference of any two of the three principal stresses. 
Since only bending stresses are present at the inner fiber, the maximum shear is 4(—26.7 — 0) = 
13.4MN/m?. 

(For comparison, the maximum stress in the straight beam is 


_Me _ 126(0.0125)(12) _ pe : 
s 7 ~(@.05\0.025°) = 24.2MN/m* (tension and compression) 
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A spring clip, made from a 25mm diameter 

rod, is shown in Fig. 4-3. Determine the 

maximum shear stress and specify its location 
or locations. 

Solution: 

(a) The location of the maximum normal 
stress can be found from inspection and 
comparison. Any free body of the bar 
which includes the two applied forces 
of the upper or lower parts would have 
the same bending moment since the two 
applied forces give a pure couple. The 
maximum bending stress will occur at 
the inside fiber of the sections with the 
inside radius of curvature r;= 75mm 
from A to Band C to D). The maximum 
stress will not occur where 7; = 100mm. 


(b) rm = 4078/2 + rf? = (0.11/? + 0.075"/?)*/4 = 0.08705 mm 
(0) e=R — rq = 0.0875 — 0.08705 = 4.5 x 10-*m 
A; = 0.01205m 
Mhy _ 56.25(0.01205) 
Aer; 4n(0.025?)(0.00045)(0.075) 
(e) The stress from A to B is tension and from 
C to D is compression. 
(f) The maximum shear stress is }(40.9) = 20.5 MN/m? and occurs at every point from A to B and from 
CtoD. 


(g) Since the section is symmetrical, the maximum stress at the outer fibers need not be checked. 


M = 0.125(450) 


= 40.9MN/m? 


(d) s;= 
Fig. 4-3 


An open S link is made from a ¢25mm rod. 
Determine the maximum tensile stress and 925 
maximum shear stress. 


cae M = (0.075)(900) 

Solution: =675Nm 

(a) A comparison of section A-A and B-B, in 
Fig. 4-4, shows that the bending moment 


at A-A is less than at section B-B, but the 


900N 
900N 


M = (0.1)(900) = 90N 


radius of curvature is less at A-A than B-B. es 

It will be necessary to investigate both 

sections. 
At Section A-A, point P: 
(b) M = (0.075)(900) = 67.5N m, A = 7/4(0.025)? = 0.000491 m?. ere 

4-4 
1/2 4 ,1/212 0875/2 + 1/2)2 
cents [rot® + ri‘ J" _ [0.0875 0.0625 °""]" _ o107448H 
4 4 
e=R — rn = 0.075 — 0.07448 = 0.000525 m, h; = 0.0125 — 0.000525 = 0.01198m 
Mh, , P (67.5(0.01198) 900 


Bendii ti + direct tension = —= 
nding stress + direct tension = 777 + 77 = (9 900491)(0.000525\(0.0625) 0.000491 


= 50.19 + 1.83 = 52.0MN/m? tension 
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At Section B-B, point Q: 
(d) M=900(0.1)=90N m 
7, lol? +47)? _ [0.1125'/? +.0.0875"/?]? 


n 4 4 =0.0996m 
e=0.1 — 0.0996 = 0.000392, h; = 0.0125 — 0.000392 = 0.01211m 
Mh; , P 90(0.01211) 900 


(e) Bending stress iroct vansion “Aer; A (0.000491)(0.000392N0.0875) * 0.000491 


= 66.5MN/m? tension 
(f) Maximum shear = }(66.5) = 33.3MN/m? 
An offset bar is loaded as shown in Fig. 4-5. The weight of the bar can 
be neglected. What is the maximum offset (dimension X) if the allowable 


stress in tension is limited to 70MPa? Where will the maximum tensile 
shear stress occur? 


Solution: i- x 


(a) Since the bar is symmetrical, bending causes the greatest stress at 
the inside fiber. Point P on section A-A will be stressed the greatest. 


(b) M for section A-A = 10,000 (X) Nm 
a [rh /2 ti? ]? (si? +0.051/) 


n mi rr =0.0933m 
e=R — rm = 0.1 — 0.0933 = 0.0067m 
h; = 0.05 — 0.0067 = 0.0433 m 
A =4n(0.1)? = 0.007854m? 
(c) The allowable tensile stress is 70MPa. 
Bending tensile stress + direct tensile stress or + af 


X(10,000(0.0433) 10,000 
(0.007854)(0.0067\(0.05) "0.007854 


from which X = 418mm, the maximum offset. 


or 70x 10°= 


Fig. 4-5 


Set up the basic relations necessary to obtain 
the stress distribution in a curved beam due to 
bending alone and derive the equation to give 
the bending stress distribution. See Fig. 4-6. 


Solution: 


(a) Consider a differential element of the beam 
subtending an angle d6. 


(6) As a result of bending, and plane sections 
remaining plane, an arbitrary section p-q 
rotates to p'-q’, with tension on the inner 
fiber and compression on the outer fiber. 
The rotation occurs with a point on the 
neutral axis remaining fixed. 


(c) The elongation of the fiber a distance y 
from the neutral surface is yd. 
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(d) The original length of the differential fiber is (rn — y) d0. 
(e) Since stress is proportional to strain, 


Al ydd 
=eF =— ————— 
s T Eats Ga — 30 


(f) The summation of all differential forces must be zero for equilibrium; hence 


ydoEdA do ydA 
=0 or E =0 
(mn — y)d8 db Jtm—-y 


E, where s is the bending stress. 


fous =0 or 


(g) Also, the moment of the differential forces about any point should be equal to the applied couple M. 
Take the point K as a convenient center of moments. 


yd de y 
dA=M f ————— =M — = 
fo or i — yyd8 | or 40 E = St M 


y> 


(2) Manipulation of 
™-Yy 


dA =M, by dividing (r, — y) into y?, gives 


mm f ~ dA— [aa =m 
Lie Py 


(i) But from (f), J = 44 =0 and ydA represents the moment about the neutral axis of the 
beat 


differential areas comprising the section. Hence | ydA can be written as Ae, where e is the distance 


from the neutral axis to the centroidal axis. 


24 ke 5 lal ear ee cla 
(j) Thus the equation in (g) can be written =, E ih Se =M 7) EfAe] or 7 ore 
(k) The stress equation in (e) can be written s = ea er = 
Gn — yo 


A section of a C-clamp is shown in Fig. 4-7. What force F can 
be exerted by the screw if the maximum tensile stress in the 
clamp is limited to 140 MPa. 


Solution: 


(a) The maximum tensile stress will occur at point P at section 
A-A, on which section the bending is maximum, curvature 
exists, and a direct tensile stress acts. 


(b) The distance from the center of curvature to the centroidal 


axis, from Table I. Fig. 4-7 
ti rthi(bi- td) [scone xeon +4(0.003)7(0.019 — 0.003) 
R214 5 = 
1 ee; °° * [(0.025)(0.003) + (0.019 —0.003)(0.003) eae 


(c) Also, from Table I, 


bi — tXti) + th (0.019 — 0.003(0.! + (0. .02 
re (bj — tt) + 8 = (0.019 — 0.003)(0.003) + (0.003)(0.025) : =0.0316m 


* Gj= 1 loge r+ ti To 0.025 + 0.003 
ats fo (0.019 — 0.00. pee 
ree loge = (0.0 3) log. 0005 


i 


+ 0.003 loge 0.025 


(@ e¢=R — rm = 0.0332 — 0.0316 = 0.0016m, hj = rn — 74 = 0.0316 — 0.025 = 6.6 x 10-*m 
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(e) Area = (0.003)(0.019) + (0.022)(0.003) = 1.23 x 10-*m? 
(f) Bending moment (about centroid) = F(0.05 + 0.0332) = 0.0832 FN m 


; , Mh, F 
Bending stress + direct stress = —~ + — 
(g) Bending stress ct stress Tea 


res 0.0832 F(6.6 x 10~*) 
x 10° = 


F - 
~ 123 x 10-*(0,0016\(0.025) 423.x10-* 2 (maximum) =1170N 
(h) Note that the stress at the outer fiber may be larger in this case than at the inner fiber, but this 

stress at the outer fiber is compression. 


A trough 25mm thick by 200mm long 
is subjected to a concentrated load of 
1800N. Determine the magnitude and 
location of the maximum tension, 
compression, and shear stresses. 


Solution: 


(a) The location of the maximum 
bending stress can be reduced, by 


inspection, to three different Fig. 4-8 
locations: 

1) Section A-A 

2) Section B-B 

3) Section C-C 


At section A-A, the bending moment is maximum but the beam is straight. 

At section B-B, the bending moment is less than at A-A but the beam has curvature. 

At section C-C, the bending moment is less than at A-A and B-B but the beam has a smaller 
radius of curvature. Also, at C-C a direct tensile stress is applied, which is not present at the other 
two sections. 

Hence the stress will be computed at the three different sections and compared. (The stresses 
need be computed on only one side of the centerline since the beam is symmetrical.) 


(5) Section A-A 


—Me__ Me ___ 900(0.5)(0.0125) _ 2 4 F ; a 
s T bm /12 0.2(0.025)5/12 = 21.6MN/m* (tension at point q, compression at point p) 


Note. Transverse shear stress is zero at points p and q. 


(c) Section B-B 
e Mh; (900 x 0.350.112 —0.1) , 
Point r: ;= = = ? 
oint r: Sj Aer; ~ (0.025 x 0.2\0,0005)(0.1) 15.1MN/m* (compression) 
where yee es =0.112m, e=R—r_ =0.1125 —0.1120=0.0005m 
loge ro/ri 1 0.125 : a eis ‘ . 
oe oO 
2 Mho _ (900 x 0.350.125 — 0.112) 2 
ts: = = = i 
Pelt Freese rome (LOTS x 0.2)(0.0005)(0.125) 3-1 MN/m" (tension) 


(d) Section C-C 


Point t: At point ¢ the stress due to bending is compression and the direct stress is tension. Hence 
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the stresses subtract from each other. The bending stress at point fis 


Mho _ (900 x 0.2375)0.1 — 0.0869) 


= = = 9.33 MN/m? i 

So “Aer, (0.025 x 0.2\(0.0006)(0.1) p32 MON (comprepeion) 

h x 
where rp = aaah = 0025 =0.0869m, e=R— 7, =0.0875 — 0.0869 = 0.006m 
Oe Fo/ri 
0.075 
P/A= eS = 0.18MN/m? (tension) 
Net stress = 9.33 — 0.18 = 9.15MN/m? (compression) 
Point u: 
Mh; 1.2375 KO. — 0.07. 
Ge hi; _(900 x0. (0.0869 — 0.0’ 3) 811. 3MN/m? 


Aer; (0.025 x 0.2)(0.0006)(0.075) 
P/A =0.18MN/m? (tension) 
Total stress = 11.3 + 0.18 = 11.5MN/m? (tension) 


(e) The maximum stress occurs at the straight portion, section A-A, and is 21.6MN/m? (tension at point 
q and compression at point p). 
The maximum shear occurs at both points p and q is }(2.16) = 10.8 MN/m?. 


SUPPLEMENTARY PROBLEMS 


Interference of machine parts necessitated the use of a steel member as shown in Fig. 4-9 below. If a 
load of 1KN is applied, determine the maximum tensile stress and maximum shear stress and indicate the 
location. 

Ans. 24.4MN/m?, 12.2MN/m? both occur at point A 


A portable hydraulic riveter has a maximum riveting force of 70kN. The U frame is made of cast steel 
with an ultimate tensile stress of 480MPa and a yield point in tension of 240MPa. Referring to Fig. 4-10 
below, consider only the section A-A and determine the following: 


(a) bending moment Ans. (a) 18.5kKNm 

(b) distance from centroidal axis to neutral axis (b) 0.00836m 

(c) direct tensile force (c) 49.5KN 

(d) maximum tensile stress and location (d) 13.3MN/m? at point P 
(e) maximum shear stress and location (e) 66.7MN/m? at point P 


Fig. 4-9 Fig. 4-10 
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10. Aringis made from a 75mm diameter bar. The inside diameter of the ting is 100mm. For the load shown 
in Fig. 4-11 below, calculate the maximum shear stress in the bar, and specify its location. 
Ans. 33.5MPa at point A 


i, 


12. 


13. 


14. 


Fig. 4-11 Fig. 4-12 


Determine the magnitude and location of the maximum tensile stress of the machine part loaded as 
shown in Fig. 4-12 above. Ans. 18.7MPa at point P 


Consider a crane hook made from a 50mm diameter bar and loaded as shown in Fig. 4-13 below. Deter- 
mine the maximum tensile stress and specify its location. Ans, 36MPa at point A 


A machine member is made from a 25mm diameter rod and is loaded as shown in Fig. 4-14 below. 


(a) Where does the maximum tensile stress occur? Ans. (a) point P on section A-A 
(6) What is the bending moment at the worst stressed section? (b) 23.6Nm 

(c) What is the direct load at the worst stressed section? (c) 90N 

(d) What is the maximum tensile stress? (d) 18.3MPa 


The supporting structure of a movable crane has the dimensions as shown in Fig. 4-15. Determine the 
following: (a) location of the maximum compressive stress, (b) location of the maximum shear stress, 
(c) bending moment at section A-A, (d) direct compressive load at section A-A, (e) maximum compressive 
stress, (f) maximum shear stress. Ans. (a) point P on section A-A, (6) point P on section A-A, (c) 
8120N m, (d) 9000N, (e) 34.6MPa, (f) 17.3MPa 


Fig. 4-14 Fig. 4-15 
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16. 


CURVED BEAMS 


The centerline of the supporting beam of the undercarriage of a crane is as shown in Fig. 4-16 below. 

The beam is supported in bearings at C and D. Consider the beam as made from a S0mm diameter bar. 

(a) What are the reactions at C and D? (b) How does the bending moment at sections perpendicular to 

the axis of the beam vary between A and B? (c) Determine the worst stressed section or sections. (@) 

What is the maximum stress? 

‘Ans. (a) Reaction at C = 4.5KN, at D = 4.5KN, (b) Bending moment is the same at every section from A 
to B, 1130N m, (c) From A to £ and F to B (d) 112Mpa tension. 


In these small C-clamp shown in Fig. 4-17 below, a force W = 4.5KN is exerted between the C-clamp and 

screw. (a) If the maximum allowable shear stress is S2MPa, the maximum allowable tensile stress is 

104MPa and the maximum allowable compressive stress is 104MPa is the C-clamp properly designed 
from the standpoint of strength? (6) If the design is not proper, what changes could be made to improve 
the design? Assume that the analysis is to be made after the screw has been tightened. 

Ans. (a) Design is not satisfactory, since the maximum tensile stress is 312MPa and the allowable 
tensile stress is 104MPa (or the maximum shear stress is 156MPa and the allowable is 
52MPa). 

(b) 1. A different section, as an I or T section might be used. 2. Increase radius of curvature. 
3. Increase diameter of C-clamp. 


17. 


18. 


: 


Section A-A 


A crane hook has a section which, for purposes of analysis, is considered trapezoidal. The maximum 

tension (and shear) stress occur at point P, as shown in Fig. 4-18 below. Determine the (a) distance R 

from the center of curvature to the centroidal axis, (b) bending moment for section A-A, (c) distance 

from the center of curvature to the neutral axis, (d) area, (€) maximum tensile stress (point P), (f) maxi- 

mum stress at point Q. 

Ans. (a) 111.7mm, (6) 10,100N m, (c) 1032mm, (d) 6.67m?, (e) 119MN/m? (f) 63.1MN/m” 
(compression) 


A link is offset, as shown in Fig. 4-19 below, to provide clearance for adjacent parts. Determine the 
maximum shear stress and specify its location (or locations). Ans. 59MPa; points A and B 


116 | 


Fig. 4-18 


Fig. 4-19 


90,000N 


Chapter 5 


Deflection and Buckling of Machine Members 


RIGIDITY may in some cases determine the design of a machine member. The member may be strong enough 
to prevent a stress failure, but may not be sufficiently rigid for satisfactory operation. The following topics 
will discuss rigidity from the standpoint of axial deflection, torsional deflection, deflection due to bending, 
deflection due to shear, and buckling due to column effect. 


AXIAL DEFLECTION 6 due to an axial load F is based on Hooke’s Law, 


=/2 ae 
“(ort 
from which 
ee 
AE 
where 


6 = axial deflection, m 
L = axial length of member before application of the axial load, m 
A =cross sectional area, m? 


E = modulus of elasticity, N/m? 


TORSIONAL DEFLECTION 0° due to a torsional load on a solid circular section is 


 _ 584 TL 
Gp* 


For a hollow member of circular cross section, the angular deflection is 


9° = 584 TL 
G(D3 — DF) 


where 

0° = torsional deflection, degrees 
T = torque, Nm 
D = diameter of solid member, m 

Dg = outside diameter of hollow member, m 

D; = inside diameter of hollow member, m 
L = axial length of member between the applied and resisting torques, m 
G = modulus of rigidity, N/m 


a7 
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For a solid rectangular member the torsional deflection is 


g° =573 TL 
beG 


where 
b = long side of rectangle, m 


c=short side of rectangle, m 
a=a factor depending upon the ratio of b/c as follows: 


b/c = 1.000 1.500 1.750 2.000 2.500 3.000 4.000 6.000 8.000 10.000 ~ 
a=0.141 0.196 0.214 0.229 0.249 0.263 0.281 0.299 0.307 0.313 0.333 


G = modulus of rigidity, N/m? 
L =length of member, m 


LATERAL DEFLECTION due to bending only may be determined by solving the differential equation of the 
elastic curve of the neutral axis, 


where 


M = the bending moment, Nm 
1 = the rectangular moment of inertia, m* 
E = modulus of elasticity, N/m? 
y = deflection, m 
x = distance from end of member to the section where 
the deflection is to be determined, m 


A straight analytical solution of this equation by double integration is quite tedious for multiple loads 
and for beams that have changes in cross section. Easier solutions may usually be obtained by resorting to other 
methods such as: area moment method, conjugate beam method, the use of step functions, application of the 
theorem of Castigliano, or by graphical integration. 


THE AREA MOMENT method for determining the 
deflection of a beam due to bending is based on the 
proposition that the vertical distance of any point A on 
the elastic curve of a beam from the tangent at any other 
point B on the elastic curve is equal to the moment with 
respect to the ordinate at A of the area of the M/E/ 
diagram between the points A and B. (See Fig. 5-1.) 


A=A,X) +A2x2+.... 
where 
A, =area of portion | of the M/EI diagram 


X1 = distance from the ordinate at point A to the 
center of gravity of A, 


W 


A, = area of portion Ill of the M/E! diagram 


*2 


distance from the ordinate at point A to the 
center of gravity of A. 
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A simple beam of length L having a concentrated load P located at a distance a from the left support and 
at a distance b from the right support may be used to illustrate the above procedure. Referring to Fig. 5-1, in 
order to determine the deflection y under the load P complete the following steps: 


. Sketch the elastic curve. 
. Sketch a tangent to the elastic curve at point B located at the left reaction. 
. Sketch the M/EI diagram. 


. Determine A, by summing the moments of the areas of section I and section II with respect to the 
right support: 


a, = (P22) (20) , (Poa? pat) -PbPa , Pb*a? | Poa® 
a” EEE 2LEI 3) 3LEI ° 2LEI ~ 6LEI 


5. Determine A2 which is equal to the moment of section II with respect to a vertical axis through point 


¢: 
a, = (Pea? \ (a) _ Pea? 
2” \2LeT) \3) ~ 6LEr 
6. Determine A; by proportion: 
=A1 _Pb?a*  Pb?a? | Poa* 
3°" L 3L7El 2L7 ET 6L7 ET 
Pb3a? Peta” , Pbat Pba?® 
3L7ET  2L7ET ° 6L7EI— 6LEI 


wn = 


7. Then y = A; — Ay = 


It whould be noted that in the above illustration the areas of both section I and section II are positive. 
If any part of the M/EI diagram is negative, then the moment of that part of the M/EI diagram must be taken 
as negative. 


THE CONJUGATE BEAM method for determining the lateral deflection due to bending of a beam is based on 
the mathematical similarity of the loading, shear, and bending moment diagrams to the M/E! loading, slope, 
and deflection diagrams: 


av_a@’M M_do dy 


A a are eer pc arts 


Due to the similarity of the above equations, the following statements are the basis of the solution: 


1. The “shear” force of the conjugate beam is equivalent to the slope of the actual beam. 
2. The “bending moment” of the conjugate beam is equivalent to the deflection of the actual beam. 


It is necessary, however, to first set up the conjugate beam such that boundary conditions are satisfied. 
Where the slope of the original beam is not zero, a ‘shearing” force on the conjugate beam must exist. If the 
loading is such that no “shear” is present, a ‘shear” force must be inserted in the conjugate beam loading. 
Similarly with the deflection — if the deflection is not zero, a “moment” must exist. If the loading is such that 
no “moment” is present, a “moment” must be inserted in the conjugate beam loading. 

In order to demonstrate the above procedure, consider a cantilever beam having a constant cross section 
and a concentrated load P at the end as shown in Fig. 5-2 below. The following steps will determine the deflec- 
tion at the end of the beam: 


a. Sketch the bending moment diagram. 
b. Load the conjugate beam so that the intensity of load at any section is equal to the ordinate of M/E/. 
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c. In order to satisfy the boundary con- 
ditions, there must be a value of slope, 
or “shear”, at the section of the con- 
jugate beam under the load P represen- 
ted by the reaction “R”. In order for 
a deflection, or “moment”, to exist 
at the reaction, there must be a 
“moment” (“M”) applied at the right 
end of the beam. 

d. The triangular distributed “load” on 
the conjugate beam may then be con- 
sidered as equivalent to the area of 
this triangle, PL?/2E7, concentrated 
at the centroid of the triangle. 


e. By summation of vertical “forces”, the 


“reaction” at the right end of the PL 
beam is PL? /2ET. El 


f. Taking moments at the right end of 
the conjugate beam, we have 

PIE 

eee thas ecco 

2EI & ) eo 

or “M” =PL?/3EI which is the de- 

flection at the right end of the beam. 


APPLICATION OF STEP FUNCTIONS for determin- 
ing the deflection of a beam due to bending requires 
the evaluation of only two constants of integration for 
a team subjected to any number of loads and changes 
of section. In applying the usual double integration 
method of writing the M/E/ equation in each section 
of a beam, one must evaluate two constants of inte- 
gration for each section. 

The use of step functions provides a means of 
writing mathematically a single expression for M/EI 
that is valid for any section of the beam, which, after 
double integration, results in a single expression for 
deflection valid for any section of the beam. 

A step function, as used later, is defined by the 
following notation: 


H, is a step function where H, =O ifx<a 


H,=lifx2>a 
Hy, is a step function where Hp, = 0 ifx <b 
Hy =1ifx>b 


The product of the two step functions then is, for b >a, 
H,H, =O ifx<b 
H,Hp =1ifx>b 


A plot of the above step functions is shown in 
Fig. 5-3. 


PL 


Bending Moment 


id 


npn _ Pe 
Pr R= Er 
1 


Conjugate Beam 


Fig. 5-2 
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The mathematical procedure for integrating a step function multiplied by a function f(x) is 
x x 
J Here) a= Ht” P00) ax 
° a 


Example 1. Let f(x) = x?. 
px ex 2 x x 
| Hx? dx=Ha| 2 dx=|Ha*| +C=H, 
> . 


where C = constant of integration. 


Example 2. When b >a, 
x rx 
J HyHalce— a) dx =H, | (x — a) dx 
° Jb 


2 x 2 2 
Se [vc-me=2 pha4) iG 


Example 3. The method of handling changes of Fy 


section by means of step functions is 
demonstrated as follows: Fig. 54 
shows a beam having three sections of 
different moments of inertia. F, and R Rp 
Fz are overhung loads and there are a od 
fixed bearings at Rz and Rr. The b 
moment equation valid for any section 

is 


Fig. 5-4 
M=—F\x +Rz(x —a)Ha + Rr(x — b)Hp 


Now 1/I,, the reciprocal of the moment of inertia at any section, may be written 


from which 


& 1 Pg 
ea [Fix +Ri(x — a)He +Re(x — bs] [: +n(5- ') +H (-3+4)| 
1 
=—F\x + Rz(x — @)Ha + Rr(x — b)Hy — FixHa (j- :) 


+Ri(e—a)HaHle (;- :) +Re(x— b)HoHe ( ) 


=-1 
m 
Fixtis (ae eR ia (ee! 
—Fixds \—— + 7% — aHaHy \— 7 + 
+Rr(x — b)HpH, ae 
RO — b)HoHe \— +7 
Double integration may be completed as explained above, noting that HH = Hg and HaHy = Hp. 


DEFLECTION DUE TO SHEAR may be significant, for example, in machine members which are short in 
comparison to their depth, or for large diameter hollow members. In such cases the deflection due to shear 
should be added to the deflection due to bending. This could be of considerable importance when calculating 
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deflections for determining critical speeds of rotating mem- 
bers. An expression for the deflection y, due to shear may 
be determined by considering a differential element taken 
at the centroidal axis of a member subjected to a transverse 
load as shown in Fig. 5-5. 


dy; _ Ss (at neutral axis) BiG VOmax 
dx G 1" 1bG 


+, 


(see Chapter 2 for discussion of “ ) 


where C; is a constant which accounts for the angle of 
rotation of the cross sections with respect to the zero deflec- 
tion line. (All cross sections rotate through the same angle.) 
Integrating, 


KV, JA 
Bal =7G texte where «= 24 


K =4/3 for a circular cross section, 


K =3/2 for a rectangular cross section. 
(For Fig. 5-5, C, = 0. See Fig. 5-19 for illustration of C,.) 


THE THEOREM OF CASTIGLIANO may be used for determining the deflection of simple members as well 
as more complex structures. This theorem is based on strain energy relationships. For example, the strain 
energy U for a member of length L under simple tension is 

P. 

gate: 

2AE 
and by taking the partial derivative of this expression with respect to F, we determine the axial deflection 5 
for the member in the direction of the applied force F: 


Also, by taking the partial derivative of the torsional strain energy, we may determine the angle of twist for a 
member having a circular cross section whensubjected to a torque T: 


Ltt aU _TL 7 
3G and ar Gs) 2 (radians) 


In the above as well as in the following expressions, it is assumed that the material of the system follows 
Hooke’s Law. The strain energy in a straight beam subjected to a bending moment M is 


2 
u= ‘M LES 
2E1 
The strain energy in a curved beam subjected to a bending moment M is 


s fuse do 
| 2Ack 


The strain energy in a straight member subjected to a transverse shearing force V is 


bs 
2AG 
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The strain energy in a curved beam subjected to a transverse shearing force V is 
ne (S ds_ [KV?Rd¢ 
2AG 2AG 


Refering to Fig. 5-6 below, the differential energy stored in the differential section due to the bending 
moment M, the normal force P, and the shearing force V, may be written 


_M? do (= do we) 7 KV?R do 


dU 


2AeE 2AE AE 2AG 
where 

M dp ; ; " 
ee the strain energy due to the bending moment M acting alone. 

PR do : 2 
oT the strain energy due to the normal force P acting alone. 

MPd¢ i 

TE = the strain energy resulting from the fact that P tends to rotate the faces of the element 
against the resisting couples M. 

Note that in the case of Fig. 5-6, this term is negative since the force P tends to 
increase the angle between the two faces, while the couples M tend to decrease the angle 
between the two faccs of the section. If the sense of P were reversed, then both P and 
the couples M would tend to decrease the angle between the two faces. 

25 
A = the strain energy due to the shearing force V. 
24G 
Application of the above expressions will solve deflec- 
tion problems based on the theorem of Castigliano which M u 
states that the partial derivative of strain energy with respect 
‘to any force (or couple) gives the displacement (or angle of aN 
twist) corresponding to the force (or couple). In other E 7 


words, if the total strain energy of a system is written as a 
function of one or more forces, then the deflection in the 
direction of any selected force may be determined by taking 
the partial derivative of the total strain energy with respect 
to the particular force selected. Also, if the total strain 
energy is a function of a couple as well as one or more 
forces, then the partial derivative of the total strain ene-gy 
with respect to the couple will give the angle of rotation of 
the section on which the couple acts. The theorem of 
Castigliano may also be used to find the deflection at a 
point, where no load exists in the direction of the desired 
deflection, by adding a load Q at the selected point and in 
the direction in which the deflection is required. Then the 
partial derivative 4U/4Q will give the desired deflection 
when Q is made equal to zero. ‘ 7 


GRAPHICAL INTEGRATION is another method to obtain 
a deflection curve for a shaft subjected to bending loads. 
The method is illustrated by the following simplified example ad H 
with the following steps. Refer to Fig. 5-7. 


1. Divide the area into sections, with ordinates Vis 
¥2, etc., at the midpoints of x), x2, etc., to locate Fig. 5-7 
points 1, 2, etc. (x; need not be equal to x, 
although these are usually taken equal for simpli- 
fication in drafting). 
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2. Project from points 1, 2, etc., to locate points 1’, 2', etc., on any vertical line AB. From any point O' 
on the horizontal axis (thus determining distance H), draw rays O'-1', 0'-2', etc. 


3. Draw line O"-1" parallel to line O'-1' and line 1"-2" parallel to O'-2'. Line m-1" is proportional to 
area I and line p-2” is proportional to area II, or, line n-2" is proportional to the sum of the areas I 


and II. 
4. The proof is obtained from the property of similar triangles. Consider triangles O'-A-1' and O"-m-1": 
A-tem—t y1_m—1" #*1)1 
ee = —1 2st 
TA Oana OH aye H 


or the area x,y, =H(m—1"). Thus the vertical distance m—1" is proportional to the area of I, 
which is approximated by (x;)1). If the distance x, is small, the approximation is very close to the 
true area. Thus the smaller the divisions, the closer the approximation is to the true area. 
5. Ina similar manner, 
X2y2 
ates 
ig H 
or the area x22 = H(p — 2"). Then the total intercept n — 2" is the sum of the two areas shown. 
6. The above procedure is illustrated for two cases: 


(a) Beam supported at the ends, Fig. 5-8(a) below, diameters given. 
(b) Beam with an overhung load, Fig. 5-8(b) below, diameters not given. 


Example (a). Determine the deflection at each load. Use double integration, graphically. 


800N 400N 
é 


Bearing 


950 
25 


2 
Bearing @ 
eo 


Horizontal Scale: 1m= 8m 
(s= 8m/m) 


(=e m—l 


Zero bast line Slope Diagram 
for slope 
diagram 


{ 1 t 
Scale: 1m= sgH = r= 8x 1x 0.025 = 0.2 radians 


0.0125m , 
Results: 
Calculations for Deflections: Deflection Diagram 
At 800N y = 0.007 x 0.0199 = 0.00014m mo Ses os ' | | 
At 400N yp = 0.011 x 0.0199 = 0,00022m | | ‘Seale:im+ sr‘ |0.02m | | | 


Fig. 5-8 (a) 
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Example (b). Determine diameter D to limit the deflection at the 400N load to 0.025mm. Use double 
integration, graphically. The moment of inertia of the sections of diameter D is I. 


im=8m 
(s= 8m/m) 


Result: 
Deflection at 400N loadis y =0.004 x 


17.78 
EI 


If the deflection at the 400N load is limited to 0.025mm, 
1=1.37 x 107° m* for £ = 207 x 10° N/m?, or D=23.0mm. 


m. 


Fig. 5-8 (6) 
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COLUMN ACTION due to axial loading of machine parts occurs very frequently. If the axial load is a tensile 
load, then the application of S = P/A is in order. If the axial load is a compressive load, then an appropriate 
column equation should be used. 
The Euler equation for the critical load for slender columns of uniform cross section is 
Cr EA 
va" ey 
where 


Fy = critical load to cause buckling, N 

C= constant depending upon the end conditions (see Fig. 5-9 below for values). 
E = modulus of elasticity, N/m 
A =area of transverse section, m’ 
L = length of column, m 
k = minimum radius of gyration which is V//A, m 

where J is the minimum moment of inertia about the axis of bending. 

For a circular section, k = D/4. 

For a rectangular section k = /3/6, where h is the smaller dimension of the rectangle. 


2 


The critical load for moderate length columns of uniform cross section is given by several empirical 
formulas, one of which is the J. B. Johnson formula: 


E sy(L/k) 
Fer = 8yA (: a 
where 

Sy = yield point, N/m?. The other symbols are as defined for the Euler equation. 


The value of C depends on the end conditions, Fig. 59. Waile theoretical values of C greater than one 
are given, it is recommended that freat care be taken in evaluating the fixity of the ends. Where end conditions 
are uncertain, the value of C perhaps should not exceed a value of around 2, for even what might be thought 
of as fixed ends. In general, C = 1 as a maximum value might be appropriate, and where considerable flexibility 
of an end might be present, a value of C= 4 might be desirable. 


Uf Lh 

One end fixed and the Both ends free to ro- One end fixed and Both ends fixed so 
other end free of all tate, but not free to one end free to ro- that the tangent to 
restraint move laterally (so- tate, but not free to the elastic curve at 
C=%¢ called round, or piv- move laterally each end is parallel 
ot, or hinged end col- C=2 to the original axis 

umns) of the column 

C=1 C=4 


Fig. 5-9 
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The safe load is obtained by dividing the critical load by a factor of safety N: 


ee ea | 
Safe load F, Euler equation: F= Wis NG, Tk 
nea ee) 
Safe load F, J. B. Johnson equation: F= y ( —4GRE 


The value of L/k which determines whether the Euler equation or J. B. Johnson equation should be used 
is found by equating the critical load from the Euler equation to the critical load from the J.B. Johnson 


formula: 
Cr EA sy(L/k)? ) P pcmE 
aa =syA ( 462 from which L/k = i 


The value of L/k above which the Euler equation should be used and below which the J. B. Johnson formula 
should be used, for different representative data are: 


sy MPa (L/ky? 


If L/k is below that given by V2Cr7E]sy , use the J.B. Johnson formula, which is valid down to L/k = 0. 


Equivalent Column Stresses are used where column action is to be combined with other effects as 
torsion and bending. The equivalent stress is a fictitious stress related to the yield point stress in the same way 
as the actual load is related to the critical load. The equivalent column stress for an actual load F, derived from 
Euler’s equation, is 


Seq =F 


F em) _F ; _ sy(L/k)? 

ANG?R ) A me” Ge 

Note that the equivalent stress depends upon the yield point stress, whereas the critical load is independent of 
the yield point. If a column is of given proportions and length, changing materials does not change the critical 
load, whereas the equivalent stress changes. The ratio of the actual load to the critical load is the same, however, 
as the ratio of the equivalent stress to the yield point stress. 


The equivalent column stress for an actual load F, derived from J. B. Johnson’s equation, is 


5 eer ire where a = 
pone = Sane a 
a | sy(L/k? | A ie sy(L/k)? 
~ 4Cr2E 4Cr? E 


In the equivalent stress equations, the following relations hold, with the symbols as defined above: 
F; Sy 
aah se =N 
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SOLVED PROBLEMS 


1. Derive an expression for the elastic strain energy of bending in a straight beam. 
Solution: 


The change of angle da between two transverse planes at a distance dx apart in a straight beam 
subjected to a bending moment M is da = M dx/E]. The strain energy in the section of the beam of length 
dx is 


‘M? dx 
2ET 


a= ———= or u={ 


Derive an expression for the elastic strain energy of bending in a curved beam. 
Solution: 


The change of angle da between two transverse planes separated by an angle d@ in a curved beam 
subjected to a bending moment M is da = M d¢/AcE, where ¢ is the distance from the centroidal axis to 
the neutral axis, always measured from the centroidal axis toward the center of curavture. The strain 
energy in the section between the two planes is 


2 2 
ay =Mde Meade u=|% do 
2 2AeE 2AeE 
Determine that the deflection due to bending at the load P located at the end of a cantilever beam of 


length L is PL3/3EI by using 
(a) double integration, (6) area moment method, (c) the theorem of Castigliano. 


Solution: 
(a) Using double integration. 


The equation of the elastic curve is 


The second integration gives 


Since y= Oatx=L,C, = —PL/3 and 
3 2 3 
Fee a ees 
6 2 3 


and for x = 0, 
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(5) Using are moment method, Fig. 5-10. 


(J) Sketch the beam showing load P. 

(2) Sketch the elastic curve and draw a 
tangent to the curve at point B. 

(3) Sketch the M/EI diagram. 

(4) The deflection y is then obtained by taking Tangent at B 
the moment of the area of the M/EI between 
points A and B with respect to point A. The 
moment arm of this area is 2L/3. The area is 
—PL? /2EI. Then 


(2) (22) 2 

Y\3)\ oer ) Ser 

(c) Using the Castigliano theorem. iT 

The strain energy stored in a straight beam 
subjected to a bending moment M is 

Mdx 

2EI * Fig. 5-10 


U= 


Since the moment is —Px, 
[Payer _ FL? 
so 2EI 6EI 
a au Lee Pad 
Then the deflection is obtained by taking the partial derivative > = P = * = SET 


A plus value of deflection means that the deflection is in the direction of the load, which is 
downward for this problem. 


U= 


Determine that the deflection at the load due to bending of a simply supported beam having a concen- 
trated load of P at its mid4length is PL?/48EI (a) by using the area moment method, (b) by using the 
conjugate beam method, (c) by using step functions, (d) by using the theorem of Castigliano. 


Solution: 


(a) As shown in Fig. 5-11, sketch the elastic curve, 
and the M/EI diagram. Then draw a tangent to 
the elastic curve at its midpoint A, which in 
this case is the point of maximum deflection. 
Knowing the slope to be zero at the load simpli- 
fies the procedure for this problem. 

The deflection A is then determined by 
taking the moment of the area of the M/EI 
diagram between points A and B with respect 
to point B. 

The area of the M/EI diagram between 
points A and B is 


1(PL) bP 

2\4ET ] 2 16ET 
The moment arm to the centroid of the tri- Fig. 5-11 
angular area from point B is (2/3)(L/2) =L/3. 
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Then 


= (242\(4) Erie 
4=\i6er)\3) ~ 4861 
(b) Using the conjugate beam method, sketch 
the conjugate beam and load it so that the 
intensity of load at any section is equal to 
the ordinate of the M/EI diagram as shown 
in Fig. 5-12. Consider the loads on the con- 
jugate beam due to area A and area B as con- 
centrated at the centroids of these areas. The 
magnitudes of these loads are 


spews ENE oe - 
2 \4EI)}2 = 16ET zal 
The right and left end reactions may now 
be determined. In this case they will be equal Fig. 5-12 


due to the symmetry of loading, and may be 
found from a vertical summation of “loads” 
being equal to zero. 


Now the deflection at any section of the original beam is equal to the bending moment of the 
conjugate beam at that section. The bending moment of the conjugate beam, or the deflection of 
the original beam, at its midpoint is 


Ges a(t) PL?\(L the PL} 
42” \ieet)\2) ~~ \ieer)\2— 3) 4867 


(c) The use of step functions in this case is simplified since the beam is taken as one of uniform cross 
section. We may write the moment equation as 


where the step function: Hz ;2 = 0 for x <L/2, Hy )2 =! for x > L/2. 


The first integration yields 
dy Pt PLP yc, 


EL 
dx 4 2 #I2 
noting that 
= re P(x — L/2)? 
| P(e —L/2) Hpj2dx=PHpjr\ (x —L/2) dx= PG aL Ye tines 
° Jp 2 
One boundary condition to evaluate C, is: dy/dx = 0 when x = L/2; then C, = —PL?/16 and 
dy _ Px? P(x —L/2)* Pi 
== - Aryjo — 
dx 4 2 PE a6 
The second integration yields 
Px? P(x —L/2)? PL? 
Ey. == 26 
cart 6 Hee aii sen 


One boundary condition to evaluate C2 is: y = 0 when x = 0; hence C, = 0. Then substituting 1/2 
for x, the deflection at x = L/2 is 

PES Pi2 = Pr* -PL3 
Ely= a = d =_ 

sles Tae uaa) 
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(d) Using the theorem of Castigliano, we may write the strain energy equation 


as Mdx _ *2MPdx , fL Mdx_ (pieces cL [Px/2 — P(x — L/2)]?ax 
2EI Jo WI S42 El aoa gael | L/2 2EI 


Po aU _ PL* 
from which U = O6ET © The deflection at the load P is 3 4861 


Determine the vertical deflection, due to bending, of L 
point P of a cantilever beam loaded with a horizontal 
load F, as shown in Fig. 5-13(a). Neglect deformation of 
the vertical member. 


Solution: 


A problem of this type may be solved by the 
theorem of Castigliano if we superimpose a vertical load 
Q at the point where the deflection is to be found, as 
shown in Fig. 5-13(b). The strain enery is 


(a) 


re B (Fh + Qx)?dx z 
Jo 2ET 
_F*h?L + FhQL? + Q?L3/3 
Z 2EI H 
The vertical deflection is 
aU _ FhL? +2QL3/3 Q 


6,=-—.= 
00) 2EI Fig. 5-13 


Now setting Q = 0, we have the vertical deflection at the point P: 


A shaft is supported by two anti-friction bearings at A and C with loads of 140N each acting at points 
B and F, as shown in Fig. 5-14 below. The portion of the shaft between B and C has a diameter of 2D 
compared to a diameter of D for the portions of the shaft between A and B and between C and F. In 
connection with a critical speed calculation, it is required to determine the deflection of the shaft at 
points B and F. Use the area moment method and consider deflections due to bending only. (See the 
chapter on Shafts for a more extensive deflection analysis.) 


Solution: 


(1) Sketch the elastic curve passing through points of zero deflections at points A and C, and draw 
the tangent at point A. 


(2) Sketch the M/E! diagram noting that the moment of inertia of the section having a diameter 2D 
is 16 times that of the sections having a diameter D. The / refers to the smaller diameter portions 
of the shaft. 


(3) Determine A, by taking the moment of the areas of the M/EI diagram between points A and F 
with respect to point F. 


21/0.15\ (/2x0.15 21 21 (0.15 1 
=—|—— +—— (0) } . ae) = x0. 
Ay 2 2 ) ( 3 ) 16EI (0.15) (0. 15+ 0.075) +21 ( 2 )(os+3 x015) 
_ 0-75305 
EI 
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(4) Determine A, by taking moment of the areas 
of the M/EI diagram between points A and C 
with respect to point C. 


0.15 0.15 0.32976 
A, == (0.15 = —— 
2 aK (= ) ites 5 ) (ase x0.) = a 


(5) Determine A; by proportion: 


0.45, _ 0.4946 
a oe 


A3= 


0.2584 
EI 


P2=140N 


Then y, = A, —A3= 


(6) Determine A; by proportion: 


As _ 0.16487 
a3 EI 
(7) Determine Aq: Ay 
0.15\ (0.15\ _ 0.07875 
7 Si) NE EI ~ 
0.08612 
Then y2 = As — Ag = ae 
7. Solve Problem 6 using the theorem of Castigliano. 


Solution: 
The total strain energy U due to bending is 


Fig. 5-14 


Mdx 
se U1 + U2 Us 


where U,=energyfromx=0 tox=0.15 
U2 = energy from x = 0.15 tox = 0.30 
U3 = energy from x = 0.30 to x = 0.45 


pa 2 [Sis |? set _0.153/P, +P)? 
on ERE 6ET 6ET 6EI\ 2 


0.45 — x); 3, 
Noy eratnnie ee = i P3(0.45 —x)?dx _0.15°P3 


A a 6EI 


If J is the moment of inertia of a section of diameter D, then the moment of inertia of the section from 
x = 0.15 to x = 0.30 which has a diameter of 2D, is 16/. The strain energy in the center portion is 


i = [Pax — Pre 015s 
Tots 2E(161) 


Integrating, substituting + (P, + P2) for Ry, and collecting terms, 


0.15% 
Uae arr [P? +4P,P, + 7P3] 
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The total strain energy is U=U,+U,+U3 


y= 0s [17P? + 36P;P, + 87P2] 
3841 
The deflection under P; is 
aU _ 0.15% 0.0861 
—— = —— [34P, +36P,] = ——— 
aP, 384ET (sari 36h) EI 
The deflection at P, is 
au _ 0.15% 0.2584 
ee P, poy ees 
ap, seagy 26P2 +174Pa] = “FT 


(a) Using the area moment method, show that the maximum bending deflection of a simply supported 
member of length Z and carrying a uniformly distributed load of w N/m as shown in Fig. 5-15(a), is 
5wL*/384EI. (b) Same as (a) except use Castigliano’s theorem. 


Solution: 
(a) Using the area moment method. 
1. Sketch the elastic curve as shown in. Fig. 5-15(b). 
Draw a horizontal tangent to the elastic curve at 
point M. Then the deflection y is the moment of 


the area of the moment diagram between points 
Mand B, with respect to B, divided by EI. () 


2. Sketch the moment diagram as shown in Figure wz! i 
5-15(c). = 


3. For a change, let us draw the moment diagram (by 
by parts, Fig. 5-15(d), to illustrate such a pro- 
cedure. This procedure in some cases might be 
expedient in order to simplify the determination 
of areas and centroids of areas. 2) 


4. In this case we are only concerned with the 
moments of sections I and II. 


L2\ (L\ _ wk? id’ 
The area of section I = (=) (:) sae se 


4)\4) 16° 
Miser tenon r= (22)(2)( 1) 2? 
ie area of section 8 2 3 43° 


The distance of the centroid of section I to 
point B is (2/3)(L/2) = L/3. 


The distance of the centroid of section II to 
point B is (3/4)(L/2) = 3L/8. 


(e) 


then Bly= (Wz \(£) _ (Ww?) (32 = Ls 
NIG u INS 48) \38 
_ SwL* 
~ 384 Fig. 5-15 
n 
soa feces 
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(6) Using Castigliano’s theorem. 
1. A load Q must be imagined as acting at the point where the deflection is to be determined, as 
shown in Fig. 5-15(e) above. 
’Mdx 
. ding straii i E 
2. The bending strain energy is | FEI 


For the left half of the beam, the strain energy is 
7 Sie [4QwL + Q)x — 3 wx?]7ax 
aaa J 2EI 


Since the strain energy in the left is the same as that for the right portion, the total strain energy 
in the beam is U = 2U,: 


a A [QL + Q)x —4wx?]?dx _ 1 [( +0)" L? (wh +Q)wL4 F ws 
e 2EI EI 2 24 128 640 
a1 Be wat 
=— = — L+ SO ae ere 
30 i 274s 108 °° 
When Q=0, 
al [wl wit) _ swt 
EI ~ 128) 3847 
if Wis the total load and is wL ou 
or is the to oad an wl,y= a 
aa 2 5 


9. Determine the horizontal deflection of point A of a 
50mm diameter steel curved beam having a 100mm 
inside radius of curvature and loaded as shown in 
Fig. 5-16. Consider bending only. 


Solution: 

At any angle ¢ the bending moment with respect 
to the gravity axis is M = P (0.125 sing). Hence the 
strain energy due to bending is 


P=800N 


a f M2de _ [™ (0.125P sing)*dd Note 7 w= PReod 
J aa on 
quant P 
© 256AeE 
The deflection in the direction of the load P is Fig. 5-16 
aU nP* 
aP  128AeE 


The value of e, the distance from the centroidal axis to the neutral axis for a circular cross section, is 


er _Viotvny _ (V0T5 +010)? 
4 4 


=0.125 =0.001262m 


The deflection in the direction of the load P is 


LU a ae (800) 
aP = 128AeE ~—_128(% x 0.05? (0.001262)(200 x 10°) 


= 0.0396 mm 
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10. For Problem 9, determine the deflections due to (a) shear and (4) combined effects of bending, shear, 
and normal load components. G = 80GPa. 


Solution: 
(a) At any section, the value of the transverse shearing force V is V =P cos @. The strain energy is 


7 KV2 
U= {: ae (where K = < for a circular cross section) 
= Ae. P(0.125)ds _ S.305P 7 5.305P? [ si * 
= ( ae = | (cos ¢)ag = "OPE | Sin 26, 
Jo 3(2F x 0.057(80x 10°) 10 Pe 10 Ara o1y. 


= 5,305 x 10-10 Ge 
The deflection due to shear in the direction of the force is 


au_a 
ne pp 833 x 10~!°P*) = 1.67 x 10-° x 800 = 0.00133 mm 


compared with a deflection of 0.0396 mm due to bending only. 


(b) The normal load component of P which produces axial elongation at any section is V = P sin ¢. 
The rotation of a section due to the normal force N is opposed by the moment M = PR sind. 
The strain energy due to the normal load component in the presence of bending is 


=["[M?R MN], _[ (7 (sin 9)ao x MS , 0.125 
v= [2 ie fo [I 2 — |, @sin 6)(P sin 9a 7 (0.057)\(200 x 10°) 


pi 2 
= 3.183 x 10 (* Coot — ("Gain rae] 


o 


= —2.50 x 1071p? 
aU _ 10 p— —7 
P —5.00 x 107'°P=-4x 10-7 m 
Then the net deflection due to the combined effects of bending, shear, and normal force is 


5 = 3.96 x 10°? + 1.33 x 1073 +(4x 10-4) or 0.0405 mm 


11. Determine the horizontal displacement along the load line of the frame shown in Fig. 5-17. The moment 
of inertia is the same for all sections. Consider deflection due to bending only. 
Solution: 
Using the theorem of Castigliano, the strain energy of the frame is the sum of the energy in the 
three members. For members 1 and 3 the energy is the same. 
*MPdy _, i) * (EyPdy _ (Ee) 
0 2EI o 2EI 6EI 
ae * (Fide _ PRL 
o 2EI 2EI 
en) Pee 
Total U= 2 {—— ] + —_— 
: 2 6EI)* ET 
8U _ 2Fh? | FhL 


+ aes ef 
3F 361 ET AL in the direction of F. 


U,3 =2 


for member 2 
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For the machine frame as shown in Fig. 5-18, determine both the 
horizontal and vertical deflection of the lower end of member 1, 
due to the applied horizontal force F. Consider bending and 
axial loads. 


Solution: 
k 
The strain energy for bending and axial loading in the various 
parts of the frame is 
h 2 A 
ac j GP 4, (" Pa 
Pinca el SY 7 0 2AE 


© (Ox + Fh)? L FPdx 
U> -| ee IE 
o 2ET 


9 2A4E Fig. 5-18 
Gee (, CEO ays (* Se 
ie Seer t o 2AE 


The total strain energy U= U, + U2 + U3. 
3 2 3 2 2 2 2 2,3 
= Pre Oh) | (GPL OF FL | PL 4, (Perk, OLEH Fh +t) 
6EI  2AE 6EI 2EI  =—2ET_~—s«2AE, 2EI 2EIT~—s«G Es 2 AE. 


The horizontal deflection is determined by taking the partial derivative of U with respect to F, with 
Q being zero. 


au Fh (2h FL 
—=5, =——|— +L] +— 
oF EI \3 AE 
The vertical deflection is determined by taking the partial derivative of U with respect to Q, after 

which Q is set equal to zero. 

ou FLh 

= by=— th 

30: -* 2EI° ) 
Derive the shear deflection equation for a beam with 
several loads and changes of section of the following 
form: 


dy KV 

==C,+— 

dx AG 
Solution: 


1. Consider a beam with forces applied at A, B, 
C, and D, as shown in Fig. 5-19(a). No restraint 
is imposed at this time as to what points of the 
beam are prevented from deflecting. (Concentra- 
ted loads are shown, but the procedure could be 
extended to varying loads in a similar manner as 
given below.) 


x Displacement greatly 
2. The deflection due to shear will be determined ‘ eracinreted 


by considering only the deflection of the neutral 
surface. This eliminates the necessity of con- 
sidering the warpage which actually occurs across Fig. 5-19 

the section. The differential elements of the cross 

sections at the neutral axis slide in a direction perpendicular to the neutral surface of the original 
beam. Then all of the planes containing these elements at the neutral surface remain parallel since 
they are perpendicular to the neutral surface of the original beam. 


kV 
%=e (6) 
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3. The parts of the member will deflect due to shear relative to each other as shown (exaggerated) in 
Fig. 5-19(b) above. 

4. If it is known that the ends at A and D are prevented from deflecting, the zero deflection line (or 
base line) AD may be drawn. 

5. Now draw the line AF perpendicular to the section at A for a reference line. 

6. The angle between the zero deflection line AD and the reference line AE is C;. 

7. The angle between the zero deflection line and the centerline of a member is called 0.0; =C, +71, 
92 =C, + 72,03 = C + 73. Since all these angles are small (close to zero of 360°), we may write 
tan@,;=C,+tany;, tan@,=C,+tany2, tan@3=C; + tan y3 

8. The tangent of 6 is the slope of the centerline with respect to the zero deflection line. 
tan 6; =(dy/dx); , tan 02 =(dy/dx)y, tan03 = (dy/dx)n 

9. Since shear stress is proportional to shear strain, 


KV KV 
85 == (tan NG, or tny =F 


In the above, K is a constant for the particular cross section used (as K = 4/3 for a circular cross 
section or K = 3/2 for a rectangular cross section). For the different sections, we have 


wan (2). wig) men (Z 
n AG); an ‘Y2 AG)" 13 AG) mn 
10. Substituting values from (9) and (8) into (7), we get 


. (Zz) (a (ic) e ) (i) 
Secl: {| —] =C,+|—>], SecI: (—] =C,+{—<] , SecMl: |— ES ee al (irae 
St 1"\4G jr dxJy 1 \AG) 1 if dx}! \AG) mn 


11. In using the equations in (10), draw a conventional shear diagram. If the shear force is (+), substitute 
as such in the equations; if the shear force is (—), substitute as such in the equations. A plus deflec- 
tion means deflection downward and a minus deflection means deflection upward. 


Determine the deflection due to shear only in the direction 
of the applied load P, for Fig. 5-20, (@) by applying the strain 
energy theorem of Castigliano, (b) by applying the transverse 
shear equation combined with a step function. Observe that 
there is zero deflection due to shear between the fixed sup- 
ports. 


Solution: 


(a) The total strain energy stored in the member is the sum 
of the strain energies in sections 1 and 2. 


pio Ky? 12 KY? is K(.2P i. K(P? 1.2KP? 
U=U, + U2 = of dx = dx + =- 
ae : 24G \. 2AG oe 24G ouGE =: SIG 
QU _24KP 
The vertical deflection at the load P is — = ——— 
ie vel leflection at the load iss AG ee 
(b) The deflection at P may also be obtained by integrating = “4G Oe 


It is observed that the value of V between the two reactions is +0.2P, and that the value of V is 
—P between the right reaction and the load P. Using a step function the value of V may be expressed 
V=0.2P—1.2PHjq where Hj9 = 0 for x < 10, Hjo = 1 forx >10. 
a dy _ K(0.2P —1.2PHi5) +, 


The 
dx AG 


KP KP 
y - Foz = 1.2Hyo + Cy )dx = T= [0.2x — 1.2Hyo(x — 10) + Cyx + Ca] 
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From the boundary condition y = 0 when x = 0, C2 = 0. 
KP 
From the boundary condition y = 0 when x = 10,0 Sag (2 + 10C,) and C, = —0.2. 


KP 
The general shear deflection equation is y = 4G [0.2x — 1.2Hjo(x — 10) —0.2x]. 


AKP 
The shear deflection at x = 12 PALA 

AG 
Determine the deflection due to shear only under the load 
P for the member shown in Fig. 5-21, when there is a change 
of cross sectional area from A to 2A at the midpoint of the 
member, (a) using the strain-energy method, (b) using the £ 
shear deflection equation, (c) same as (b) except using step 
functions. 
Solution: 
(a) The total strain energy due to shear is 


U= [exeate, ce K(P/2dx -H (4) KP (L 
agree tea 22ANG)  8AG\2) * 1646 ) 
KPL_ KPL _3KPL 


3a 
i ee peter aad Bein k OP acini 
The shear deflection under the load P is y 3AG* 16AG 16AG 


(b) Using transverse shear equation. 


d KV z 
i. For0<x<5, ees OF fps ake shearing force = > . 


; meth K(P/2) ; KP 
ipereaaaas haggnek” obtain (J) y={C, 1+ 546 ee. 
KV 
2 For = F<x<, @ac\+ eae™ -> 


K(-P/2) 
(2A)G 


, eer A KP 
Then integrating 7 == Cy + , we obtain @y=(c.-AG)s+e- 
3. The boundary conditions are: 
a. when x = 0, y = 0; thus from equation (7), 0 =(C, + KP/2AG)0 + C2 or C, =0. 
b. when x=, y =.0; thus from equation (2), 0 =(C, — KP/4AG)L + C3 . 
c. when x = L/2, y from equation (7) = y from equation (2): 
(C, + KP/2AG)L/2 + 0 = (C, — KP/2AG)L/2 + 0= (C, — KP/4AG)L/2 + C3 . 
. KP 3 KPL 
Solving for C, and C3,C; = — aaa and C3 = 5 aGs 
The deflection atx = L/2 can be found from equation (1) with the constants inserted in the equation: 
KP , KP\L 3KPL 
y= t= 
8AG 2AG 
(c) Using a step function. 
dy _KV dy_K P 3 KP 
i i aC, a 
The equation for the slope is, from i AG Wage AG 5 dee 
function Hz, )2 = 0 for x <L/2 and Hz,2 = 1 forx> L/2. Integrating, 


ss 3 L 
y= oAG\" re oo +Cix+C, 


Hyj2 + C, with the step 
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When x= 0, y = 0, which gives C. = 0; when x = L, y = 0, which gives C; = —KP/8AG. The deflection 


atx=L/2is 
= KP (L_,)__xP 4) gn 2k 
7 24G\2-°)~ gae \2 164G 


16. Compare the deflection at the load due to transverse shear to the deflection due to bending for the 
hollow shaft loaded as shown. Determine the total deflection at the load. Refer to Fig. 5-22. 


Solution: 

(a) The deflection due to transverse shear is 
O<x<a a<x<L 
dy KV _ K(3600) dy KV K(—1800) 
a +4G 9 *" AG en ag OG 
Integrating, Integrating, 

K(3600 (1800) 

Ovatet FCO) +, 2 y=Cx SO) 4, 


The boundary conditions are: 


1. whenx =0, y=0 
2. whenx=L, y=0 
3. y from (1) = y from (2) when x =a 
from which C; = 0, C2 = 0, C3 = a 
Then putting C; = C2 = 0 in equation(/) and solving 
for the deflection at x = ar: 


2KPa 
Wire Ure 2 (5400)(0.050) 


where K is the factor applied to the average shear stress to 
find the maximum shear stress at the neutral axis. 


Now x(¥) vO or x= 


Tb Ib ai 
180K ‘Shear Diagram 0 
ae 1800N 
2 AG 
where Q= moment of the area above the neutral axis 
2 Fig. 5-22 
=(e2)2 2 Do os 2D: 
3a \8/)3n 
a= ae , area of the cross section 
me 
Sul 64 305 —Di) » moment of inertia of a cross section 


b=D, — Dj; Do = outside diameter, 0.20m, D; = inside diameter, 0.15m 
ar QA 180K _ (1801.97) 
Substituting in K = — , K = 1.97. Th = 
2 Tb enY=AG — 4n(0.27 — 0.15°)(80 x 10°) 
(b) Deflection due to bending at the load for the beam loaded as shown is given by 


Bice 5400(0.05?)(0.10)? 
* 3EIL 


=3.23 x 107-7m 


= =2.79 x 10-§m 
3 x 200 x 10° x@ 0.2 — 0.154) x 0.15 
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(c) Ratio of shear deflection to bending deflection at the load is aeeater 11.6. 
(d) Total deflection at the load is 2.79 x 10~® + 3.23 x 1077 =3.51 x 10° ’m=0.351um 


(e) Note that the bending stress is quite small: s = -2.8 etna 335kN/m? 
—_ ‘4 - 
ri = (0.2 0.15%) 

(f) Transverse shear deflection using Castigliano’s theorem: 


= fre dx _ pease dx (2K P/3)? dx =e La-a| 


| I; 24G  G 24G> cag) |S" 18 
0U_ KP 1 180K 
Deflection at the load is y = 3 -2[¥+50-0] ar 


Note that this deflection is the same as obtained by deriving the general equation of transverse 
shear deflection in (a). 


17. Determine the shear deflection midway 1Q 
between supports due to the transverse 
loading of 100 Newtons per meter. Refer 
to Fig. 5-23. Solve by the following three 
methods: 


(a) Castigliano’s theorem. 
(6) Transverse shear equation. 


Rp= (1875 +9)w 


(c) Step function. = Q 
Ry = (1125 +9)n @) a 
Solution: dimensions 
in meters 

(a) Solution using Castigliano’s theorem. 100N/m 

The shear energy is given by 

:: fe V? dx 
J 2AG 


: fie K(1125 +40 — 100x)? dx anise Rp= 1875N 
° 2AG by 
a 24 K(1125 —4Q — 100x)? dx Fig. 5-23 
he 2AG 


P e K(3000 — 100x)? dx 
J24 2AG 


where a load of QN is applied at the point where the deflection is to be found. Integrating, 


U= ate [GQ —75)° — (1125 +40)° — GQ + 1275)? + (75 +40)° — (600)"] 
9 28 = gang (AQ - 75)? — (1125 +40)? - 40 + 12757 + (75 +407] 


when Q = 0, deflection at Q is y = 7200K/AG. 


7200K __ 7200(3/2) 


4 i -6 
For a rectangular section 0.5m x 0.8m, y= AG = 9.4(80 x 10°) =0.375x10 °m 
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(5) Solution using the transverse shear equation. See Fig. 5-23(b). 


O<x<24 24<x<30 
dy_ .KV__, , K(1125—100x) dy_, .KV__ , K(1125 — 100x + 1875) 
OG Oe AG dene a AGs es AG 
cepa Integrating, 

v=Cyx + Sars — 50x?) + Cy Y=Cix + (2000x- 50x”) +C3 


Boundary conditions: x = 0, y = 0; x = 24m, y = 0 for both deflection equations. 


Substitution of the boundary conditions into the two deflection equations gives C, = 75K/AG, 
C2 = 0, C3 = —45,000K/AG. The inane atx= sa is found from 
iawn 
y=Cx + Sans — 50x?) + C2 = anes G [1125(12) — 50(12)?] +0= 


(c) Solution using a step function. 
The equation for the shear force, using a step function H24, where H24 =0 for x < 24m and 
Hz4 = 1 forx >24m, is V= 1125 — 100x + eee 
dy 


K 
The shear deflection equation is Serra V+C,= AG oi 125 — 100x + 1875H24)+C\. 


K 
Integrating, y = 4% [1125x — 50x? + 1875(x — 24)H24] + Cix+ Co. 


From the boundary conditions (x =0, y=0) and (x=24m, y=0), we have Cy = 75K/AG, 
C2 =0. The deflection at x = 12m is 
ee 5 75K _7200K 
ag 1112512) — 50(12)? +0] +712) 40= 
Determine the shear deflection at P; and P2 for the beam shown in Fig. 5-24 loaded by P; = 140N and 
P2 = 140N. Use the shear deflection equation dy/dx = C, + KV/AG. 


Solution: 
0<x<0.15 0.15 <x <0.30 0.30 <x <0.45 
dy_ K(140) dy_ K(0) dy_ K(—140) 
ax“ *" 4G a “44g dee! AG 
Integrating, Integrating, Integrating, 
140K 140K 
(1) y= Cixt+ Gq xt: (2) y=Cix+04+C3 @) y= Cix-Fext Ce 


Boundary conditions: 


x=0,y=0 

x = 0.15, y from eq. (1) = y from eq. (2) 

x = 0.30, y = 0 from eq. (2) and from eq. (3). 

Substitution of the boundary conditions 
into equations (J), (2) and (3)) gives 

70K 21K 63K 140N 

C1= 4g? = 9, C= 7G a= Fe 

Thus the deflection at the load P, is, 
from equation (7), 

70K 140K 70K 


TAGS Ge Rec = min eas 
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and for x =0.15m 

10.SK 
AG 

The shear deflection at P2 is, from equation (3), 


a 70K 140K, 63K _210K_ 63K 


AG © AG) AG) AG AG 


bad 


(the plus sign indicates deflection in the plus direction, that is, downward). 


y= 
and for x = 0.45, y = —31.5 K/AG (the negative sign means deflection in the up direction). 


19. Same as previous, except use Castigliano’s 
theorem. See Fig. 5-25™ 


Solution: 


The left reaction is $(P, + P2) and the 
right reaction is $(3P2 — P;). 


The strain energy is 
ie (er abe: +P2)]* dx 


fn 2AG 
" ia K{A(Pi + Po) — Pi)? dx Fig. 5-25 
0.18 2(4A)G 
4 be: K(-P2)° dx 
0.30 24G 
+P2)°(0. P2 — P1)°(0.15) _ K(P2)°(0.1 
Integrating, yaks fn (0.15) + Ke 2 a 15) ¢ i 5) 
. aU _0.15K 0.1SK 
The shear deflection at P; is Y= ap, aag * +P2) —jeag —P,)+0 
10.SK 


and for Pz =P; = 140N, y=+ 


(the plus sign indicates deflection in the direction of P;, that is, 
down). 


AG 
aU _0.15K 0.15K 0.15K 


The shear deflection at P2 is Y= 3p, 44G (Pi +Pr)+ Tag 2 - Pa) + AG P2 


31.5K 
and for Pj = P2 = 140N, y=+ AG" (the plus sign indicates deflection in the direction of P2, that is up) 


20. Determine the deflection due to shear at the center of 
a beam of uniform cross section. The loading is uniform 


and the beam is simply supported at the ends. Use ie) 

Castigliano’s theorem. Refer to Fig. 5-26. — £__s w N/m 

Solution: 

Insert a concentrated force Q at the point at which 

the deflection is to be determined. The shear strain energy L 

is wl+Q wLl+Q 
LK 2 2 2 

“J9 246 (= +f- wx) es 

° Fig. 5-26 


Io 


~ahss ((9)'- (+9) + (8-9) -(-9))] 
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SOUS Otek 8 (SO allah (wig? tae (ir whe O22! (ug? 
92 GAG w)| RRM pg ar Salniggmign) ciggalrig 
and for Q=0, » =KwL?/84G. 


Two rotors are to be 
mounted on three bearings 
and coupled together as 
illustrated in Fig. 5.27(a). 
It is required that, after 
installation, the bending 
moment in shaft B at the 
center bearing be very 
nearly zero. The installa- 
tion procedure is shown in 
Fig. 5.27(b). Shaft B will 
be mounted in its bearings. 
Shaft A will be mounted 
in its bearing (No. 1) and ~ 
temporarily supported at are meme 
the coupling. The support proper angle d) bide 
for bearing No. 1 will be 

adjusted vertically to give 

the angle ¢, between faces 

of the coupling halves, the 

proper value. The coupling 

halves will then be bolted Fig. 5-27 
tightly together and the 

temporary support removed. Determine the necessary value of the angle ¢. 


Solution: 


(a) Freebody diagrams of the two rotors will be shown in Fig. 5-28 below. M, is the bending moment 
set up at the coupling when it is bolted together. F is the vertical force that one coupling half exerts 
on the other. 


(6) Taking moments around the left end of shaft A, 
M, + 2.03F =(4450)(0.760) 
The bending moment in shaft B at bearing No. 2 must be zero: 
M, —0.250F=0. 
(c) Solving the above two equations simultaneously, 
F=1483N 
M.=371Nm 
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(d) We now study the elastic curve of shaft A before and after bolting of the coupling halves. Fig. 5-29 
below shows loading, bending moment and deflection diagrams for this shaft before bolting. 
The slope of the deflection curve at the coupling end is Z,/2.03. By the area-moment theorem 


we calculate 
Z,EI=2116 x el 2 (o76+122) +2116x “ (30276) = 1997 


Z; _ 984 
—— = — radians (tan y; * 7; since the angle is small. 
Hence angle y; ~ 203° ef ™ (tany1 =11 gl I). 
4450N 4450N 
SS —— ee ot 
371Nm 
2reanf 2116N m fisses asernf 


Met a 
(alii | Bending! Moment eet 
is Sl y, 
‘oar 


Beam dimensions in m 
Fig. 5-29 Fig. 5-30 
Fig. 5-30 above shows the loading, bending moment and deflection diagrams for shaft A after 


bolting. Calculation by the area-moment theorem yields Z,£/ = 2507; then y2 = aa radians 


(e) The angle through which the coupling half attached to shaft A must be rotated upon bolting is 


_ (1235=984) 180 
=r El Pare jegrees 


Since E = 200GN/m? for steel and J = gq 0.05"), "Y2 — 71 = 0.234 degrees 


(f) We now study the elastic curve for shaft B 
before and after bolting. Fig. 5-31 shows 8900N 
the situation before bolting. The portion 
of the shaft to the left of the left bearing is 
straight and makes angle 73 with the bearing 
centerline. 

After bolting, the situation is as shown 
in Fig. 5-32 below. The portion of the shaft 
to the left of the left bearing is now curved 
and a tangent at the left end makes angle 
4 with the bearing centerline. However, 
since the bending moment diagram between 
the bearings is unchanged, a tangent at the 
left bearing still makes angle y3 with the 
bearing centerline. The angle through which 
the coupling half must be tumed upon 
bolting is (y4 — ¥3)- 


22. 


23. 
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1483N 8900N 
p}—102—_f 12 _J 
371Nm ( f- t 
4450N iN 
4539N m bee 


371Nm 


But E/(‘y4 — y3) = the area of the bending moment diagram between the left shaft end and the 
left bearing. 


— _ G71/2(0.25) @) Cave 


EI 
(g) Then, finally, the angle between coupling halves before bolting should be 
$ = 0.234 + 0.043 = 0.277° 


A tapered shaft section shown in Fig. 5-33(a) is some- 
times more conveniently analyzed if replaced by an 
approximately equivalent stepped section as shown in 
Fig. 5-33(b). For approximately equivalent stiffness, the 
step diameters should be determined as follows: 


(D')*= Ds eee 


Di +p 
Oy aa 


_Di+D$ Fig, 5-33 
pactee 


In the vicinity of shoulders and grooves, not all the sant — panies 


material is effective in stiffening the shaft. A rough rule 
is to ignore the material shaded as shown in Fig. 5-34. 


(D5)* = 


A rectangular steel bar is S0mm x 75mm in cross section and 1000mm long. The yield point of the 
material used is 345MN/m?. Axial loads are applied at the ends. Determine: (a) the L/k ratio; (b) 


25. 
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whether the Euler or the J. B. Johnson formula should be used; (c) the critical load, the ends being 
relatively rigid; (d) the safe axial load for a factor of safety N = 3; (e) the equivalent compressive stress. 


Solution: 

L L 1.0 

a ea fe 7 
@ k Viqmin/A  V(bh3/12)/bh ee > 


(b) The value of L/k below which the J. B. Johnson formula and above which the Euler formula is to be 


used is 
Pe face y pone? (200)(10") _ i 
ee sgn ss 
k Sy 345 x 10' 
Thus, use the J. B. Johnson formula. Note that Cis taken as 1, even though the ends are considered 


relatively rigid. 
(c) The critical load is 


5 oie] 345(10°)(69.37) 
Fo-= 5 |= PO. i Se | 
‘cr = SyA [: 4G E 345 x 10°(0.05)(0.075) | 1 4(77(200\(10") 1.02MN 
fk 1.02 
(d) The safe axial load F = F,,/N = a 0.341MN 
P ss F 1 2 
(e) The equivalent compressive stress Seg = 7 | 73 | = 1 15MN/m 
A Sy(L/ky 
pe Sa 
4Cr°E 
Note that the above stress is the same as would have been obtained from 
5 6 
Srey, MEX gor seq = 11SMN/m? 
Seq Seq 


0.341 x 10° 


= ing F/A gi 
Note also that just using F/A gives 0.05x0075" 


91 MN/m? for a stress, which has no meaning 


since column effect is present. 


A piston rod for an air cylinder is to be designed for an axial load of 27KN. The rod when extended has 
a length of 0.5m. Although one end of the rod is fastened more or less rigidly to the piston and the other 
end of the rod is pinned to a member which is constrained in a guide, the value of C= 1 is to be used. 
Determine the size of rod to be used for a factor of safety of 2.5 with a material having a yield point of 
275MN/m?. 


Solution: 


(a) Whether Euler’s equation or J. B. Johnson’s equation is to be used cannot be determined at start, 
since the diameter is unknown. A trial and error procedure is in order. Let’s try Euler’s equation and 
check at the end, using the equation in the equivalent stress form. 

The allowable stress seq = sy/N = 275/2.5 = 110MN/m? 


_F [syL/k? « _ 27,000 [275 x 10°(0.5/4D)* 
Seq "7 [ee E or 110x10 aden (y2(200 x 10°) 
from which D = 0.0204. Try D = 21mm. 


LL 0.5 
b) Check L/k: —=—= ——— 
(CO) Chek iE =e i 0o]} 
For C= 1, £=200GN/m? and a yield point of 275 MN/m?. Euler’s equation should be used if 
L/k is larger than 120. Therefore J. B. Johnson's equation should have been used. 


= 95.2 


26. 
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(c) Using J. B. Johnson’s formula, D = 0.0213m. Hence use D = 22mm. Final check: 


== = 909 


A 25mm square threaded screw, pitch = 5mm, is 380mm long between the nut and collar. The axial 
load is 22,250N and the torque in the screw between the nut and collar is 110N m. Using C= 1 and 
neglecting the threads, determine the factor of safety if a steel with a yield point in tension of 345MN/m? 
is used. (Consider steady loading.) 

Solution: 

(a) Root diameter of a 25 square threaded screw is 20. —=——-=76 


(b) The value of L/k which determines whether we use J. B. Johnson’s formula or Euler’s formula: 


2CrE _ [2.}#2@00 x10") _ 07 
Sy 345 x 10° 


Therefore use J. B. Johnson’s formula with L/k = 76. 


(c) The equivalent compressive stress is 


EE 1 __ 22,250 1 y Rene 
Sea 41 se | 400.02 SRI | 
im 2) _ 345 x10" x76" 
4Cr?E 4(1)(x?)(200 x 10°) 


(d) The shearing stress due to torsion is s, = ze = a =70 x 10°N/m? 


(e) The maximum shear stress is 7(max) = V5eq/2) ¥ s2 = V(94.7/2)? + 702 = 84.5MN/m? 
(f) The yield point in shear is about 0.5sy = 0.5(345) = 172.5MN/m? 
The factor of safety is 172.5/84.5 = 2.04. 


Same as Problem 26, except the load is applied repetitively from zero to maximum. Take the actual 
stress concentration factor Ky for the threads in axial loading as 2.8 and the actual stress concentration 
factor Ky for the threads in torsion as 2.0 (assumed). The endurance limit for the material for reversed 
bending is 220MN/m?. (See Chapter 6). 


Solution: 


(a) From Problem 26, the maximum equivalent column compressive stress is 94.7MN/m? and the 
maximum torsional stress is 70 MN/m?. 


(6) The equivalent normal stress due to the variable loading, with a maximum stress of 94.7MN/m? a 
mean stress of 94.7/2 or 47.35MN/m? and a variable stress of 47.35MN/m?, is 


syK sy 345 x 2.8 x 47.35 
Se =Sm + =47.35+ 
e See seance pa OTROSSEAT 


= 397MN/m? 
where A = 0.7 (axial loading), B = .85 (size effect), C= 1 (since actual stress concentration factor is 
used). 
(c) The equivalent shear stress due to the variable loading, with a maximum of 70MN/m?, a mean stress 
of 35MN/m? and a variable stress of 35MN/m? is 
SyKySus _ 345 x 0.6 x 2.0 x 35 
SnABC 220 x 0.6 x 0.85 x 1 


= 164MN/m? 
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(d) The equivalent shear stress due to the variable loading is 


te = VSe)2)" + (es)? = VG97/2)? + 164? = 258MN/m? 
(e) The safe design stress Te treating Te as a static stress is 


Sys _0.5(345) _ 


2 
N N 258MN/m’ 


from which N= 0.67. A suitable value of N for safe design may be taken as 1.5, or the proposed 
design is unsatisfactory. 


Note that in this problem there are two “equivalent” stresses, one due to an equivalent compres- 
sive stress and the other due to variable loading. 


28. Derive the equivalent column stress relation for the Euler formula. 
Solution: 


CEA Fer_ CVE  F_ CrE 
*” (L/ky’ NA NiLjkye’ A NL/kyP 


Fe 


where N is the factor of safety, A is the area, and the safe load F= F,,/N. 


F [see] 


=e = 2 
Put NV =— in the last equation and solve for seg = ri “CeE 


Seq 


29. Derive the equivalent column stress relation for the J. B. Johnson formula. 


Solution: 


ae sy(L/kY?] Fer _sy [,  syL/kP]  F_sy [,_ sy(L/ky? 
Fo=5A[t— um, wa7W |!~ acta |) a7 |! acre 


where N is the factor of safety, A is the area, and the safe load F = F,,/N. 


Sy . ; F 1 
Put N= = in the last equation and solve for seq oF 7 _plee é 
4Cr°E 
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33. 


34. 
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SUPPLEMENTARY PROBLEMS 


Show that the bending deflection at the end of a cantilever beam of length L, due to uniformly distri- 
buted load of wN per unit length is wL*/8EI 
(a) using the area moment method, (b) using the theorem of Castigliano. 


Using a step function, set up the equation for El(d?y/dx?) and by double integration show that the 
maximum deflection of a cantilever beam of length L, due to a concentrated load P at a distance a units 


from the free end and at a distance b units from the fixed end is a (2b + 3a) at the free end. 


Determine the vertical deflection 
due to bending at x =a, for a horiz- 
ontal member of length L when 
subjected to a horizontal force F 
acting to the left and at a distance 
h units above the neutral axis at 
the section where x =a, as shown 
in Fig. 5-35. 

(a) Use the conjugate beam method. 
(b) Use a step function and apply 

double integration. 


Fig. 5-35 


Fha 
Ans. Y= 357 L — al — 22) 


A 50mm diameter steel shaft is freely supported on two bearings 76cm apart. The shaft operates at 
1800 rev/min and carries a flywheel mounted midway between the bearings. What should be the weight 
of the flywheel if it is desired to operate at 50% of the critical speed of the shaft? Use the conjugate 
beam method of solution for deflection. 

Ans. y = 0.069mm required. (See Chapter 8 for critical speed.) Weight of flywheel = 463N 


A shaft of constant diameter is simply supported at the ends. The distance between supports is 500mm 
and a mass of 22kg is located 100mm to the right of the left bearing. The shaft must operate 
at 1800rev/min and it is known that a minimum critical speed or whirling speed of 2500rev/min would 
give satisfactory operation. What is the minimum diameter of shaft that can be used so that the minimum 
critical speed is 2500rev/min? 

Ans. Deflection at the load = 0.23/E/. Minimum shaft diameter = 20mm 


A steel shaft, freely supported at its ends, is made up of three sections. The first section 0.3m long, has 
a constant diameter. The second section, 0.6m long, has a diameter twice that of the first section. The 
third section, 0.3 m long, has a diameter the same as that of the first section. Equal concentrated loads of 
900N are applied at the sections where the diameters change. Show that the deflection under each 
concentrated load is (9.8 x 10~ '°)/D*, where D is the diameter of the first and third sections. 


A steel shaft, freely supported on bearings 600mm apart, carries a concentrated load of 900N, 200mm 
from the right bearing and a load of 450N, 250mm from the left bearing. The diameter of the shaft is 
constant. Show that the deflection under the 900N load is 2.4 x 10~'"// and that the deflection under 
the 450N load is 2.5 x 107! "/1. 


A 100mm steel shaft is supported on bearings 1.5m apart and carries a 13.5kN disk 0.45 m from the left 
bearing. The shaft has a 50mm hole extending from the right bearing to the centerline of the disk. 
Determine the deflection at the disk. Ans. y =0.714mm. 


70 
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Ashaft, of constant cross section and diameter 50mm, is freely supported by two bearings 760mm apart. 
The shaft carries two masses, each weighing 1.8kKN. One mass is located 230mm to the right of the left 
bearing, and the other mass is 230mm to the left of the right bearing. Determine the deflection under 
each mass and the critical speed of the shaft. Ans. y = 0.352mm, Critical speed = 1590 rev/min. 
(See Chap. 8.) 


The steel shaft of an engine is 600mm long between bearings. For a distance of 200mm from the left 
hand bearing the diameter is 50mm. The remainder of the shaft is 75mm in diameter. A load of 4.5KN is 
concentrated at a point 250mm from the left bearing, and a load of 9KN is concentrated at a point 
380mm from the left bearing. What is the deflection under each load? 

Ans. y=0.277mm under 4.5kN, y =0.154mm under 9kKN. 


A 100mm diameter steel shaft is freely supported in bearings 1220mm apart. In the center is a gear of 
mass 1360kg. A 50mm diameter hole in the center of the cross section extends 460mm toward the gear 
from the left bearing. At this point the hole diameter decreases to 38mm and the hole is continued 
through the remaining length of the shaft. Determine the deflection under the gear by three different 
methods, and compute the critical speed of the shaft. 

Ans. y =0.53mm. Critical speed = 1300rev/min. (See Chap. 8.) 


A steel shaft, 76cm long, is supported on bearings at the ends. From the left bearing to a point 30cm to 
the right of it the shaft diameter is Scm. The remainder of the shaft is 3.8cm in diameter. Two loads, 
each weighing 1800N are located one at the change of section and one at the middle of the smaller 
portion of the shaft. Using the conjugate beam method, determine the deflection under each load. 

Ans. y=1.14mm under left load. y = 1.08mm under right load. 


A steel shaft, simply supported on bearings 1140mm apart, is to be of diameter D over the middle 380mm 
and of diameter 0.75D over the 380mm at each end. The shaft will carry a 1800N load at each change of 
diameter. If the static deflections at the points where the loads are located are not to exceed .0254mm, 
what will be the maximum deflection of the shaft? Neglect weight of shaft in all calculations. 

Ans. D=168mm, y(max)=0.021mm at midspan. 


A steel shaft is simply supported on two bearings 0.75mm apart. The shaft is of 75mm diameter for a 
length of 250mm from the left bearing, 62.5mm diameter for the next 200mm, and 50mm diameter 
for the remaining 300mm. A 3.18KN load is carried at a point 250mm to the right of the left bearing. 
Determine the static deflection under the load. What will be the critical speed of the shaft? 

Ans. y =0.153mm. The critical speed will be 2420 rev/min. (See Chap. 8.) 


A shaft, of diameter 50mm and length 1.5m, receives 1100N m torque from a pulley at the left end. A 
gear at the mid-length of the shaft delivers 680N m and another gear at the right end delivers the balance. 
Calculate the maximum total torsional deflection of the shaft for these conditions, neglecting the effect 
of key-ways. Use G=77GN/m?. Ans. 1.38°. 


Determine the equation for the deflection due to shear for a simply supported uniformly loaded beam of 
length L. The loading is wN/m. 


Kw KwL? L 
Ans. y= 54g 0-*), max) =94G atx=z 


A hollow steel shaft, 150mm o.d. x 140mmi.d. x 750mm 
long, is supported at its ends and carries four rotors of 
equal weight and equally spaced 150mm apart as shown 


aaa aa 


in Fig. 5-36(a). Each rotor weighs 360N which includes (by Le A w= 360N 
4 of the shaft weight. Then for the loading as shown in i 
Fig. 5-36(b), determine: (a) the shaft deflection due to 2wr--—-750mm —— 2w 


bending at the two outer rotors, and at the two inner Fig. 5-36 
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rotors; (b) the shaft deflection due to shear at the two two outer rotors, and at the two inner rotors. 
Ans. (a) y =4.73 um at outer rotors due to bending, 
y = 7.60 um at inner rotors due to bending. 
(b) y = 1.19 um at outer rotors due to shear, 
y = 1.78 ym at inner rotors due to shear. 


Using Castigliano’s theorem, de- 
rive the general equation for the 
deflection due to bending at any 
section of a simply supported 
beam of uniform cross section 
having a load P applied as shown 
in Fig. 5-37. Hint: Consider a 
concentrated imaginary load Q 
applied at a distance z from the 
left support. The distance z is 
variable, although z is considered 
as a fixed yalue in determining 
the strain energy. The distance 
z is limited to 0 <z <a for the 
bending moment diagram as 
shown. 


2 + Qh-2) =z) 


R= or ae! 


Uns, ee beet Fig. 5-37 


This equation is valid for 
0 <z <a. Inasimilar man- 
ner the equation for the 
deflection to the right of 
the load P may be deter- 
mined. 


COLUMN PROBLEMS 


48. 


49. 


50. 


ale 


What is the allowable compressive load for a 25mm x 50mm bar that is 0.5m long for a factor of safety 
of 4? The yield point of the material is 275MN/m?. C= 1. 
Ans. For L/k = 69.3, J. B. Johnson’s formula applies. F = 71.6kN. 


Same as above, except C=4. Ans. For L/k = 69.3, Euler’s equation applies. F = 28.4kN. 


The piston rod of an air cyber is 1.5m long. For an axial load of 9000N, the material being steel with 
a yield point of 275MN/m”, determine the size of rod required. Take factor of safety = 4 and C= 1. 
Ans.  Euler’s equation applies. D=30.2mm. Use, say, 35mm. 


A 25mm square threaded screw is 1m long between the nut and collar. The axial load is 9000N and the 

torque in the screw between the nut and collar is 110N m. Using C= 1 and neglecting the threads and 

stress concentration, determine the factor of safety if a steel with a yield point in tension of 345MN/m? 

is used. The root diameter is 25mm. 

Ans. Euler’s equation applies. Equivalent column stress = 200MN/m7, torsional stress = 70MN/m?, 
maximum shear stress = 122MN/m?. The factor of safety fora yield point in shear of } (345)MN/m? 
is 1.41. 


Chapter 6 


Designing Machine Members Subjected 
to Variable Loads 


DESIGNING MACHINE MEMBERS FOR STRENGTH is one of the necessary steps in setting the proportions 
of a machine member. The usual steps in machine design consist of determining the kinematic arrangement, a 
force analysis, selection of materials, and proportioning of parts. The proportioning of parts may be controlled 
by any one or all of the following: strength, rigidity, critical speeds, appearance, corrosion rate, fabrication, 
foundry practice, stability, etc. 


THE STRENGTH OF A MACHINE MEMBER is influenced by many items such as stress concentration, 
fatigue or variable loading, shock, surface finish, and size of part. 


STRESS CONCENTRATION may be caused by any discontinuity P 

(stress raiser) such as holes, abrupt changes in the cross section, ee 

notches, grooves, and surface defects. A typical example of a stress 

raiser is shown in Fig. 6-1, where a hole of diameter d is introduced 

in a tension member. The value of the maximum stress occurring at 

the edge of the hole may be thought of as the nominal stress multi- 

plied by a stress concentration factor K;. hr s(max) 
nile hha 


J 
max) = K,— 
s(max)=K; 7 
where 
P = total axial load, N 
A = net area at cross section containing the hole, m? 
XK, = theoretical stress concentration factor 
(or geometric factor) ES 
The value of K; is difficult to calculate in most cases, and is 
usually determined by some experimental technique such as photo- 
elastic analysis of a plastic model of the part. Under steady loads, 
ductile materials are not affected by stress raisers to the extent that the photoelastic analysis might indicate 
due to a redistribution of the stresses in the region of the stress raisers resulting from plastic flow of the 
material when the maximum stress reaches the yield point. The effect of a stress raiser on brittle material such 
as cast iron, under steady load, may be as severe as the photoelastic analysis indicates since little or no plastic 
flow occurs. Under repeated loads, however, the endurance strength of even ductile materials may be greatly 
decreased due to stress concentration. 


Fig. 6-1 
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THE NOTCH SENSITIVITY q of the material may be used to determine the fatigue strength reduction factor 
or actual stress concentration factor Ky as a function of the theoretical stress concentration factor for the case 
of repeated loads. Values for q and K; may be found in “Stress Concentration Factors” by R. E. Peterson, and 
in other literature pertaining to this subject. 


Ky—1 
q=st— or Kp=1tq(Kr—1) 
K;y-1 
where 
q = an experimental notch sensitivity value due to stress concentration. Values range from 0 to 1.0. 


K, = theoretical value of the stress concentration factor. Average values range from 1.0 to 3.0, but 
could be greater than 3.0. 

Ky= the actual stress concentration factor for determining the reduction in the fatigue-strength uf the 
material. 


VARIABLE STRESSES may be classified as (a) reversed, (b) repeated, (c) fluctuating, and (d) alternating as 
shown in Fig. 6-2. The maximum stress is the largest algebraic value and the minimum stress is the lowest 
algebraic value of a variable stress. The mean stress 5», is the average of the maximum and minimum stress. The 
variable stress sy is the increase or decrease in stress above or below the mean stress. 


Sm =4 [s(max) + s(min)], sy = 4 [s(max) — s(min)] 


(c) Fluctuating 


() Repeated 


Tension 


(a) Reversed 


Stress 
S 


Fig. 6-2 (d) Alternating 


Compression 


THE ENDURANCE LIMIT of a material is frequently deter- 300 
mined experimentally by rotating a test specimen while it is _ 
loaded in bending. Typical curves showing the endurance © 
strength of a ferrous and a non-ferrous material are presented S 599) 
in Fig. 6-3. Note that the endurance limit of this particular 2 
steel specimen (A) is rather sharply defined at about 250MPa, ® 
while the aluminum specimen (B) has no well defined endur- 
ance limit. The value of the endurance limit of 250MPa for 
the steel specimen is for reversed loading, where a point on the 
outer fibre is stressed alternately by equal amounts of compres- 
sion and tension. In order to avoid confusion, the term “endur- 
ance limit” will be used for reversed bending only. For other 
types of loading, the term “endurance strength” will be used Cycles of Reversed Bending Stress 
when referring to the fatigue strength of the material. The value Fig. 6-3 


0 
19%, . 105 106 107 108 =—-109 


74 DESIGNING MACHINE MEMBERS SUBJECTED TO VARIABLE LOADS 


of the endurance strength will be different from 
the endurance limit for other types of loading, 
and will also be different if the specimen is sub- 
jected to variable stresses due to torsion or axial 
loads. One method of plotting the endurance 
strength versus the mean stress for various types 
of loading is the modified Goodman diagram shown 
in Fig. 6-4. Each material tested would have its 
own Goodman diagram. However, if no test data 
are available, approximate Goodman diagrams may 
be constructed for various ductile materials by 
assuming that the endurance limit under reversed 
loading will be approximately equal to one half of 
the ultimate strength of the material. More recently, 
endurance strength data have been plotted in the 
form shown in Fig. 6-5. This plot shows the 
relationship of the modified Goodman line with 
the more conservative Soderberg line. In the fol- 
lowing discussion we shall use the Soderberg line 
as our design basis. If we apply a suitable factor 
of safety NV to both the endurance limit and yield 
strength, we may draw line CD parallel to the 
Soderberg line AB as shown in Fig. 6-6. Line CD 
may then be considered as a safe stress line. From 
the geometry of this plot, it can be shown that 


In order to make this into a design equation, the 
experimental value of the endurance limit s, under 
reversed bending should be reduced for size effect, 
surface effect, and type of variable loading if 
torsional or axial instead of bending. The calculated 
variable stress should be increased by the actual 
stress concentration factor Ky for ductile materials. 
For brittle materials the theoretical stress concen- 
tration factor K; should be applied to the mean 
stress and Ky to the variable stress. 


Ls Kgs; 
—=%4—L" for ductile materials in 


N Sy 5, é 7 
grat tension or compression 


Sm suKy 


1 
=" Ket 
N sy * s,ABC 


for brittle materials 


S, Kgs, 
amt 4 LYS for ductile materials in 
N Sys 8,ABC shear 
where 


Sy = yield point in tension or compression 
and must be given the same sign as 
the mean stress S,,,. 


ed loadin, 


Stress, N/m? 
endurance strength 


for rel: 
endurance 


Mean Stress, N/m? 


Fig. 6-4 


ie Failure points 
Pa i 
~ Failure curve 
oe 
- 
X, 
s 


Modified Goodman line 


Soderberg line 


Failure stress line 


Variable Stress 
=i 
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Sm = mean normal stress, N/m?. 
Sms = mean shear stress, N/m”. 
Sy = variable normal stress, N/m?. 
Sys = variable shear stress, N/m’. 
5, = endurance limit of the material in reversed bending, N/m?. 
K, = theoretical stress concentration factor. 
Kj = actual stress concentration factor based on the notch sensitivity of the material. 
A = correction factor for type of loading other than reversed bending. 
A =0.7 for reversed axial loading. 
A =0.6 for reversed torsional loading. 
B =a size correction factor, since a standard test specimen has a nominal diameter of 0.3"(7.62mm). 
B=0.85 for parts ranging in size from 12.5mm to S0mm. 
C= a surface correction factor, since the test specimen was polished. 


Some average values for C for a machined surface and for a hot rolled surface are listed below: 


= 
Sy MPa C, M/c Surface C, Hot rolled surface 
400 0.91 0.74 
500 0.89 0.65 
600 0.87 0.59 
700 0.85 0.54 
800 0.83 0.49 
900 0.81 0.45 
1000 0.79 0.40 
1200 0.75 0.34 
1400 0.71 0.29 


N= factor of safety to account for such items as variations in material properties, uncertainty of loading, 
accuracy of assumptions, workmanship, possible loss of life, cost of shutdowns or maintenance, lack 
or spread of test data, etc. The value of N will range from about 1.25 to 3.0 for ordinary design, 
depending upon whether the conditions are well defined or if considerable uncertainty exists. 
Values of N greater than 3 might be used if the uncertainty is quite high and the consequences of 
failure are serious. The selection of N is a matter of judgment. 


THE EQUIVALENT MAXIMUM SHEAR STRESS, 7,,(max), when we have both a variable normal stress and 
a variable shear stress, may be determined by using the theory of combined stresses. The equivalent normal 


stress Sep is 
Sy \ Kysy 
Sen =Sm + | |] = 
eet asi (2) ke 


The equivalent shear stress, ses, is 


te) Kysvs 


= + 
Ser Sms (s ABC 


Note: Put A = 0.6 in this equation when using ductile materials, and use Sys = (0.6)(sy). 
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Then the equivalent maximum shear stress Ts(max) in designing with ductile materials is 
Tes(max) = V(Sen) + (Ses) 
This may be equated to sy,/N for use as a design equation, 
Sys/N = VGsen)? + Ges)? 
Note: Use sys = 0.5 sy for this equation. 
The equivalent maximum normal stress to be used when designing with brittle materials is 
Sen(max) = 45en + VGSen)* + (Ses)? 
This may be equated to sy/N for use as a design equation 
Sy/N=45en + VGSen)* * Ges)? 


The value of the yield point in shear, sys, for use in the above equivalent shear stress, ses, equation may 
be taken as 0.6 times the yield point in tension. This is in close agreement with experimental torsional shear 
tests. However, the value of the yield point in shear, sys, should be taken as 0.5 times the yield point in tension 
for use in the maximum shear design equation. This equation is based on the maximum shear theory of failure 
which considers a member in simple tension. 


SOLVED PROBLEMS 


1. A steel connecting rod made of AISI 8650 steel, oil quenched at 815°C and tempered at 540°C is to be 
subjected to a reversed axial load of 180KN. Determine the required diameter of the rod, using a factor 
of safety V = 2. Assume no column action. 


Solution: 


The properties of this material are: s,, = 1.07GN/m?, sy = 910MN/m”. Assume that the endurance 
limit for reversed bending is half the ultimate tensile strength: 


Ss, =4(1.07) = 0.535MN/m? 
The mean stress is s,, = 0. 


. : 4F _ 4(180,000) 
The ble sti =—= = -; 
variable stress is sy = 7 == =—— 


The endurance limit correction factor for axial loading is A = 0.7. 
The endurance limit correction factor for size, estimating d > 12.5mm, is B = 0.85. 
Using the endurance limit correction factor for a machined surface, C= 0.8. 
Assuming no stress concentration, K = 1. 
Substituting in the design equation 

1 =sm, Kysy 1 a (1)(4)(.80,000) 


= + 
Ni. 3ABC? 2 nd*(0.535 x 10°)(0.7(0.85)(0.8) 
and d=42.4mm. Used = 50mm. 


2. 


DESIGNING MACHINE MEMBERS SUBJECTED TO VARIABLE LOADS 77 


A hot rolled 070M26 steel rod is to be subjected to a torsional load that will vary from —110N m to 
440N m. Determine the required diameter of the rod using a factor of safety N = 1.75. 

Solution: 

Tests show the properties of this material are: s,, = 460MN/m? Sy = 310MN/m?. 

Assume that the endurance limit for reversed bending is s, = }(460) = 230MN/m?. Assume that 
the yield strength in shear is 0.6 of the yield strength in tension: sy, = (0.6)(310) = 186MN/m?. Assuming 
no stress concentration, Ky = 1. 

The endurance limit correction factor for torsional loading is A = 0.6. The endurance limit correc- 
tion factor for size, estimating d > 12.5mm, is B= 0.85. The endurance limit correction factor for hot 


rolled material for s, = 460MN/m? is C = 0.68. 
The mean and variable stresses are based on the mean and variable torques. The mean torque is 


Tm = 4 [T(max) + T(min)] = 4 [440 + (—110)] = 165N m 
The variable torque is 
T, = 4 [7(max) — T(min)] = } [440 — (—110)] =275N m 
Then for any point on the outer surface, 
— Tm _16Tm _(16)(165) _ 2640 — Toe _16Ty _ (16275) _ 4400 


OOD ae eS a OT ae ad al 


Substituting in the design equation 
Th ses Rss, espa) Una (1)(4400) 
N sys 8,ABC” 1.75 1d3(186 x 10°) 7d°(230 x 10°)(0.6)(0.85)(0.68) ” 
and d = 33.8mm. Use d = 35 or 40mm. 


A cantilever beam, made of cold drawn ‘26’ carbon steel of circular cross section as shown in Fig. 6-7, is 
subjected to a load which varies from —F to 3F. Determine the maximum load that this member can 
withstand for an indefinite life using a factor of safety N = 2. A photoelastic model indicates a theoretical 
stress concentration factor of K; = 1.42 and the notch sensitivity for a 3mm radius for this material is 
q = 0.9. Analyze at the change of cross section only. 


Solution: 


Tests on samples of this cold drawn material 
show: 


Sy = SSOMN/m? 

sy = 470MN/m? 

5, = 275MN/m? 

Kp=1+q(K; —1)=1+0.9(1.42 —1)=1.38. | 
A =1, since the member is loaded in bending. Ly fa 3F 


B= 0.85 correction factor for size effect. 
C= 0.89 correction factor for surface effect. 
The bending moment at the change in cross section varies from —0.125F to +0.375F. The bending 
Stress at point A in terms of the bending moment is 


_32M_ 32M a 
$0 = 75 ~ ODIs 464 x 10M 


Then —_s(min) = 4.64 x 10°(0.125F) =0.58 x 10°F sm = $ [10° {1.74 + (—0.58} F] =0.58 x 10°F 
s(max) = 4.64 x 10°(0.375F) = 1.74 x 10°F sy =4[10° {1.74 — (—0.58)} F] = 1.17 x 10°F 
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Sm, Kysy 1 _0.58x 10°F _(1.38)(1.17 x 10°F) 
Substituting in p= *5ABC’ 2 470x10® ” (275 x 10°)(0.85)(0.89) 


As a matter of interest, we could have analyzed the stress at point B as follows: 
s(min) = —1.74 x 10°F Sm =4 [10° {0.58 + (—1.74)}F] = 0.58 x 10°F 
s(max) = 1.58 x 10°F sy =} [10°{ 0.58 —(-1.74)} F] = 1.17 x 10°F 


and F=55.6N 


Substituting in ec + ae and noting that sy will be given a negative sign to agree with the negative 
N Sy S,ABC 


sign of the mean stress, 
1_-0.58x10°F | (1.38\(1.17 x 10°F) 


as + ich F=55.6 
2" —470.x10° *@75 x 10%0.85"0.89) fom which NY 


4. A cold drawn steel rod of circular cross section is subjected to a variable bending moment of 565 to 
1130N m as the axial load varies from 4500 to 13,500N. The maximum bending moment occurs at the 
same instant that the axial load is maximum. Determine the required diameter of the rod for a factor of 
safety N = 2. Neglect any stress concentration and column effect. Design on the basis of the maximum 
shear stress. Assume Sy, = 550MPa, sy = 470MPa. 


Solution: 
Sy = 550MN/m? B=0.85 correction factor for size effect 
Sy = 470MN/m? C=0.89 correction factor for surface effect 
5, = 275MN/m* A = 1.00 for bending 


Ky=1 for stress concentration A = 0.70 for axial load 
Determine the equivalent normal stress. 
(a) Due to bending, the mean and variable moments are 


Mm =4(1130 + 565)=847.5Nm and My, =4(1130—565)=282.5Nm. 


Then due to bending 
- _ Me _ 32M _(32)(847.5) F _Me _ 32M _(32)(282.5) 
Me ete "5 Tale a aa 


syKysy _ (328475) (470 x 10°(1)(32)(282.5)___ 15,135 
s,ABC ad? 7d°(275 x 10°(1)(0.85(0.88) > 


(b) Due to axial load, the mean and variable forces are 
Fm =4(13,500 + 4500)=9000N and Fy =4(13,500 — 4500) = 4500N 
Then due to axial load, 


_ (9000)(4) 470 x 10°(4(4500) _ 29,950 
oe nd? nd? (275 x 10°(0.70)(0.85)(0.89)  d* 


(c) Total equivalent normal stress, s-,,(total) = Bas + = - 


and Sen =Sm + due to bending 


due to axial load 


(d) Equating the total equivalent normal stress to s,/N, 


15,135 | 29,950 _sy _470x 10° 
a @ N 2 


from which by trial and error d = 41mm. 


5. Shaft S, is rotating at 1200rev/min clockwise and has a concentrated unbalanced load of W of 36N at a 
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radius of 50mm in a plane midway c 
between supports A and B, as shown me 
be 


AN 


in Fig. 6-8. A constant vertical load 
W, of 6.75KN is applied by means of 
two anti-friction bearings at C and D. 
If the shaft material has an ultimate ' 
strength of 412MN/m? and a yield E 250. 
strength of 310MN/m?, determine the 

required diameter of the shaft at section 

A-A for a design factor of safety N = 2. 

Consider only point P. 


Solution: 


(J) Assume: Endurance limit = s,,/2 = 206MN/m?: stress concentration factor, Ky = 1; endurance limit 
correction factor for size, A = 0.85; endurance limit correction factor for machined finish, C = 0.9. 

(2) Show that the bending moment due to the rotating load varies from —724N m to +724N m. 

(3) Show that the bending moment due to the constant vertical load is 844N m. 

(4) The combined bending moment then varies from 120N m to 1568N m. 

(5) Now it should be noted that, if we consider point P on the outer fiber in a plane midway between 
the two supports, the 1568N m moment will produce a negative or compressive stress, while the 
120N m moment will produce a positive or tensile stress. 

(6) The maximum, minimum, mean, and variable bending stresses are 


_-G2)(1568)_—15,970 15,970 + 1220-7375 
eet ee ee 
_. _ #32120) _ +1220 1220+ 15,970 _ 8595 
“eee sae tial 
1 te Kye To 17375 (1(8595) a 
() Then 5, *eABC? 2310x108? * GlOx 10°\(1(0.850.90)d>* Md ¢= 54mm. 


Use d = 60mm. 


A steel alloy has an ultimate ten- 
sile strength of 615MN/m?, a MN/m* 
yield strength of 410MN/m?,, and 
an endurance limit of 205 MN/m? 
under reversed bending. Sketch 
a modified Goodman diagram. 
Indicate on the sketch and give 
the magnitude of the endurance 
stress for released loading. 


45° 


Stress 


Solution: 


Sketch a Goodman diagram 0 
as shown in Fig. 6-9. The line NP 
represents the magnitude of the 
endurance strength for released = 8 §|§cf#-—_______ = 
loading. The values can be deter- 
mined from a sketch made to Fig. 6-9 
scale, or from a calculation, as 
follows. 


ry 


| 
\ 
{ 
1 
| 
1 
| 820MN/m? 
| 
| 
Mean Stress 
| 


By similar triangles ACB and ANT, a = oa or NT=461MN/m? 


Then MN = 1S4MN/m? and NP = 308MN/m? since MA is a mean stress line. 
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7. A hot rolled steel shaft is subjected to a torsional load that varies from 330N m clockwise to 110N m 
counterclockwise as an applied bending moment at a critical section varies from +440N m to —220N m. 
The shaft is of uniform cross section and no keyway is present at the critical section. Determine the 
required shaft diameter. The material has an ultimate strength of 5SOMN/m? and a yield strength of 
410MN/m?. Base design on a factor of safety N= 1.5. Take the endurance limit as half the ultimate 
strength. 

Solution: 


(a) Determine the equivalent normal stress due to bending. 
(32)(440) oe [(32)(440)] + [-(32(220)] _ 1.120 x 10° 
im = 3 a 


dae 2nd a 
__) _—(32)(220) _ ((82(440)] — [432\(220)] _ 3.360 x 10° 
ee) Se ae Ind inane a 
The equivalent normal stress is [A = 1, B = 0.85, C=0.62, K; =1] 
; _ 112x107 [410 3.36x10° _] _ 1.0626 x 10° 
oid a 275 || a3(1(0.85)(0.62) a 
(6) Determine the equivalent shear stress, 
(16)(330) (16)(110) _ 5.602 x 10? 
Ss(max) = —— 3 a aaa 
_. _ —(16)(110) (16)(220) _ 11.204 x 10? 
ss(min) = ——" 73 Sy = Me = 7) 
The equivalent shear stress is [A = 0.6, B = 0.85, C=0.62, sy, =0.6sy] 
«,, 5002 [oom 1120.4 _ 3.7299 x 10° 
i Naar) 275 d>(0.6)(0.85)(0.62) a 
(c) Equate the equivalent maximum shear stress to sy./N, where Sys = (0.5)sy = (0.5)(410) = 205 MN/m? 
1 A 4\ 2 6 
Tes(max) = 33 (ions) +(3.73 x 103)? = we d=36.2mm 


Note. While we used s,,=0.6sy for pure torsional shear, we used Sys = 0.5sy for combined stress 
shear, according to the maximum shear theory of failure. 


8. A pulley is keyed to a shaft midway between two anti-friction bearings. The bending moment at the 
pulley varies from —170N m to S10N m as the torsional moment in the shaft varies from SSN m to 
165N m. The frequency of the variation of the loads is the same as the shaft speed. The shaft is made of 
cold drawn steel having an ultimate strength of S538MPa and a yield strength of 400 MPa. Determine the 
required diameter for an indefinite life. The stress concentration factor for the keyway in bending and 
torsion may be taken as 1.6 and 1.3 respectively. Use design factor N = 1.5. 


Solution: 
I. Determine the equivalent normal stress, Sen, 
(32510) ie 5195 
nd? a 


, 5195 +(—1732) _ 1732 5195 —(—1732) _ 3464 
(6) Due to bending, s,, = aS are! and sy = ae sare 


(c) Assume s, =s,/2 = 538/2 = 269MPa, A=1, B=0.85, C=0.88. The equivalent normal 


_ (29170) __ 1732 


(a) Due to bending, s(max) = a ae 
™ 


and (min) 
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stress is 
<5, + (52) Kes» _ 1732, (400) _(1.6)(3464) _ 1.275 x 10* 
a ABC. a \269) (0.85\(0.88)a> a 


IL. Determine the equivalent shear stress, ses. 


(a) Maximum and minimum shear stresses: 


16)(165) _ 840 1655) _ 280 
sma) = COE) «2 sin) = GES) 260 


(5) Mean and variable shear stresses: 
840 +280 1120 840 —280 560 
Sms = ya ci a Sys = Ue = 
(c) Sys = 0.6sy = 0.6(400) = 240MPa, A =0.6 for torsion, B = 0.85, C= 0.88. The equivalent 
shear stress is 
=s,. + (Svs) Kesvs _ 1120 20) (1.3)(560) _ 2567 
File! ABC d° ~ \269) (0.6)(0.85)0.88)d> a> 


IH. Equating the equivalent maximum shear stress to sy5/N, 


6. 
as ects [( =) )* Hay = =, Bs a) )* + ese? = See. 


a =5.154x 10-5, (3) *¢ 


A cast iron shaft, with an ultimte tensile strength of 175MPa, is subjected to a torsional load which is 
completely reversed. The load is to be applied an indefinite number of cycles. The shaft is 50mm diameter 
and is joined to a 75mm diameter shaft with a 12.5mm radius fillet. The factor of safety is to be 2. What 
is the maximum torque that can be applied to the shaft? Solve by two methods: (7) using Soderberg’s 
equation, (2) using s, = Tc/J directly. 

Solution: 


(a) The mean shear stress = 0. The variable shear stress is 


16T__16T__1.28x 10°T 


Sya= oe m0. 70.055) , where T is the maximum torque, N m 


(b) The equivalent shear stress ses on a particle on bes surface is 


es = SmsKr + K Svs 
where S,,,, = mean shear stress = 0. 


K, = theoretical stress concentration factor, which is 1.17 for the given diameter and 
radius, as found from photoelastic tests for torsion for the shape specified. 


ys 
cine 


Ky = actual stress concentration effect on fatigue, where 
Ky=1+9(Kr —1)=1+0(1.17-1)=1. 

The values of notch sensitivity q for cast iron have not been specifically reported 
in the literature although tests made on cast iron show that the reduction in the 
endurance limit as the result of notches in test specimens is zero for a tensile 
strength of 138MPa and 26% for a tensile strength of about 295MPa. The notch 
sensitivity factor q will be taken as zero. (Note that whereas the notch sensitivity 
effect is very low for fatigue, the notch effect is very high on impact loading.) 


5 
vs = Variable shear stress = (xe r)pa 
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Sys = the yield strength in shear for cast iron. This value is usually taken equal to the yield 
strength in tension for cast iron, sy). The yield strength in tension can be taken as 
approximately 60% of the ultimate tensile stress. Thus, 

Sys = Sy = 0.6(175) = 105 MPa. 


s, = endurance limit in bending for cast iron. This value has a wider range than found in 
steels. Tests that have been reported state that the endurance limit in bending vary 
from 0.33 to 0.6 of the ultimate strength. Results show that the endurance limit in 
torsion has varied from 0.75 to 1.25 of the endurance limit in bending. The endur- 
ance limit in bending will be taken arbitrarily as 0.4 of the ultimate strength. The 
endurance limit s, in bending then, is 0.4(175) = 70MPa. 

A =0.75 (the lower value above) 

B=size effect, taken as 0.85, the same as for steels. 


C= surface finish = 1. 
Substitution in the equation for the equivalent shear stress gives 


T (1)(105 x 10°) 
a) (70 x 10°)(0.75)(0.85)(1) 


(c) The equivalent normal stress is zero. From the combined stress equation, the maximum equivalent 
static tensile stress is 


5n(max) = 45en + VGSen)* + Ges)? = 0 + VO + (1.57)? = (1.57)Pa 
(d) The allowable static tensile stress = sy/N = 105/2MPa = 52.5MPa 


(e) Setting (c) and (d) equal, 52.5 x 10° =9.587 x 10*T or T=547.6N m. Thus, the allowable 
torque = 547N m. 


Ses = 0(1.17) + 1.28 x 10° ( = (9.587 x 10°7)Pa 


(f) The preceding solution illustrates the procedure of application of the Soderberg equation in 
working with cast iron. Since the stress is completely reversed and reversed torsion test data can 
be applied directly, a quicker solution for this particular problem can be obtained by direct 
application of s, = Tc/J, where ss = (sy (AM BY(C)/N. 


(s(AMBMC) _Te 70x 10°(0.75)(0.85)(1) __7(0.025) 
N hes 3 © 9(0.054)/32 


or the allowable torque T= 547N m. In the above, the endurance limit in bending of 70MPa is 
multiplied by A = 0.75 to correct for torsion, B =0.85 to take care of the size effect, C = 1 for 
surface effect, and the design factor N =2 is used. No stress concentration factor is applied 
because the notch sensitivity factor for cast iron is taken as zero. 

It is to be noted that where test data is available, such should be used directly. If the load is 
not completely reversed and/or test data is not available, then the use of the Soderberg equation 
is indicated. 


In Fig. 6-10 below, the shaft transmits 7.5kW from the pulley P to the gear G at 900rev/min under 
steady load conditions. The shaft is machined from a hot roiled steel. The ultimate tensile strength is 
590MPa and the yield point in tension is 380MPa. The pulley diameter is 250mm and the pitch diameter 
of the gear is also 250mm. The mass of the pulley P is 12.2kg and the mass of the gear G is 12.2kg- 
Neglect the weight of the shaft. The ratio of belt tensions is T;/T2 = 2.5. The gear pressure angle is 20°. 

The shaft size is to be determined, using the Soderberg variable stress equations. (The solution using 
the ASME Shafting Code equation is on page 121. The design for rigidity and critical speed is on pages 
123-127.) 
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Solution: 
(a) The torque M; on the shaft is found from 
2nNM,/60 = P, P= 7500W, N= 900rev/min, so M; = 79.6N m 
(b) The belt forces are found from 
(1, —T2(R)=M; or (1, —T2X(0.125)=79.6 and 14/T, =2.5 
from which T; = 1060N, T; = 424N 
The weights of the gear and the weight of the pulley are each 12.2 x 9.81 = 119.6N, say 120N. 


232N 
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Fig. 6-10 


(c) The tangential gear force F; = M;/R = 79.6/0.125 = 636.8N. 
(d) The separating force F, = F; tan ¢ = 636.8 tan 20° = 231.8N. 
(e) The loading and bending moment diagrams are shown with the figure. The belt forces and gear 
forces are assumed concentrated as shown. The weight of the pulley and gear is included. 
(f) Consider the section at the gear first. Even though the bending moment here is less than at the 
right bearing, the keyway might be the influencing factor. 
The stress concentration factor K; due to the keyway in bending is 1.6. 
The stress concnetration factor in bending due to the fillet where the shaft portion of diameter 
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d joins with the shaft of diameter 2d depends upon the radius of the fillet. Even if the ratio of 
the radius of the fillet to the shaft diameter d is specified to obtain the theoretical stress concen- 
tration factor Ky, the actual stress concentration factor K, ‘¢ depends upon the notch sensitivity, 
which is a function of the radius of the fillet. Thus it is necessary to use a trial and error solution, 
by approximating the diameter d and the radius of the fillet and checking with the calculated 
value of d. The values used in the following calculations are those which agree with the final 
values: 
r/d=0.083, forwhich r=1.6mm 


For r/d=0.083, and ratio of diameters =2, the theoretical stress concentration factor K; in 
bending is 1.86. The notch sensitivity factor g is 0.78 for annealed steels with the fillet radius of 
1.6mm. Then 


Ky =1 + q(Kz — 1) = 1 + 0.78(1.86 — 1) = 1.67 
Thus the radius of the fillet is such as to cause a worse effect than the keyway. 


The bending is constant, 65.6N m but a particle on the surface is subjected to a complete reversal 
of stress. The mean bending stress = 0. The variable bending stress is 


The equivalent normal stress is 


é ane 668 380 x 10° _ 1943 
Sen =Sm + KySo “p= 0+ 1.67 ( a, ) (295 x 10°(1)(0.85)(0.87) d° 


The shear stress due to torsion is constant, since the torque is constant. The variable shear stress 
is zero. The mean shear stress is 
i Te _79.6(d/2) _ 405.4 
mJ p20 
The equivalent shear stress is 


Sys — 405.4 +0 
s,ABC ae 


Ses =Sms + Kysy 


The allowable shear stress is 
Sys _0.5(8y) _ (0.5)(380 x 10°) 
cg ae 15 
Setting the allowable shear stress equal to the maximum shear stress, 


126.7 x 10° = V/Gs.n)? + (Ses)? = V(1943/2d3)? + (405.4/d3)? from which d= 20.3mm. 


= 126.7 x 10°Pa 


(m) The shaft at the right bearing will be analyzed next. Specifically, the section with diameter d at 


the fillet will be considered, with the bending moment at the centerline of the bearing taken as 
acting at the section with the fillet. The mean bending stress s,,, = 0. 
The variable bending stress is 


5, =Me _ 223(d/2) _ 2272 
""T xd*j64 


The stress concentration factor Ky cannot be determined directly here. The same procedure 
as used at the section at the gear will be used, trial and error, with final values given. A large value 
of r/d will be used: r/d = 0.22. (d turns out to be about 33mm, and r of about 7mm can be taken.) 
For r/d = 0.22, K; = 1.37; forr=7mm,q = 0.95. Thus Ky = 1 + g(Kr — 1) = 1 + 0.95(1.37 — 1) = 
1.35. Then the equivalent normal stress sey, is 


um) 380 x 10° _ 5343 
AB 


Sy 
ashe =O: x 
Sen = 8m + Ky8v Ta o+13s (2% (295 x 10°)(1)(0.85)00.87) > 


at: 
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(n) The mean shear stress due to torsion is 
mel 16(79.0) _ 405.4 
dS sggitly ch glib 
The variable shear stress s,, = 0, Hence the equivalent shear stress is 
ies = Sms + KySys (22) ze~ S340 
(0) The allowable shear stress is as found in (k): 126.7MPa 


(p) From the combined shear stress for the equivalent stress, 


126.7 x 10° = VG sen)? + (Ses)? = V(5343/2d3)? + (405.4]/a3)2 or +d =0.0277m. 
Use 28mm 


(q) The size of the shaft d is thus determined by the stresses acting in the shaft at the right bearing. 
Final proportions determined from a strength consideration only using the Soderberg equation 
are: d= 28mm, 2d = 56mm. 


A steel cantilever member as shown in Fig. 6-11 
is subjected to a transverse load at its end that 


varies from 45N up to 135N down as an axial ges 125 
load varies from 110N (compression) to 450N A 45N 
(tension). Determine the required diameter at Se 
the change of section for infinite life using a 110N 450N 
factor of safety of 2. The strength properties @.2d 135N 
of the material are: 

Sy = 550MPa (ultimate strength), Fig. 6-11 


Sy = 470MPa (yield strength), 
Sp = 275 MPa (endurance limit). 


Test data indicate that the theoretical stress concentration factor for bending and axial loads are K; = 1.44 
and K; = 1.63 respectively, at the change of cross section. 
Solution: 

For point A, whichis critical, determine the equivalent normal stress. It is assumed that the equivalent 
normal stress at this point will be the algebraic sum of the equivalent normal stress due to bending and 
the equivalent normal stress due to axial loading. 

Due to bending the equivalent normal stress is 
SysyKy _ 57.3 # (470)(114.6)(1.44) _ 426 
s,ABC d° * (275)(d°\(1(0.85)(0.9)  d? 


(Sen)o = Sm + 


_ 26.9)  _— (32X(5.63) (3211.25) _57.3 _ _ (3222.5) _114.6 
where s(max) ad? ; 8(min) = — a acs ee Qnd> Pia 
Due to axial loading, the equivalent normal stress is 
(oe 680 (470)(1120)(1.63) _ 2071 
ena = sa * O75\myd?\(0.7(0.85K09) 
since Glas) Ser ae _ 680 _ 1120 
. ‘adi Monin =e + fmm gts fo aT 


Then the total equivalent normal stress s,,, at point A is 


426 2071 _sy _ 470 x 10° ati 
Sen = Gat oe from which d = 12.5mm. 
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In some instances, it may be more economical to design on the basis of an endurance strength for a finite 
life rather than for infinite life. As an illustration assume that a fuel pump pusher rod is to be designed 
for not more than 100,000 cycles while it is being subjected to a released cyclic load of 7.8KN. Test data 
indicate that the material from which the rod is to be made has a yield strength of 3830MPa and an 
endurance limit of 260MPa for reversed bending, but has an endurance strength of 345MPa for reversed 
bending at 100,000 cycles. For a factor of safety of 2 determine the required diameter of the pusher rod 
for both a finite life of 100,000 cycles and for an infinite life. 


Solution: 


Since we have released loading, sj, =sy =4F/A = 4(7800)/(4nd") = 4966/d". 


1 _ Sm , Kysy 
Assume K; = Kp=1,A = 0.7, B = 1, C =0.9; and substitute in the equation — = —~ = 
+=Ky and substitute in the eq Ns, ‘SABC 
(a) Fora finite life of 100,000 cycles 
1 4966 1)(4966 
= + Ox ) or d=85mm 


2 d*(380 x 10°) | d*(345 x 10°\0.7(1)(0.9) 
(0) For an infinite life 


1 4966, (1)(4966) 


2" FGB0 x 10%) ‘ F(260x 100.7009) 794mm 


SUPPLEMENTARY PROBLEMS 


A 25mm diameter machined steel cantilever 250mm long is loaded on the end with a force that varies 
from 265N down to 450N up. There is a 6mm fillet where the member is connected to the support 
which causes a theoretical stress concentration factor K; = 1.32. The notch sensitivity factor g may be 
taken at 0.92. 

If the material has an ultimate stress s,, = 5SOMPa an endurance limit in reversed bending s, = 240MPa, 
and a yield strength, sy = 415MPa, determine: (2) maximum bending stress, (b) minimum bending stress, 
(c) mean stress, (d) variable stress, (e) design factor NV. 

Ans. (a) 73.3 MPa, (b) —43.2MPa, (c) 15.1 MPa, (d) 58.3 MPa, (e) 2.19. 


A force applied to the end of the cantilever bar varies with time in the plane of the paper as shown in 
Fig. 6-12. A factor of safety N = 2.5 is desired for the application, yet proportions dictate the maximum 
dimensions shown. 

The material is AISI—1020 with an ultimate 
strength of 440MPa an endurance limit of 
220MPa in reversed bending and a yield point 
in tension of 330MPa. For the section A—A, 
the theoretical stress concentration factor K; 
is 1.37 for the 50mm diameter bar witha 12mm. A F (varying force) 
fillet radius. The notch sensitivity factor q for 
an annealed steel is 0.95 for the fillet radius of 
12mm. 

Using a factor C=0.90 for the surface 
effect, a factor B = 0.85 for the size effect, and 
a factor A=1 since there is no axial load, 
determine for section A—A: (a) the stress con- 
centration factor Ky, (b) the mean stress sj», 
(c) the variable stress s,, (d) the factor of safety 


15. 
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N, (e) whether the proportions are satisfactory, (f) if the proportions are unsatisfactory, what could be 

done to give a satisfactory solution without changing the 50mm diameter section. 

Ans. (a) Kp= 1.35, (b) Sm = 27.5MPa, (c) sy = 82.5MPa, (d) N = 1.34, (e) Proportions are not satisfac- 
tory. (f) Use a better material with a higher endurance limit. A larger radius of curvature at the 
fillet will not give sufficient increase in strength to increase the factor of safety to 2.5. This may 
be checked by using Ky = 1 as a limiting value. 


Determine the maximum load for the simply supported beam cyclicly 

loaded as shown in Fig. 6-13. The ultimate strength is 690MPa, the W to 3W 

yield point in tension is S20MPa, the endurance limit for reversed ira 200. wea 
bending is 345MPa, and the design factor N is 1.3. Use a size effect 

factor B = 0.85 and a surface finish factor C = 0.90, 


5.12 x 104 W 050 
T 


Ans. Fora mean stress and a variable stress 


” Fig. 6-13 
226x10W W= 12.4KN and 3W=37.2kN. 


A section of a shaft of diameter d is joined to a section of diameter 1.5d with a fillet which produces an 
actual stress concentration factor of Ky = 1.22 for the shaft in torsion. 

The material has a yield point in tension of 560MPa, and an endurance limit in reversed bending of 
375 MPa; and an endurance limit of 0.6(375) = 225MPa in reversed torsion. 

Using a size effect factor B = 0.85, a surface finish factor C= 0.85, and A = 0.6, determine the size 
of shaft required for a torque which varies from 0 to 2.26kN m in the shaft at the smaller diameter. Use 
design factorN=2. Ans. d=50mm 


A cantilever beam of circular cross section is subjected to an alternating stress at a point on the outer 
fiber in the plane of the support that varies from 21 MPa (compression) to 28 MPa (tension). At the same 
time there is an alternating stress due to axial loading that varies from 14MPa (compression) to 283MPa 
(tension). The material has an ultimate strength s,, = 412MPa anda yield strength s, = 309MPa. Assume 
that Kr= 1, B=0.85, and C=0.9. Determine (a) the equivalent normal stress due to axial loading, 
(6) the equivalent normal stress due to bending, (c) the total equivalent normal stress due to axial loading 
and bending. Ans. (a) 65.8MPa, (b) 51.5MPa, (c) 117MPa 


A steel member of circular cross section is subjected to a torsional stress that varies from 0 to 35 MPa, 
and at the same time it is subjected to an axial stress that varies from —14MPa to +28 MPa. Neglecting 
stress concentration and column effect, and assuming that the maximum stresses in bending and axial 
load occur at the same time, determine (a) the maximum equivalent shear stress, (b) the design factor of 
safety based upon yield in shear. The material has an endurance limit 5S, = 206MPa, and a yield strength 
Sy = 480MPa. The diameter of the member is less than 12mm; B = 1 ;and the surface has a mirror polish, 
C=1. Ans. (a) tes(max) = 64.6MPa, (b) N = 3.71 


SAE-3125 steel has an ultimate tensile strength 690 MPa, a yield point 440MPa, and a reversed bending 
endurance limit 220MPa. Sketch its modified Goodman diagram and from the sketch determine the 
magnitude of its endurance strength for released loading in bending. Ans. 334MPa 


The 50mm diameter bar is bent into the shape 
shown in Fig. 6-14. The force applied to the bar 
varies from 0 to a maximum of FN. The bar is 
made from steel with a yield point in tension of 
414MPa and an endurance limit of 310MPa. 
What is the maximum load that can be applied 
for a factor of safety NV = 2 based upon the static 
yield point? Use the Soderberg equations for 
variable stresses. Surface finish factor C= 0.8. 
The maximum load is to be found from the 
variable stresses occurring at section A—A. 

Ans. The maximum stress at section A—A due to Fig. 6-14 
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bending and considering the curved beam (see the chapter on curved beams) is 8160F. The variable stress 
is 4080F and the mean stress is 4080F. Since the maximum stress has been found from a curved beam 
analysis, Ky = 1. Using A = 1, B = 0.85, and C =0.8, the maximum load F is 17.1kN. 


Same as Problem 20, except that the maximum load is to be found from the variable stresses occurring 

at section B—B. 

Ans. The maximum stress at section B—B (fora straight beam) is 10,200. Using the Soderberg equation 
with A = 1, B = 0.85, and C= 0.8, the maximum load F is 13.7kN. 


A flat steel bar 50mm x 25mm is bent into the shape shown in Fig. 6-15. The load F varies from 4500N 
to 18,000N. The material has an ultimate tensile strength of SSOMPa, a yield point of 345 MPa, and an 
endurance limit (in reversed bending) of 275 MPa. Determine: 
(a) the mean bending stress at point P 
(b) the variable bending stress at P 
(c) the mean axial stress at P Fig. 6-15 
(d) the variable axial stress at P 
(e) the equivalent bending stress at P using a surface 
finish factor C = 0.9 
(f) the equivalent tensile stress at P due to axial loading, 
using A = 0.7 for axial loading and C= 0.9 
(g) the total equivalent stress at P 
(A) the factor of safety at P based on variable stresses 
(i) the maximum tensile stress at point P using the 
maximum load and determine the factor of safety 
as though the load were constant. 
Ans. (a) 162MPa (d) 5.4MPa (g) 343 MPa (tension) 
(6) 97.2MPa (e) 321MPa (A) 1.01 
(c) 9MPa (f) 21.7MPa (i) 273.4MPa, N= 1.26 


Chapter 7 


Machine Vibrations 


VIBRATORY MOTIONS in machinery arise when variable forces act on elastic parts. Usually these motions 
are undesirable although in some cases (vibratory conveyors, for example) they are deliberately designed into 


the machine. 


ANALYSING VIBRATIONS requires the following general procedure: 
1. Evaluating masses and elasticity of parts involved. 
2. Estimating amount of friction involved. 


3. Idealizing the actual mechanical device, replacing it by an approximately equivalent system of masses, 


springs, and dampers. 


4, Writing differential equations of motion for the idealized system. 


5. Solving the equations and interpreting the results. 


THE SIMPLEST IDEAL SYSTEM consists of a single mass, single 
spring, and a dashpot, as shown in Fig. 7-1. The differential equation of 
motion for this system is 
mE + ck + kx = F(t) 
where 
m = the mass. 

k= the spring constant (force per unit deflection). 

c =the damping (frictional) constant (force per unit of veloc- 
ity). (Viscous damping, in which the resisting force is 
proportional to velocity, is assumed.) 

F(t) = any external force, a function of time. 

x =the displacement of the mass from the static equilibrium 

position. 


%, ¥ = derivatives, first and second respectively, of x with respect 
tot. 


Fig. 7-1 


ANY SINGLE-DEGREE-OF-FREEDOM SYSTEM can be described by the same form of differential equation 
as written above, if the restoring force (spring force) is proportional to the displacement and if the frictional 
force is proportional to the velocity. For the general single-degree-of-freedom system we shall write 


mMeX + CeX + kex = F(t) 


where me, ce, ke are respectively the equivalent mass, damping constant, and spring constant. The displacement 


x may be either linear or angular. 
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The forcing function, F(1), may in practive be of any form. For this analysis it is assumed to be sinusoidal: 
F(t) =F, sin wt 
where F, is the amplitude of the externally applied force and w is the frequency. 


FREE VIBRATIONS may occur when, after an initial disturbance, no external forcing function is present, i.e. 
F(t) = 0. The differential equation is simply 


MeX + ceX + kex =0 
The solution of this equation can be written 
x=Ayel! +A,e2* 


where Aes = pete: andi ose aff Vo 
. Xu ~ Ime 2me me 2 ~ Ime am, Me 


and A, and A2 are constants determined by the initial conditions. 
In the special case where (ce/2me)” =ke/me, 81 =52 =s and the solution is x = (4 + Bre *". 


ier 


CRITICAL DAMPING refers to the special case just mentioned for which ( 
2/keme is called the critical value of the damping coefficient. 


If the damping is greater than critical, then the solution of the differential equation for free vibration 
contains no periodic terms. The mass, after an initial disturbance, returns toward the equilibrium position but 
does not oscillate. 


2 ke 
is Sf piibeust a 


DAMPING LESS THAN CRITICAL. This is the oscillatory situation. The solution of the differential equation 
for free vibration can be written in the form 


x =e" sin (wat + h ——7 
(wat+y) where a is 


Wg is the damped frequency of the system. If damping were zero the frequency would be w, = Ss 
le 


which is called the natural frequency. 
The constants ¥ and y are determined by the initial conditions. 


FOR FORCED VIBRATIONS, the solution of the differential equation is that given above for free vibrations 
plus a particular integral. The solution can be written in the form 


x =e~"'¥ sin (wat + y) + Y sin (wt — ¢) 


The first part of the above expression represents the transient vibration; this dies out with time. The second 
part is called the steady state vibration and is the part which is usually of most interest to the engineer. 


Fo 


THE STEADY STATE AMPLITUDE Y is Y = ———————————— _ This can be written 
Vike — mew?) + (Cow)? 


eben 7) 
V0 —?)? + Gere 


where r = c/w, is the frequency ratio, and § = ce/(ce)¢ is the damping ratio. 
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MAGNIFICATION FACTOR M is 
ee ee SO ee 
Fo/k Vi —ry + (én 
M is the ratio of steady state displacement amplitude to the displacement which would be caused by a 
static force equal to Fy. 


THE PHASE ANGLE ¢ can be determined from the following. 


Cow Cew 


tO a= geo es aay 


THE FORCE TRANSMITTED TO THE BASE is the sum of the spring force and the damping force: 


kex + CeX 
Using the previously displayed steady state solution for x it can be shown that the transmitted force has the 
amplitude 
Fae FoVk2 + (Cow)? 
V(ke — mew?? + (Coes)? 


TRANSMISSIBILITY RATIO is the ratio of the amplitude of the transmitted force to the amplitude it would 
have if the mass were bolted to the base (no spring or damper). 
ee eee VK3 + (Cow)? 
Fo V(ke — mews*? + (Cow)? 
___Vv1+@e? 
V(i — 72)? + (2ér)? 


He 


THE FORCING FUNCTION, in the previous discussion, 
was in the form ofa periodic force applied to the moving 
mass. Another important situation is illustrated in Fig. 7-2. 
Here a periodic motion of the base induces motion of 
the mass. The usual design problem in this situation is to 
choose spring and damper such that the amplitude of 
motion of the mass will be small compared to the 
amplitude of motion of the base. 


If z(¢) is taken to be sinusoidal, i.e. 


2(t) =z sin wt 
then the differential equation for motion of the mass is 
MeX + Cok + kex = 2V KF + (Cow)? sin(wt — W) 
where y is a phase angle. 


cos w= sin y= 8 
VB + Cow)?” VIB + (Cow)? 
” The above differential equation, except for the phase angle y, is identical in form with the equation previously 
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discussed. Solution will show that the amplitude of the steady state vibration of the mass is 
zVK3 + (Cow)? 


pfs ae SEs Rd 
Vike — mew? )? + (Cow)? 


TRANSMISSIBILITY RATIO is the ratio of amplitude of the motion of the mass to that of the base. 


of = 5 = Na oe 
©" 2 V ke = mee? ? + (Cow? 


This is identical with the force transmissibility ratio previously discussed. 


SYSTEMS WITH MORE THAN ONE DEGREE OF FREEDOM cannot be described by a single second order 
differential equation. A complete analysis of such a system would, in general, require the simultaneous solution 
of a set of m second order equations, where n is the number of degrees of freedom of the system. However, 
relatively simple practical means are available for deter- 
mining the lowest (or fundamental) frequency of vibra- 
tion. This one piece of information is of great value to 
the design engineer. 

The two-degree-of-freedom system of Fig. 7-3 has 
two modes of vibration. In the first mode the two masses 
will move in phase, reaching maximum displacement 
in the same direction at the same time. In the second 
mode the two masses will be out of phase, reaching 
maximum displacements in opposite directions at the 
same time. Fig. 7-3 


THE ENERGY METHOD for determining the first mode frequency is based on the idea that, neglecting friction, 
the maximum kinetic energy of the system must equal the maximum potential energy. 
Let X, =amplitude of displacement of mass m;, and X2 =amplitude of displacement of mass m2. 
Assume sinusoidal motion of frequency w. 
The maximum kinetic energy of the system will be 
Max. K.E. = 4m, Xt" +4m2X30." 
The maximum potential energy stored in the springs will be 


Max. PE. =$k,X7 +4k2(X2 — X1)* 


Neglecting friction, Max. K.E. = Max. P.E. 
from which w? _hiXt + ha — Xi a ae + k2(X2/X1 — 1? 
= Pes alas ae 
m Xt + m2X2 m, +m2(X2/X1) 


This equation would give us directly the first, or lowest, natural frequency of vibration if we knew the ratio of 
amplitudes X/X,. The practical procedure is to fry a series of values for this ratio. The value which gives the 
lowest result for w is the most nearly correct. 


RESONANCE is variously defined in different textbooks. The term refers generally to operation in the vicinity 
of maximum forced vibration amplitude. Fora frictionless system this means operation at the natural frequency 


wn = Vke/me- 
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With viscous damping and a forcing function of the form F, sin wt applied to the mass, maximum 
amplitude is obtained when the operating frequency w is 


®Wmaxy = nV = 2g 
Notice that this is different from the damped frequency wg. 


oq = enV 1 — & 

In the absence of deliberately built-in damping devices, the factor £ = c,/(ce)¢ is usually small enough 
that Wn, wa and max y are very nearly equal. Hence wp is ordinarily used for engineering estimates. In the 
problems to follow, when resonance is mentioned, it will mean operation at the natural frequency wy. 

For a multi-degree-of-freedom system, resonance will mean operation at any one of the natural frequencies. 


SOLVED PROBLEMS 


1. Write the differential equation for the free vibration of the system 
shown in Fig. 7-4, x being measured from the unstressed spring 
position. 

Solution: 
We first make a freebody sketch of the mass and carefully 
label all forces acting in the x direction. We then apply Newton’s 


second law, setting the sum of the extemal forces equal to the 
product of mass and acceleration. 


ck —kx=mX or =m +ck+kx=0 


Note that the spring force is properly written —kx, because it 
is opposite in sense to x. Likewise, the damping force is written 
—cx because it is opposite in sense to the velocity x. 


2. Write the differential equation for the free vibration of the system 
shown in Fig. 7-5. Neglect the mass of the lever. 


Solution: 


An angular motion is involved. We shall sum moments of 
external forces around pivot O and set this equal to the product 
of angular acceleration and moment of inertia with respect to 
the pivot. 

For a small displacement 6, the spring force is very nearly (0) 
—ka@ and the damping force —ca#. Also, the moment arms for m 
these forces are very nearly equal to a. The moment arm for the ~ead 
weight force is b sin @, which will be approximated as b@. The 
moment of inertia of the mass with respect to the pivot O is 
mb? ; hence | 


—(cad)a — (ka®)a — mg(b0) = mb?5 
or mb?6 + ca*6 + (ka® + mbg)o =0 Fig. 7-5 


3. For the system of Problem 2 determine 
(a) the natural frequency, (b) the damped frequency, (c) cc, the critical value of damping factor c. 
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Solution: 
Comparing the equation written in Problem 2 with the general single-degree-of-freedom equation 
discussed earlier, we have 
x=6,x=6,%=6,m, =mb*, ce =ca*, ke = ka* + mgb 
Hence 


tle [fa* + meb ny ce \? _.[ka? +mgb ca? \? 
@ %n -f=- pt Oa Y (a) eo lng a (Sr 
(6) (ce)e = Cea” = 2 Keme = 2V (Ka? + mgbymb orc, = (2/a* (Ka? + mgh)mb? 


4. Write the differential equation for the system of Fig. 7-6. 
Solution: 

Again we assume small displacements and make the 
same approximations as in Problem 2. We define 6 to be eneiees rot 
measured from the static equilibrium position. This 
means that the spring force must initiallly be large enough 


to balance the effect of the weight. Taking the moments sin wt 
z (forcing 
around pivot O, function) 
. b Pa 
(cab )a + (—kad — = mg)a + mgb + Fob sin cat = mb*6 " 
CF Pellet F a Z 
or mb*@ + ca*6 + ka° 6 = Fob sin wt (—kad —2mg) equilibeium 


position 


Notice that, with @ measured from the static equili- oO 
brium position, the weight force drops out. Although Bo sist 
this system is the same as that of Problems 2 and 3, 
except for the orientation with respect to vertical, the 
behavior is different. For example, the natural frequency 
for this system is Fig. 7-6 


@n = (a/b\Vk/m 


5. A motor is mounted on springs. A small unbalance of the rotor will 
cause vibration when the motor is operating. Analyze this situation 
in order that we may be able to decide upon suitable spring character- 
istics for the mounting. Consider vertical movement only. Refer to 
Fig. 7-7. 

Solution: 
We adopt the following symbols: 


M = total mass of motor. 
me = unbalance of rotor (product of unbalanced mass and 
radius). 
k = spring constant (effect of all springs acting together). 
c = damping constant to account for friction (mostly internal 
frictional effects between parts and within materials, a meo?sin wt 
small value). 


« = motor speed, radians per unit time. 


wt = rotation angle of the unbalanced mass, measured from 
the horizontal. 

x =vertical displacement of the motor, measured from the 

position of static equilibrium. Fig. 7-7 


—ck —kx —Mg 
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The motor as a whole has vertical acceleration ¥. In addition, the unbalanced mass m has the accelera- 
tion —ew.” sin wot in the vertical direction. The external forces are the spring and damping forces plus the 
weight Mg. Then 

—ck — kee — Mg + Mg = M¥ — mews? sin wot 
or MX + cx + kx = +mecs* sin wot 

(Note: Whether the term on the right ee side of the equation comes out with a positive or negative 

sign, and whether it be mew” sin wt or mew* cos wt depends on the reference for the 
rotation angle wt and the sense of rotation w, as well as the assumed positive sense for 
displacement x. If, for example, we had chosen to i aa wt clockwise from the positive 
vertical axis, the forcing function would have been mew cos wt. This would not change 
final results of the analysis.) 

The above differential equation is of the same form as that discussed earlier for the general case. 
However, the amplitude of the forcing function, instead of being a simple constant F, is a function of 
«. We could apply the results listed earlier, but instead will work out the details. 

Assume a steady state solution of the form x = Y sin (wt — ¢). Then 


X=Yuwcos(wt-¢) and ¥=—Yw sin (wt — ¢) 
Substituting into the differential equation, we have 
M{[-Yo.* sin (wt — ¢)] + c¥w cos (wt — 6) + kY sin (wt — 6) = mew? sin wt 
or —MY« (sin wt cos ¢ — cos wt sin ¢) 
+cYw (cos wt cos ¢ + sin wt sin ¢) 
+kY (sin wt cos 6 — cos wt sin ¢) = mew* sin wt 
Equating coefficients of sin wt, —MYw cos ¢ + cYw sin ¢ + kY cos ¢ = mew. 
Equating coefficients of cos wt, MY«2* sing + cY¥w cos 6 — kY sin ¢ =0. 
Simultaneous solution of the last two equations written yields 
meu? k — Mes* ; cw 
= , cosg= , sing= = 
V(k — Mu2?)? + (cw)? Vk = Me?)? + (cw)? Vik — Mw?)? + (cw)? 
Hence the steady state solution of the differential equation is 


meu" 


= sin (ot — 
VE = MP + (cape OF 9) 
We now investigate the force transmitted to the base. This will be the sum of the spring and damping 
forces 


ke +cx or KY sin (wt — ¢) + cYw cos (wt — 6) 
which can be put in the form YVk? + (cw)? sin (wt — ¢ + B) 


where (—$ + 8) is the phase angle between the exciting force mews sin cof and the transmitted force. 
The important thing for our purposes is the amplitude Fg of the transmitted force: 


24/2 2 
Frp = YVEE+ (Gay? = NE + Cop 
V(k — Mas?) + (ew)? 
A better understanding of this is obtained if we put it into dimensionless form as follows. 
Letr= = = Vom and § = = = a , Where wy = natural frequency and ¢, = critical damping 


factor. Then 
Fre -__V!+@ey 
=P + Gere 
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The ratio of the amplitude of the transmitted force to the amplitude of the forcing function is called 
transmissibility ratio. 

The original question posed in this problem was that of deciding upon suitable spring characteristics. 
We wish the transmitted force to be small in comparison to the force which would be transmitted if the 
motor free were bolted directly to the base. This means we wish the quantity 


V1 (Gry? 
FP + Ger? 


to be small compared to unity. Friction will be small, unless we deliberately build a damping device into 
the mounting. Let us estimate £ = 0.05 and solve for r needed to make T.R. = 0.1: 


V1 +4(0.057)2 
0.1 = i =3.40. 
Va =r? + a0.0572 = + a0.057 from which r 


Note: If we had assumed zero friction the result would have been r = 3.41, so for quick estimates in the 
kind of situation described here we might as well ignore friction. 


If ris to be 3.40, w, must be «/3.40; thus /k/M = w/3.40 or k = Mws?/11.56. 


TRS 


Now let us suppose that the motor weighs 170N and operates at 1150 rev/min. Then k must be 


Mos? _(170/9.81\(1150 x 27/60)? 


k= = 
11.56 11.56 


=21.7kN/m 
If we use 4 springs in parallel, each spring constant should be 21.7/4 = 5.44kN/m 


Part of a processing operation requires a Screen Table 
screening table to be reciprocated with an 
amplitude of 0.5mm at a frequency of 6 Hz. 
The table is to have two spring steel supports, 
as shown in Fig. 7-8, each with a spring con- 
stant k defined as the force on the upper end 
of a steel support divided by the correspond- Wig. 76 

ing deflection at that point. Weight of table 

will be approximately 300N. A solenoid 

with a sinusoidal force output, F sin wf, is to be used to drive the device. For what spring constant k 
should the supports be designed? If effective friction is estimated to be equivalent to c = 0.05 ce, what 
peak force Fo must the solenoid provide? 


Solution: 
This is a forced, steady state vibration situation. The amplitude of vibration is 
Fo 

Vike — mews?)? + (Cow)? 
where m, =m, the mass of the table, 

ke = 2k (since there are two springs each having spring constant k), 

Ce =c = 0.05 c, = (0.05)(2)Vkem, 

w = (6)(2m) = 127 rad/s 

Y = 0.5mm the desired amplitude. 


y= 


Examination of the above equation for Y shows that Y is near maximum, for a given F,, at reson- 
ance, i.e. when w equals the natural frequency of the system. Hence we should design so that 


ke =2k=mw? or k=4mu* =4(300/9.81)(127)* = 21.7kN/m 
At resonance, Y = F,/cw. Then the peak solenoid force required is 


Fg = cw¥ = 0.05 cowY = (0.05(2Vkem)wY = (0.05(2V(2)(21,700)(300/9.81))(127)(0.0005) 
=2.17N 
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It is proposed to mount a spin dryer basket as shown in 
Fig. 7-9. Suitable spring and damper characteristics are 
to be selected for the following conditions. 


Total weight of basket plus contents = 200N 


Rotational speed = 400rev/min 
Maximum unbalance assumed =2Nm 
(product of weight and eccentricity) Dryer Basket 


Amplitude of vibration in any direction to be not 
more than 12mm at resonance. 
Solution: Z 
Choose X and Y coordinates as shown in Fig. 7-10. G 
Consider a small deflection x of the basket center. “ae angles between adjacent 
Fig. 7-9 


k 


Spring 1 will stretch, spring 3 will compress, and spring 2 sna nee 

will undergo a negligible change of length. The spring 

forces will be approximately as indicated in Fig. 7-11. 
The net spring force in the X direction is 


F, = —2 cos 30° kx cos 30° = —1.5 kx 

In other words, the effective spring constant in the ¥ 
direction is 1.5k. A similar analysis would yield the same 
value for the effective spring constant in the Y direction. 

If damping forces in the X and Y directions were 
investigated in the same fashion as above for spring forces, 
we would find that the effective damping factor in both 
X and ¥ directions is 1.5c. 

Because all coefficients in the differential equations 
for X and ¥ motions will be alike, we need investigate 
only one equation. 

MX + 1.5ck + 1.Skx = (me)? sin wt 
The displacement amplitude will be 


meu? 


UaATGES Maty + (1 Scat Helis pons 
by analogy with Prob. 5, for which the differential equa- 
tion was identical in form; and the amplitude of the 1k, | = kx cos 30° 
transmitted force will be 
Fig. 7-11 
_ meas?V/(1.5k)? + (1.Sew)? 


F; 
TRY V0 5k — Mat? + (Sew) 
We saw in Prob. 5 that, to keep the transmitted force small, we make the natural frequency low 
compared to the operating frequency which is specified. For a tentative design we shall choose to make 


w/w, = 3. Since in this system the natural frequency is Wp =/1.5K/M, this means that we shall design 
so that 1.5k = w2M = (wo/3)?M or 
2 2 
w"M__ (400 x 27/60)*(200/9.81) _ 
90.5) 9(1.5) = zal ENim 
We now calculate the damping factor ¢ required to limit the displacement amplitude to 12mm at 
resonance. At resonance, 
2 
_ mews; mewn _(0.204)(14.0) 
Y= n “ a ro 
Vor (Sea, ©" 15Y 1.500.012) ~ 19N/Mmls) 

where ¥Y = 12mm, me = (2/9.81) = 0.204kg m, wp, = (2m x 400/60)/3 = 14.0rad/s 

Answer. Design for wy, = w/3: k = 2.65kN/m, c = 159N/(m/s) 


k= 
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In Fig. 7-12, my weighs 40N, mz weighs 80N, k; = 1300N/m, k2 = 1600N/m and k3 = 800N/m. Using 
the energy method, determine the natural frequency of vibration in the first mode, for vertical motion only. 
Solution: 

Let X, and X2 be the amplitudes of the absolute displace- 
ments of masses m, and m2 respectively from the static equili- 
brium position. Let 5; and 52 be the displacements of the 
masses under their own weights, measured from the unstressed 
spring positions. 

Referring to the free body sketches in Fig. 7-13, for static 
equilibrium we have 


—k 15, +k2(62 — 53) +mig=0 
—k2(52 — 51) —k352 +mog=0 


or —1300 5; + 1600(52 —6,)+40=0 Fig. 7-12 
—1600(52 — §;) — 800 52 +80=0 
from which 6; = 0.0509m, 52 = 0.0673m —kBy —ko(So—8,)4 — kade 
The initial spring forces are then: 

Spring No. 1, (1300)(0.0509) = 66.2N 

Spring No. 2, (1600)(0.0673 — 0.0509) = 26.2N 

Spring No. 3, (800)(0.0673) = 53.8N ko( 52-84) 

mB mB 


Upon deflection to distances X; and X2 from static 
equilibrium there will be the following potential energy changes: 

Stored in Spring No. 1, (66.2)X1 +4(1300)X7 Fig. 7-13 
Stored in Spring No. 2, (26.2(X2 — X1) +4(1600)(%2 — X1)* 
Stored in Spring No. 3, (53.8)X2 +4(800)X3 
Change of elevation, m,, 40X; 
Change of elevation, m2, —80X2 

The total potential energy change in moving from the static equilibrium position is then 


P.E. = 650X} + 800(X2 — X1)* +400X3 


Notice that the change-of-elevation terms just cancel the initial-spring-force terms. We might have treated 
the systems as though they were moving in the horizontal plane, without affecting the results. 
The maximum kinetic energy of the moving masses, assuming sinusoidal motion at frequency «, will be 


KE. = 47, Vi +42 V3 = $(40/e)(X1w”) + 4(80/e\( X20) = (20XF + 40X3)0"/g 
Equating K.E. and P.E., we obtain w*= [650X} + 800(X2 — X1)* + 400X3]g 


which can be put in the 


20X7 + 40x} 
soy 2 = WS 8000 /%i — 0? + 4006/41 le 
244(%/Xiy 


The final step is to assume values for the ratio X2/X, and calculate w. The lowest resulting value for 
« is the most nearly correct. (Note: g = 9.81 m/s”). 


Assumed X2/X; Calculated w* ey 
1.6 16.03g 12.54rad/s 
14 15.87g 12.48 rad/s 
12 16.21g 12.61 rad/s 


The answer is very nearly 12.48 rad/s. Notice that the result is not very sensitive to the assumed ratio of 
X2/X;. Usually, a good value to try first is the ratio of static deflections. In this case, 52/5 = 1.32. 

If we had chosen X2/X; = 1.32 we would have obtained a value of w = 12.50rad/s which is very 
close to our previous answer of 12.48rad/s. 


MACHINE VIBRATIONS 99 


SUPPLEMENTARY PROBLEMS 


9. Write the differential equations of motion for the systems in Figures 7-14, 7-15, and 7-16. In each case 
the displacement x is measured from the static equilibrium position. 


is ace kik2 
A Fig. 7-14: ext =F 
ins. Fig. mx + cx (Z 7 2). F(t) 


Fig. 7-15: mx +cx+ (k, +k2)x = F(t) 


Riggioamerert ( 


Fig. 7-14 


10. Write the differential equations of motion for 
the systems in Figures 7-17, 7-18 and 7-19. In 
each case the angular displacement @ is measured 
from the static equilibrium position. Assume 6 
to be small and make appropriate linearizing 
approximations. 
Ans. 
Fig. 7-17: mb?6 + ca*6 + ka* = bFo sin wt 
Fig. 7-18: mb?6 + ca*6 + (ka? + mgb)@ = bFo sin cot 
Fig. 7-19: m(R? +a7)6 + ka?@ =0 


11. What is the natural frequency for each of the 
systems in Figures 7-14 to 7-19? 


. kik 
Ans. Fig. 7-14: ¥———__ 
8 NG than 
Fig. 7-15: 
' y kik Fig. 7-18 
Fig. 7-16: ¥_———_ 
& +k 
Fig. 7-17: 2 ve 
bYm k 


Fig. 7-18: 


Fig. 7-19: 1 : 
hae TS +a°) Rig. Fe 


Mass = m 
Radius of gyration about 
center of gravity = R 
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The differential equation 10% + 9X +810x =0 describes a one-degree-of-freedom system. Units are kg, 
m, s. Determine (a) the natural frequency w,, (b) the damped frequency wq, (c) the damping ratio 
£=c/ee. Ans. (a) wn =91ad/s, (6) wa = 8.989 rad/s (not enough difference to be of concern), § = 0.05 


The differential equation 10X + 200% + 810x = 0 describes a one-degree-of-freedom system. Units are kg, 
m, s. Is this an oscillatory system? Ans. No: ¢/ce = 200/180. Damping is more than critical. 


The equation 2¥ + 12k + 50x = 8 sin 10r describes a one-degree-of-freedom system in forced vibration. 
Units are in kg, m, s. Determine (a) the natural frequency w,, (b) the damped frequency wa, (c) the 
damping ratio £, (d) the amplitude of the steady state vibration. 

Ans. (a) Srad/s, (b) 4rad/s, (c) 0.60, (d) 41.6mm 


An electric motor weighing 100N is to be mounted on four springs. The rotating part of the motor 
weighs 40N and has an eccentricity of 0.25mm. Motor speed is 1200rev/min. It is estimated that the 
damping ratio will be 0.05. Determine the necessary spring constant if the force transmitted to the base 
is to be no more than 20 percent of the centrifugal force due to the unbalance of the rotor. 

Ans. 6.55kN/m or less 


An instrument is to be mounted on a panel subject to vibrations of Smm amplitude at a frequency of 30 
cycles per second. The instrument weighs 10N. What spring constant is necessary for the mounting if the 
amplitude of motion of the instrument is to be not more than 0.5mm? 

Ans, 4.02kN/m or less 


For the system shown in Fig. 7-20 below, k, = k2 =3000N/m and m, =mz = 15kg. Determine the 
natural frequency for the first mode of vibration. Ans. 8.77 rad/s 


For a system like that of Fig. 7-20, m, = m2 = 30kg and ky = k2 =k. The natural frequency in the first 
mode is to be 20rad/s. What value of k is required? Ans. 31.4kN/m 


It is proposed to mount a fan within the cabinet of a piece of cooling equipment as shown schematically 

in Fig. 7-21 below. The fan (with motor) weighs 200N. The cabinet weighs 200N. The springs used for 

isolating the fan from the cabinet have a combined effective constant of 15kN/m. The springs isolating 

the cabinet from the base have a combined effective constant of 30kN/m. The fan operates at 300rev/min. 

Is there any danger of exciting the first mode vibration system? Use the energy method. 

Ans. Natural frequency for first mode is 29.4rad/s. Disturbing frequency is 300rev/min = 31.4rad/s, 
so resonance is likely. 


In an experiment on a simple spring-mass-damper system the frequency of free vibrations was found to 
be 12rad/s. The spring constant and the mass are quite accurately known, from which the natural 
frequency wp was calculated to be 15rad/s. (@) What is the value of the damping ratio £? (b) At what 
frequency should we expect to find maximum amplitude of forced vibration with a forcing function 
Fo sin wt applied to the mass? Ans. (a) £ = 0.6 (b) max y = 7.95 rad/s 


ky 


Boe 
hp 
C=] 


Fig. 7-20 


Critical Speeds of Shafts 


ALL ROTATING SHAFTS, even in the absence of external load, deflect during rotation. The magnitude of 
the deflection depends upon the stiffness of the shaft and its supports, the total mass of shaft and attached 
parts, the unbalance of the mass with respect to the axis of rotation, and the amount of damping in the system. 
The deflection, considered as a function of speed, shows maximum values at so-called critical speeds. For any 
shaft there are an infinite number of critical speeds, but only the lowest (first) and occasionally the second are 
generally of interest to the designer. The others will usually be so high as to be well out of the range of operat- 
ing speeds. 


AT THE FIRST CRITICAL SPEED the shaft will bend to the simplest shape possible. At the second critical 
speed it will bend to the second simplest shape possible, etc. For example, a shaft supported at its ends and 
having two relatively large (compared to shaft) masses attached, will bend to the configurations shown in 
Fig. 8-1(a) and Fig. 8-1(b) at the first and second critical speeds, respectively. 


™o 
bane | 
Sy ys : 
o 
m mo 


Fig. 8-1(c) Fig. 8-1 () 


THE NATURAL FREQUENCY of the shaft in bending is very nearly the same as the critical speed, and is 
usually taken as being the same thing. There is a difference, usually quite small, due to the gyroscopic action 
of the masses. 


FOR A SHAFT WITH SINGLE ATTACHED MASS (Fig. 8-2 and 8-3), if the shaft mass 
is small compared to the attached mass, the first critical speed can be calculated approxi- 
mately as 


| we = Vim 


Fig. 8-2(a) Fig. 8-2(b) Fig. 8-3 
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where m is the mass and k is the shaft spring constant (force required for one unit deflection at the mass 
location). This relation is independent of shaft inclination (horizontal, vertical, or intermediate). Symbol X in 
Fig. 8-2 represents the shaft deflection, during rotation, at the mass location. Also 


ee = Va/6 


where 6 is the static deflection (deflection, at the mass location, which would be caused by a force mg = W), 
and g is the gravitational constant (9.81 m/s’). 


FOR A SHAFT OF CONSTANT CROSS SECTION, simply supported at the ends, with no mass involved 
other than that of the shaft itself, the first critical speed is very nearly 


exe ae 
wai | (pees) 


where 6(max) is the maximum static deflection caused by a uniformly distributed load equal to the weight 
of the shaft. 


FOR A SHAFT OF NEGLIGIBLE MASS CARRYING SEVERAL CONCENTRATED MASSES, (see Fig. 8-4), 
the first critical speed is approximately 


gf S1ZWndn 


igh-Rit ti 
TSw,52 Rayleigh-Ritz Equation 


le 


where W,, = weight of n'™ mass, 


5, = static deflection at the n‘" mass, 
7 = total number of masses. 


Fig. 8-5 


This same equation can be used for estimating the first critical speed of a shaft with distributed mass. 
Refer to Fig. 8-5 above. Break the distributed mass into a number of pieces, m,, m2, m3, etc. Treat the mass 
of each piece as though concentrated at its center of gravity. The number of subdivisions to use is a matter to 
be learned by experience, but it will be found that good accuracy is obtained with rather crude approximations. 


THE DUNKERLEY EQUATION, another approximation for the first critical speed of a multimass system, is 
i, 

3 =—z+-—z+-zt.... Dunkerley Equation 

ie WY 


where 4, is the first critical speed of the multimass system. «, is the critical speed which would exist if only 
mass No. | were present, «2 the critical speed with only mass No. 2, etc. 

It is important to keep in mind that both the Rayleigh-Ritz and the Dunkerley equations are approxima- 
tions to the first natural frequency of vibration, which is assumed to be nearly equal to the critical speed of 
rotation. In general, the Rayleigh-Ritz equation overestimates and the Dunkerley equation underestimates the 
natural frequency. 
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HIGHER CRITICAL SPEEDS for multimass systems require much more extensive calculation than is necessary 
for the determination of the lowest (first) critical speed. Several different methods have been developed. Here 
we shall give the equation for a two-mass system only: 


1 1 
Gt Guim + az2m2) y+ (Gi 1a22 — a12021)mym2 =0 


This is a bi-quadratic equation having the positive roots 1/c2, and 1/w2, where w; and w2 are the first and 
second critical speeds (or natural frequencies of vibration). The two masses are m, and mp. 

The constants a are influence coefficients. a; is the deflection at the location of mass No. 1 that would 
be caused by a unit load at the location of mass No. 2, a, is the deflection at No. 1 caused by unit load at 
No. 1, etc. Maxwell’s reciprocity theorem states that a; 2 = a21. 


FOR ANY MULTIMASS SYSTEM the frequency equation is obtained by setting the following determinant 
equal to zero. 


1 
(eum = 4 (@:2m2) (ai3m3) 
1 
(@z1m1) 422m — =) (a23m3) 
1 
(a31m1) (a32m2) (ess -=) 


SOLVED PROBLEMS 


1. The shaft shown in Fig. 8-6 has attached to it a 
gear m, weighing 220N and a flywheel m2 
weighing 440N. Static deflections 5, and 52 
have been found to be 0.03mm and 0.008mm 
respectively. Determine the first critical speed, 
ignoring the mass of the shaft itself. 


Solution: Fig. 8-6 


© W6 = (220)(0.03 x 10-7) + 440(0.008 x 1073) = 1.012 x 10°-7Nm 
© W6* = (220)(0.03 x 10)? + 440(0.008 x 10~°)? = 2.262 x 10-7 N m? 


_ le 2 W5_ [ssi x 1.012 x 107? _ £ ' 
We > Ws? ea eOSe 662.5 rad/s = 6327 rev/min. 


2. Derive the equation «,=/g/é5 for the critical speed of a shaft carrying a single concentrated mass. Refer 
to Fig. 8-7. 


Solution: 


We neglect the small tilting of the mass, ignore frictional effects, and presume some small eccentricity 
e of the mass center of gravity with respect to the shaft center. Then, 


KX = m(X + ee” 
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where KX is the spring force which the shaft exerts on the 
mass, k being the local spring constant for the shaft, ie. the 
force required at the location of m to give the shaft one unit 
of deflection here. (X +e)” is the acceleration of the center 
of gravity of the mass. Solving for X, the shaft deflection at 
m, 
X(k — mes?) = mew? or X= mew? /(k — mw?) 

We see that, under the assumptions made, the deflection ¥ 
becomes very large when k = mu)”. Hence the critical speed is 
w, = Vk/m. But m = W/g; then k/m = kg/W = g/8. (By defin- 
ition, the static deflection 5 is the deflection which would be 
caused bya force equal to W; hence W/k = 5.) Thus w, =/g/6. 


Fig. 8-7 


= WS 
Derive the equation w, See for the first critical 


speed of a shaft with several concentrated masses. Refer F, 
to Fig. 8-8. 
y— 

Solution: ay 

We picture the shaft in free lateral vibration at the 
fundamental frequency w (first mode vibration) and 
reason that the maximum potential energy stored in the 
shaft must equal the maximum kinetic energy of the Fe 
moving masses. ie 

Max. K.E.=4,V} +4m2V3+... as 

The motion of the masses will be sinusoidal. Hence the Xp 
maximum velocity for any mass will be X,c., where X, Fig. 8-8 
is the amplitude of displacement of that mass. Therefore, 


Max. K.E. = 4m (Xj w)* + $m2(X2w)* +...=40 DmnX2 


The maximum potential energy stored in the shaft is equal to the work necessary to deflect the shaft 
to the shape defined by the amplitudes X, , X2, etc. Hence, 


Max. PE. = 4k, X7 +4k2X3 +...=4 2D knX3 


where each k is a “spring constant” whose definition can be explained as follows. Let F), F2, F3, etc., 
be those forces which, if acting simultaneously at locations 1, 2, 3, etc., respectively, would result in the 
deflections X,, X2, X3, etc. Now, the shape of the shaft deflection curve depends on these forces, not 
on how they were built up. We might for example assume F, to have been applied first, then F'3, then 
F,, ..., in any arbitrary fashion. We choose to assume that the forces were built up simultaneously 
from zero in a linear relation to the deflections at the force locations. See the force-deflection diagrams 
in Fig. 8-8. The work done at each force location is represented by the shaded area under the straight 
line of slope k. 


DknXn 

=m,X2" 

We now assume that the shape to which the shaft bends during vibration is the same as the static deflec- 
tion curve, i.e. we assume X; = C5; , X2 = C52, etc. Actually we know this to be incorrect, but it gives a 
reasonable approximation. Then 


Equating maximum kinetic and potential energies, we obtain w* = 


2 _ 2 knbn _g = Wndn 


205 Siagee DW, oe 


since my, = W,/g and kn5n = Wn. 


Assuming the naturalf requency of lateral vibration to equal the critical speed of rotation w, and dropping 


the n subscripts for simplicity, we have finally w, afam. 
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The two masses, m, and mz, attached to the shaft of Fig. 8-9 
weigh 625N and 270N respectively. Through a deflection analysis 
the influence coefficients for the shaft have been found to be ms 


ayy = 1.142 x 107® m/N 
22 = 6.853 x 107 ® m/N 
12 =a21 = 2.284 x 10 *m/N 


(Remember that a}, is the deflection at location No. 1 caused by 

a 1N force at that location, a; 2 is the deflection at location No. 1 Fig. 8-9 
caused by a 1N force at location No. 2, etc.) Determine the first 

critical speed, ignoring the mass of the shaft. 


Solutions: 


(a) Using the Dunkerley equation. 
ae ee a 9.81 =" 
de “V5 “Vie *V(625\(1.142 x 10-*) sia stadls 


oe jf eee es 9.81 ‘ie 
mr =H5 "Vian V (2706853 x 10-5) > 728 t20/s 
Total 1 


1 
wt wt wt (1174) * (728) 


DW 

a ee 

= Ws? 
8, = Wyay1 + W2a42 = 625(1.142 x 1078) + 270(2.284 x 10~*) = 1.3304 x 10-5 m 
5 = Wear2 + Wra21 =270(6.853 x 10~*) + 625(2.284 x 10~®) = 3.2778 x 10-*m 


or We =619rad/s 


(6) Using the Rayleigh-Ritz equation. 


W5 ws? 
(1) 625(1.33 x 1075) =8.315 x 107? (2) 8.315 x 107 3(1.33 » 1075) = 1.12 x 1077 
(2) 270(3.28 x 10-5) = 8.850 x 107> (2) 8.850 x 1073(3.28 x 1075) = 2.90 x 1077 
E=1717x 10-7 D=4.02x10-7 


9.81 x 1.717 x1 
oe saa 


The two solutions differ, as is to be expected. The Dunkerley equation underestimates and the 
Rayleigh-Ritz equation overestimates. Hence the true value lies between 619 and 647 rad/s. 


(c) Using the frequency equation. 


1 1 
Gt @im + a22m2) + (@11422 — a1 2421 )mym2 =0 


625 270 
ei 8 “3 2 —6 
(a, 1m, +a22m2)= 1.142 x 10 (S) + 6.853 x 10 (2) 2.6 x 10 
625 x27 
(@4 1099 — 41202 1)mymp =[ (1.142 x 1078(6.853 x 107®) — (2.284 x 1078)?] Sx = 4.58 x 10713 


1 1 
Hence Sir 2651059 = grt 458 x 107! =0, for which the smaller positive root is w, = 644rad/s. 


This is the true value of the critical speed (within reasonable accuracy). Thus for this particular 
example the Rayleigh-Ritz equation is a better approximation than the Dunkerley equation. 
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5. The steel shaft in Fig. 8-10 has two gears weighing 225N and 450N respectively attached as shown. 
Neglecting the mass of the shaft, determine the first critical speed. 


Solution: 


We choose to use the Rayleigh-Ritz equation, w, 5 Most of the labor of computation lies 
in determining the 5’s. We proceed as illustrated by the diagrams in Fig. 8-10 above. 


(1) Assume static loading with forces equal in magnitude to W, and W and so directed that the 


shaft will be bent to the simplest form possible (no reversal of curvature). This gives us the 
loading diagram shown. 


(2) Calculate the bearing reactions, assuming point supports. 
(3) Determine bending moments and sketch the bending moment diagram. 


(4) Find deflections 6; and 52 by any suitable technique. Here we shall use the area-moment 
method. The necessary arithmetic is recorded below. 
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(a) Z,EI= moment of areas A;, A2,A3 around Q 
= (0.25)(0.45)(0.125) + $(0.25)(78.75 — 45) x 0.25) + 4(0.25)(78.75)§ x 0.25 + 0.25) 
5.39N m> 
(6) Z2E1 =4Z El = 2.70N m? 
(c) Z3EI =(0.7/0.5)Z,EI = 7.55N m> 
(d) Z4EI =4(0.25\(78.75)4 x 0.25) = 0.820N m* 
(e) ZsEI =4(0.2(45)3 x 0.2) + (0.25)(45)(0.2 + 0.125) +4(0.25)(78.75 — 45)§ x 0.25 + 0.2) 
+4(0.25)(78.75)4 x 0.25 + 0.45) 
= 11.05N m? 
(f) 5241 =Z2EI — ZgEI = 2.70 — 0.82 = 1.88 
(g) 5,1 = ZsEI — Z3ET = 11.05 — 7.55 = 3.50 


(5) [=nd* | 
re 


0.05)" = 3.068 x 10-7 m*, £ = 200 x 10° N/m? 


(6) 6; =3.50/(3.068 x 10~7 x 200 x 10°) = 5.705 x 10-5m 
52 = 1.88/(3.068 x 10-7 x 200 x 10°) = 3.064 x 1075m 


(7) W168, =225(5.705)10~* = 12.84 x 10-3 W183 = 7.323 x 10-7 
W252 = 450(3.064)10~* = 13.79 x 10-* W263 = 4.225 x 1077 
== 26.63 x 10-> D=11.548 x 1077 


eZ WS _ (9.81 x 26.63 x10-*\"/? 
BA et = 476 rad, 
ee NS we ( 11.548 x 10-7 ) asl 
Determine both the first and second critical speeds for the system of Fig. 8-10. 
Solution: 
1. We shall use the frequency equation 
1 at 
Bt — Grim + a2am2) = + (@1 1022 — 212021 mm =0 


Most of the calculation labor is involved in 
the determination of the influence coeffic- 
ients, 411, 422, 412 =a21. Two deflection 
analyses must be made. 


2. To determine a,; and a2; we apply a 1N 


load at the location of mass No. 1 and solve eu 
for deflections at the locations of masses oy - re 
No. 1 and No.2 respectively (see Fig. 8-11). Boy 1N load 


Similarly, to determine a22 and a;2 we 
apply a 1N load at the location of mass 
No. 2 and solve for deflections at the 
locations of masses No. 2 and No. 1 IN load 
respectively. The arithmetic will not be t S49 
reproduced here. The results are Cy 
ay, =1.521 x 10-7 m/N 
412 =a21 = 5.093 x 10-* m/N 2) 
22 = 4.244 x 10” * m/N Fig. 8-11 
Bie: 
9.81 


(1.521 x 1077 x 225 + 4.244 x 107® x 450) = 5.435 x 10-© 


(@y 1022 — a1 2021)mymp = [(1.521 x 1077 x 4.244 x 1078) — (5.093 x 107 *)7] air 


= 4,062 x 107 '? 


3. aj1m, +a22m2 = 


108 
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i 
4, Hence — ~ (5.435 x 10-*) 5 +4,062 x 10-1? = 0 having positive roots we, 
= 469 and we, = 1057 rad/s 


The bearing supports for the shaft shown in Fig. 
8-12 have flexibility equivalent to a spring constant 
k of 44MN/m in any direction perpendicular to 
the shaft axis. Due to bending, the shaft itself has 
a deflection 5, of 0.046mm under the 1350N 
load. What effect does the flexibility of the sup- 
ports have on the critical speed? 


Solution: 
1. If the supports were completely rigid, the critical 
speed would be 
we = Vg/5y = V9.81/0.046 x 10> = 462rad/s 


2. The flexibility of the supports increases the 
deflection at the load, measured with respect to 
the unloaded shaft centerline. To calculate the HERON Ry=450N 
critical speed we should use Fig. 8-12 


We = VEl(55 + 5s) 
V1 =Ri/k = 450/(44 x 10°) = 1.02 x 10-* m, 5s = 91 + (2 — 91) 


W =1350N 


\ 


plies 
hth 


= 1.02 x 10-* +1.02 x 10-* (3) =1.7x10-5m 


¥2 =R2/k =900/(44 x 10°) = 2.04 x 107 5m, 55 + 5s =(4.6 + 1.7)10-* =6.3 x 10-5m 
Then w, = V9.81/(6.3 x 10-5) = 39S rad/s. The flexibility of the supports reduces the critical speed by 


(a — #3) 100% = 15% 
462 - 


Derive the frequency equation 


1 1 
wt Guam, + a22m2) + (G1 1422 — 412021 mim = 0 


for a two-mass system. 


Solution: 


1. Refer to Fig. 8-13. Consider the shaft rotating and deflec- 
ted by the centrifugal forces m,y,w* and m2y2wW* on 
the two masses. 


my1@7 
Yi =aymMy1w +ay2m2y20", Ss 
V2 =ar2m2y20" +arimiyi0" 
2. Rearrange the above equations, collecting coefficients of y; and y2, and dividing through by w*. 
(11m, — 1/1 + (@12™2)y, =0, (az1my)y1 + (@22m2 — 1/eo*)y2 = 0 
3. Solving for y;/y2 in both equations, 


Yi___412m2 vie 1a” —ar2m2 
Yr Mo*—ayim" 2 424m, 


10. 
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Aes? — 
Then es = Meee erat , which can be rearranged into the form 
1feo* —ayim @21m, 


1 
—a— (iim +az2m2) +a 1422 — 412421 )mym2 =0 


4. We might more simply have said that, in order that the two equations as written in (2) be satisfied, 
the determinant of the coefficients of y; and y2 must vanish. 


@i1m, — 1/2”) (@i2m2) 


(21m) (@22m2 — 1/w*) 

5. To develop the frequency equation with more masses, we could follow exactly the same procedure, 
writing one equation for the deflection at each mass. In order that the set of equations be satisfied, 
the determinant of the coefficients of the y’s must vanish. 

Derive the Dunkerley equation for a two-mass system. 

Solution: 

1. We start with the frequency equation derived in Problem 8: 


1 1 
7S So (@im +a22m2) arta 1422 — @12@21)mim2 =0 
2. In any equation of the form x? + bx +c =0, the sum of the roots is —b: x +x2 =—b. Hence in our 
frequency equation 
(lJeo2, + 1/eo2,) = an1m +222 
where w,, and we, are the first and second critical speeds, respectively. 


3. We, is larger than we, , usually appreciably larger. Then I/we, will generally be much larger than 
Iu, . Therefore, approximately, 1/we, =a11m +422. 

4, Now, a1 171 =a11W4/g; and a1; W; = 511, the static deflection at mass No. 1 caused by W acting 
alone. Hence a; mm, =611/g= 1/co}, where w, =critical speed that would exist if only mass No. 1 
were present. Similarly, 2.2m = 1/w3. 

5. Thus 1/ww2, = 1/eo} + 1/023, approximately, the Dunkerley equation. 

6. We can now see the reason for a previous statement to the effect that the Dunkerley equation under- 
estimates the critical speed. The Dunkerley equation assumes 1/w2, =a,,m, +a22™m2, whereas 
actually I/we, =ay1m, +a22m2 — I/we, - 


A bare steel shaft of diameter D shows a first critical speed of 1200rev/min. If the shaft were bored to 
make it hollow, with an inside diameter of 3D, what would be the critical speed? 


Solution: 


1. w2 is proportional to 1/5; then wep /caes = 5s/5n, where wep is the critical speed of the hollow shaft 
and wes that of the solid shaft, 5, the static deflection of the solid shaft and 6, that of the hollow 
shaft (both measured at the same location). 

2. Boring out the shaft reduces both the weight and stiffness, thus affecting the deflection in two ways. 

2 2 
The weight is reduced in the ratio Wn pveHGbe ae e 
W, D 16 


The moment of inertia / of the cross section is reduced in the ratio ne = —— . 
s 
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3. Since 5 is proportional to W//, then 5,/5, = (16/7)(175/256) = 1.562 and 
ch = WesV55/5n = 1200/1.562 = 1500rev/min 


The reduction of mass tends to raise the critical speed, while the reduction of stiffness tends to 
lower it. The mass is reduced more than the stiffness; hence the net effect is to raise the critical speed. 


SUPPLEMENTARY PROBLEMS 


11. A shaft simply supported on two bearings 500mm apart carries a 37kg flywheel 175mm to the right of 
the left bearing. The static deflection curve shows the following: 


[Distance from left bearing, mm 
Deflection, um 


so | 0 | 


Estimate the critical speed. Ams. 2400rev/min approximately 


12. A steel shaft 1m long is simply supported at the ends and has diameter 76.2mm over the middle 500mm 
of length. The remainder of the shaft is 63.5mm in diameter. Masses weighing 1.335KkN each are attached 
at the two locations where the diameter changes. Neglecting shaft mass and using the Rayleigh-Ritz 
equation, estimate the first critical speed. Ams. 5; =52 =1.07 x 10-*m, @e = 303 rad/s 


13. Determine the critical speed for the steel shaft shown in Fig. 8-14 below. Neglect shaft mass. 
Ans. 1910rev/min 


14. The shaft shown in Fig. 8-15 below is to be made of stainless steel (E = 175GPa). Determine a safe 
diameter to insure that the first critical speed be no less than 3600rev/min. Ans. d=48.3mm 


Fig. 8-14 Fig. 8-15 


15. For the steel shaft shown in Fig. 8-16 below estimate the first critical speed using the Dunkerley equation. 
Ans. 1750rev/min 


16. For the shaft of Fig. 8-10 of Problem 5, determine the first critical speed by the Dunkerley equation. 
Ans. 4100rev/min 


17. Determine the critical speed of the steel shaft shown in Fig. 8-17 below. Ans. 1440rev/min 


Fig. 8-16 


18. 


19. 


21. 


22. 


yah 


25; 
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The steel shaft shown in Fig. 8-18 below is to be designed for a critical speed not less than 1800 rev/min. 
Determine the smaller diameter d needed. Ams. 50mm 


A shaft (bare) has a critical speed of 800rev/min. If the shaft diameter were doubled, what would be the 
critical speed? Ans. 1600rev/min 


A shaft carries two equal concentrated masses in locations 1 and 2 on the shaft. With only mass | present, 
the static deflections at 1 and 2 are 0.2mm and 0.18mm respectively. With only mass 2 present the static 
deflections at 1 and 2 are 0.18mm and 0.25mm respectively. Estimate the first critical speed for the 
two-mass system. Ans. 1410rev/min (Dunkerley), 1483 rev/min (Rayleigh-Ritz) 


For the shaft described in Problem 20 determine the first and second critical speeds by the frequency 
equation (Note: my =m = m, a; =0.20/mg, a2 = 0.18/mg =a12,a22 = 0.25/mg. 
Ans. 1483 rev/min, 4540rev/min 


Determine the first and second critical speeds for the steel shaft shown in Fig. 8-19 below. 
Ans. 290rad/s, 576rad/s. 


125 
250 500. et 
900N 
360N 


Fig. 8-19 


Estimate the first critical speed of the steel shaft in Fig. 8-19 above by means of the Dunkerley equation. 
Ans. 259 rad/s 


It has been determined for the shaft shown in 

Fig. 8-20 that the static deflections due to shaft 

bending are 5, =0.02mm, 62 =0.08mm, 

53 =0.03mm. The bearing supports have a 

flexibility in the vertical direction equivalent to 

a spring constant k = 35MN/m. In the horizontal 

direction the supports are essentially rigid. 

Investigate the first mode critical speed (or 

speeds). 

Ans. We should expect two first mode critical 
speeds, one at which vertical deflections 
will tend to be large and the other at 
which horizontal deflections will tend 
to be large. Our estimates for these, Fig. 8-20 
based on the Rayleigh-Ritz equation, 
are 356rad/s and 418rad/s respectively. 


(a) Determine the first critical speed for the steel shaft shown in Fig. 8-21. 
Suggestion: Consider the mass of each 250mm length of shaft as though concentrated at the center 
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of gravity of that 250mm section. 
(Use the Rayleigh-Ritz equation for your 
estimate.) 

(b) For the same shaft make a cruder approxi- 
mation. Treat as a 3-mass system, taking 
the mass of each 75mm diameter section 
to be concentrated at the center of gravity 
of that section, and the mass of the 150mm Fig. 8-21 
diameter section to be concentrated at the 
center of that section. 

Ans. (a) 209rad/s (using E = 200GPa and specific weight of steel = 76.8kN/m>) 
(b) Same as for (a) within reasonable accuracy. 

Discussion: Actually we should expect (6) to give a slightly lower answer than (a), but 
the difference was less than could be attributed to differences in arithmetic. 
This illustrates a statement made earlier to the effect that distributed masses 
can be replaced by a rather crudely approximating system of concentrated 
masses for the purpose of estimating first mode critical speeds. For estimat- 
ing higher critical speeds it is necessary to use closer approximations. 


26. For an example of shaft design in which critical speed is one of the criteria, see Chapter 9, Problem 12. 


27. Estimate the critical speed of the air-compres- 
sor shown in Fig. 8-22. Each of the four rotors 
weighs 360N (including 4 the shaft weight). 
The steel shaft is hollow, 150mm O.D. and 
140mm LD. Neglect stiffening effect of rotors. 
Discussion: The shaft is relatively stiff (large /) 
but of small cross section area. The 
shaft length is only 5 times the O.D. 
These conditions may make the 
shear deflection of some importance 
in the calculation. 

Ans. (a) Ignoring the shear deflection and 
using the Rayleigh-Ritz equation, 
@e = 1230rad/s. 

(6) Including the shear deflection added 
to the bending deflection and using 
the Rayleigh-Ritz equation, w,.= 
1100rad/s. 


Power Transmission Shafting 


SHAFT DESIGN consists primarily of the determination of the correct shaft diameter to ensure satisfactory 
strength and rigidity when the shaft is transmitting power under various operating and loading conditions. 
Shafts are usually circular in cross section, and may be either hollow or solid. 


DESIGN OF SHAFTS of ductile materials, based on strength, is controlled by the maximum shear theory. The 
following presentation is based on shafts of ductile material and circular cross section. Shafts of brittle material 
would be designed on the basis of the maximum normal stress theory. Shafting is usually subjected to torsion, 
bending and axial loads. For torsional loads, the torsional stress Tx y is 


Ty =Myr/J = 16M;/nd° for solid shafts 

Txy = 16Mydo/n(d3 — d?) for hollow shafts 
For bending loads, the bending stress s, (tension or compression) is 

Sp =Mpr/I = 32Mp/nd* _ for solid shafts 

Sp = 32Mpdo/n(d3 —d?) for hollow shafts 
For axial loads, the tensile or compressive stress Sq is 

Sq =4F,/nd? — for solid shafts 

Sq = 4Fq/n(dz —d?) for hollow shafts 


The ASME Code equation for a hollow shaft combines torsion, bending, and axial loads by applying the 
maximum shear equation modified by introducing shock, fatigue, and column factors as follows: 


“do(1 + K?) |? 
en |e = | ia 


For a solid shaft having little or no axial loading, the Code equation reduces to 


a = 2 Kin + RMP 


where, at the section under consideration, 


Tx y = torsional shear stress, N/m? dg = shaft outside diameter, m 
M, = torsional moment, Nm d; = shaft inside diameter, m 
My, = bending moment, Nm Fq = axial load, N 

K=di/do 


Ky = combined shock and fatigue factor applied to bending moment 
K, = combined shock and fatigue factor applied to torsional moment 
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For stationary shafts: Ky Kr 
Load gradually applied 10 1.0 
Load suddenly applied 1.5 to2.0 1.5 to 2.0 
For rotating shafts: 
Load gradually applied 1.5 1.0 
Load suddenly applied (minor shock) 1.5 to 2.0 1.0 to 1.5 
Load suddenly applied (heavy shock) 2.0 to 3.0 1.5 to 3.0 


Sp = bending stress (tension or compression), N/m? 

Sq = axial stress (tension or compression), N/m? 

ASME Code states for commercial steel shafting 

55(allowable) = 8000 psi for shaft without keyway (55 MN/m?) 

5,(allowable) = 6000 psi for shaft with keyway (40MN/m?) 

ASME Code states for steel purchased under definite specifications 

5,(allowable) = 30% of the elastic limit but not over 18% of the ultimate strength in tension for shafts 
without keyways. These values are to be reduced by 25% if keyways are present. 


a=column-action factor. The column-action factor is unity for a tensile load. For a compression load, a 
may be computed by: 


1 


=———__—_— 115 
Teco ee 
=» (4)? 

a #;(4) for L/k>115 


n= 1 for hinged ends 
n= 2.25 for fixed ends 
n= 1.6 for ends partly restrained, as in bearings 
k = radius of gyration =.///A,m 
7 = rectangular moment of inertia, m* 
A = cross section area of shaft, m? 
Sy = yield stress in compression, N/m? 


DESIGN OF SHAFTS FOR TORSIONAL RIGIDITY is based on the permissible angle of twist. The amount 
of twist permissible depends on the particular application, and varies about 0.3 deg/m for machine tool shafts 
to about 3 deg/m for line shafting. 


0 =584M,L/G(ds — d? ) fora hollow circular shaft 
@ = 584M,L/Gd* for a solid circular shaft 
where 


6 = angle of twist, deg 
L = length of shaft, m 
M; = torsional moment, N m 
G = torsional modulus of elasticity, N/m 
d= shaft diameter, m 
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DESIGN OF SHAFTS FOR LATERAL RIGIDITY is based on the permissible lateral deflection for proper 
bearing operation, accurate machine tool performance, satisfactory gear tooth action, shaft alignment, and 
other similar requirements. The amount of deflection may be determined by two successive integrations of 


@? y/dx? = Mp/EI 
where 
My, = bending moment, Nm 
E = modulus of elasticity, N/m? 
J = rectangular moment of inertia, m* 


If the shaft is of variable cross section, a graphical solution of the above expression is practical. (See 
Chapter 5.) 


STANDARD SIZES OF SHAFTING should always be used where possible. These sizes vary according to 
material specification and supplier. Typical sizes for solid shafts are: 
upto 25mm in 0.5mm increments 
25 to SOmmin 1 mm increments 
50 to 100mmin 2 mm increments 
100 to 200mmin 5 mm increments. 


BENDING AND TORSIONAL MOMENTS are the main factors influencing shaft design. One of the first steps 
in shaft design is to draw the bending moment diagram for the loaded shaft or the combined bending moment 
diagram if the loads acting on the shaft are in more than one axial plane. From the bending moment diagram, 
the points of critical bending stress can be determined. 

The torsional moment acting on the shaft can be determined from 


M, _ KW x 1000 x 60 _ 9550 x kW 
e 2nrev/min rev/min 


For a belt drive, the torque is found from 
M, =(T; — T2)RNm 
where 
T, = tight side of belt on pulley, N 
T> = loose side of belt on pulley, N 
R = radius of pulley, m 
For a gear drive, the torque is found from 
M,=F;R 
where 


F, = tangential force at the pitch radius, N 
R = pitch radius, m 
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SOLVED PROBLEMS 


1. A 1m length of commercial steel shafting is to transmit 65kW at 3600rev/min through flexible coupling 
from an A.C. motor to a D.C. generator. Determine the required shaft size. 
Solution: 
In this case the shaft has only torsional stress and K; is unity assuming that the load is gradually 
applied. 
S,(allowable) = 40MN/m? assuming shaft has keyway 
3,(allowable) = 16M;/nd? 


1 
40 x 10° = (16 x 65 x 9550/3600) aa ord = 28.0mm. Use 28mm nearest standard size. 
2. A section of commercial shafting 2m long between bearings carries a 1000N pulley at its midpoint, as 
shown in Fig. 9-1 below. The pulley is keyed to the shaft and receives 30kW at 150rev/min which is 
transmitted to a flexible coupling just outside the right bearing. The belt drive is horizontal and the sum 


of the belt tensions is 8000N. Assume K; = Ky = 1.5. Calculate the necessary shaft diameter and deter- 
mine the angle of twist between bearings. G = 80GN/m?. 


T,+T> = 8000N 


T2 


Diagram a Fig. 9-1 
Solution: 
It is first necessary to determine the maximum bending and torsional moments acting on the shaft. 
M,(max) = V500? + 4000? = 4031N m, M,(max) = 30(9550)/150 = 1910N m 


5Ss(allowable) = 40MN/m? for shaft with keyway. Then 


1 


ee z geese 2 2 
a a V(KoMp)* + (KM) rSeaT VS x 4030)2 + (1.5 x 1910); 


from which d = 94.8mm. Use 96mm shaft, nearest standard size. 


~584ML__584x1910x1 9 
8 “Ga ~80x 10° xo.0968 twist 
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Fig. 9-2 shows the forces acting on a steel shaft 

carrying two gears. The gears are keyed at B and 

D. A and C are journal bearing centers. Six kW is 

transmitted at 650rev/min of the shaft. The allow- 

able stress for an unkeyed section is 8MN/m?, 
and Ky =K;=1.5. 

(a) Sketch horizontal, vertical and resultant bend- 
ing moment diagrams. Show values at change 
points. 

(b) Determine the necessary shaft diameter to the 
nearest mm. Indicate the critical section. 

Solution: 

At the bearing C: 

M,(max) = 6(9550)/650 = 88N m 
M;,(max) = 182Nm 
a 16 V5 x 182)? + (1.5 x 88) 
d = 7480 x 108) 10%) (1.5 x 182)? + (1.5 x 88); 
d=26.8mm. Use 27mm. 
Just to the right of gear B: 


M,(max) = 88N m M,(max) = 128N m 
oS 16 V@5 x 128)? +15 x88)? = 
d 740.7580 x 105) (1.5 x 128)? +(1.5 x 88)? and d = 27.04mm. Use 27mm. 
Note: Even though the bending moment at gear B is less than at bearing C, the same size shaft is required 
as a result of the keyway at B. 


A 600mm diameter pulley driven by a horizontal belt transmits power through a solid shaft to a 262mm 
diameter pinion which drives a mating gear. The pulley weighs 1200N to provide some flywheel effect. 
The arrangement of elements, the belt tensions, and the components of the gear reactions on the pinion 
are as indicated in Fig. 9-3 below. Determine the necessary shaft diameter using a suitable value for 
commercial shafting and shock fatigue factors of K, = 2 ani K; = 1.5. 


225. 375 —~-——250. 
1500N 
3000N 
8000N 
Vertical Loading 12708 Sith 
Vertical Moment Sitesi 
Disgrem M,(max) = (T; — T2)(0.3) = (5000 — 1500)(0.3) 
=1050Nm 
Horisnets! teeting sagan Mo(max) = V(I244)? + 026)? = 1551N m 
5,(allowable) = 40MN/m? 
Horizontal Moment . 16 
D ah 2 + (1.5 x 1050)2 
iagram aye (2 x 1551)? +(1.5 x ) 
Resultant Moment ; = 443 x 107 °m? 
Diagram Fig. 9-3 d=76.2mm. Use 76mm diameter shaft. 
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A machine shaft turning at 600rev/min is supported on bearings 750mm apart as shown in Fig. 9-4 
below. Fifteen kW is supplied to the shaft through a 450mm pulley located 250mm to the right of the 
right bearing. The power is transmitted from the shaft through a 200mm spur gear located 250mm to 
the right of the left bearing. The belt drive is at an angle of 60° above the horizontal. The pulley weighs 
800N to provide some flywheel effect. The ratio of the belt tensions is 3:1. The gear has a 20° tooth 
form and mates with another gear located directly above the shaft. If the shaft material selected has an 
ultimate strength of SOOMN/m? anda yield point of 310MN/m? determine the necessary diameter using 
Ky =1.5 and Ky = 1.0. 


1837N 


Solution: 
M, = 15(9550)/600 = 239N m 
From (7; — T;)(0.225) = 239 and T; = 372 we have 
Tz = 531N, T; = 1590N (T; + Tz) = 2121N 
(0.1)F; = 239, F; = 2390N, Fs = 2390 tan 20° = 870N 
18% x 500 = 90MN/m?, 30% x 310 = 93MN/m?, s,(allowable) = 75% x 90 = 67.5 N/m? 


Mp(max) = 2322 +3102 = 387N m 


d= aeccerd V(L.S x 387)? + 2392 or d=36.2mm. Use 37mm shaft. 


A hollow shaft, 500mm outside diameter and 300mm inside diameter, is supported by two bearings 6m 
apart. The shaft is driven by a flexible coupling at one end and drives a ship’s propeller at 100rev/min. 
The maximum thrust on the propeller is SOOKN when the shaft is transmitting 6000kW. The shaft weighs 
60KN. Determine the maximum shear stress in the shaft considering the weight of the shaft and the 
column effect. Assume K, = 1.5 and K; = 1.0. 


Solution: 
Mp(max) = WL/8 = (60,000)(6)/8 = 45,000N m 
M,(max) = 6000(9550)/100 = 573,000N m 
T= n(0.5* — 0.3*)/64 = 2.67 x 10-3 m*, 4 = 1(0.5? — 0.3?)/4 = 0.126m? 
k = VITA =/2.67 x 10-3/0.126 = 0.146m, L/k = 6/0.146 = 41.1 which is < 115. Then 


a 
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= 1 = 
~ 1—0.0044(41.1) 


a 1.22 


dg = 0.5m, d; = 0.3m, and K = dj/do = 0.3/0.5 = 0.6 


16 


do(1 +K? 


8s = Ta —K) [om 8 


) 2 
| + (KM)? 


16 
OS C=Oe aay [os x 45,000) + 


A shaft 1.2m long receives 1000N m torque 
from a pulley located at the center of the shaft, 
as shown in Fig. 9-5. A gear at the left end of 
the shaft transmits 600N m of this torque from 
the shaft while the remainder is transmitted 
through a gear located at the right end of the 
shaft. Calculate the angular deflection of the 
left end of the shaft with respect to the right 
end of the shaft if the shaft is SOmm in diameter 
and is made of steel. Neglect the effect of the 
keyways in the calculation. 

Solution: 

The angular deflection of one end of the 
shaft with respect to the other is the difference 
of the anular deflection of the ends with respect 
to the center. 


_584(600}(0.6) _ 584(400)(0.6) _584(0.6)(600 — 400) _ 


1.22 x 500,000 x 0.5(1 + 0.67 
8 


2 
d] +(1 x 573,000)? = 27.4MN/m2 


Power out 
Power out 


L. 600 —— 600 


0.140° 


gisea=— Gx Ga 


~ (80 x 10°)(0.05)* 


Twentyfour kW is supplied to the 750mm sprocket by means of a chain drive as shown in Fig. 9-6. 
Sixteen kW is taken off at the 600mm pulley which weighs 4000N and 8kW is taken off at the 1200mm 
crank. The force in the chain on the tight side is represented by T,. The tension in the slack side is so 
small that it can be neglected. The ratio of the tensions in the belt is 4:1. The shaft is rotating at 300 rev/min. 
The loads are applied with moderate shock, K, = 2 and K; = 1.5. Determine the size of shaft necessary if 
ss(allowable) = 55MN/m?. It is assumed that the sprocket and pulley are keyed to the shaft. 


9750 Sprocker 


Vertical Moment Diagram 


Horizontal Loads J 
2040N 


Horizontal Moment Diagram 


Fig. 9-6 
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From (7; — T2)(0.3) = 509 and T; = 472 we have T; = 2260N, T2 = 566N and (T; + T2) = 2830N 
F, =1280N 

M,(sprocket) = 24 x 9550/300 = 764N m, M,(pulley) = 2M(crank) = 509N m, M,(crank) = 255N m 

My, (max) = 3992 + 2192 = 455N mat pulley, M,(max) = 764N m at pulley. 

B= RM EM ee ORE HS TOF 
7s,(0.75) m(55 x 10°)(0.75) 
= 181 x 10-®m> 

from which d = 56.5mm. Use 58mm shaft. 


Determine the diameter below which the angle of twist of a shaft, and not the maximum stress, is the 
controlling factor in design of a solid shaft in torsion. The allowable shear stress is SSMN/m? and the 
maximum allowable twist is 0.3deg/m. (Consider a shaft with no key). G = 80GN/m? 
Solution: 
s,(allowable) = 16M;/nd°, (allowable) = 584M;L/Gd’*. 

M, =0d*G/S84L moment that can be transmitted in allowable twist. 

M, = send? | 16 moment that can be transmitted in allowable stress. 
6d*G asst? | , (0:3Ka* (80 x10°) 55x 10°nd? 


aise sear tere 584 ashe 


from which d = 263mm 


Shafts AB and CD are connected by spur gears as shown in Fig. 9-7. 
A couple applied at A stresses the shaft AB to SSMN/m?. Determine 
the diameter of the shaft CD if the shearing stress therein must not 
exceed S5MN/m?. Neglect keyways and any bending action. 
G=80GN/m?. 


Solution: 
M; on shaft CD is 3 times M; on shaft AB. 
Let diameter of shaft AB = d,, of shaft CD =d,. Then 
send} /16 = ssnd3/(16 x 3) 


and, since dy = 50mm, the required diameter d, = 72mm 


In order to reduce the weight of the control and power plant facilities used in a certain aircraft, it is 
planned to use all hollow shafting for power transmission. Develop an expression to determine the 
percent weight savings that may be effected through the use of hollow shafting in place of equal strength 
solid shafting for such an application. 


Solution: 
For a solid shaft subjected to torsional and bending loads, the shear stress is 


16 
Ss = ae VR +M? 
And for a hollow shaft subjected to torsional and bending loads as above, the shear stress is 
16d, 
Ss Tal _ gh VB . /Mi, 


where M, = bending moment at the critical section, Nm dp = outside diameter of the hollow shaft, m 
M, = torsional moment at the critical section, Nm_ d; = inside diameter of the hollow shaft, m 


12. 
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Since it is assumed that the hollow shafting will be of equal strength to that of the solid shafting, we 
may equate the right sides of the two above equations and obtain 


16 ——16do : d\?_ (a \* 
ae naa — df) from which (J) 1— () a 
From a weight consideration, the hollow shafting will be lighter than the solid shafting by a factor 


of (1 — N/100), where N is the percent weight savings to be effected through the use of hollow vs solid 
shafting. Then 


~ 100 


~ 100) 4 


i@ ~d?)LN= ( auf ) 2#1n or (2) @-d?)= ( ws ae 


where JL =length of shafting, m 
2 = specific weight of shafting material, N/m? 
Substituting the value of d; from (/) into (2) and solving for N, we obtain 


N= [1 —(o/d)’ + V@./d)* — do/d] 100 


The shaft shown in Fig. 9-8(a) is to be designed 
from the standpoint of strength, critical speed, 
and rigidity. Power is supplied to the pulley P 
by means of a flat belt and power is taken from 
the shaft through spur gear G. The shaft is sup- 
ported by two deep groove ball bearings. 

The following information has been estab- 
lished: 


Power = 7.5kW (steady load conditions) 

Speed of shaft = 900rev/min 

Shaft is to be machined from a hot rolled steel 

(Su = 590MN/m?, sy = 380MN/m”) 

Diameter of pulley = 250mm 

Pitch diameter of the gear = 250mm 

Weight of the pulley = 120N 

Weight of the gear = 120N 

Ratio of belt tensions T/T, = 2.5 

Gear pressure angle = 20° 

The pulley and gear are assembled with press 
fits and keys. Fig. 9-8 

Dimension A = B= C= 150mm 
The belt forces are perpendicular to the paper with the tight side being 7, and the slack side T2. 

The tangential force on the gear is F, and the separating force is F,. F; is perpendicular to the paper. 
The following limitations have been imposed: 

(a) The shaft at the gear shall not deflect more than 0.025mm. 

(b) The slope of the shaft through the bearings shall not exceed 1°. 

(c) The operating speed of the shaft shall not be more than 60% of the lowest critical speed. 


Solution: 


The hub of the gear and of the pulley contribute to the stiffness of the shaft, as well as the inner 
race of each bearing. If a hub is relatively long, its effect is different than if the hub is short. For purposes 
of this problem, half lengths of hubs and inner races of the bearings will be considered effective in 
stiffening the shaft. The effect of the web of the pulley and gear can be neglected in deflection analysis. 
Design will then be based upon the simplified shaft as shown in Fig. 9-8(b). We will first determine the 
required diameter D for strength according to the ASME code. 
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The torque between the pulley and gear is My = (7.5)(9550)/900 = 79.6N m 
The sum of the belt tensions may be determined from 
(7; —T2)(0.125)=79.6 and 7; =2.5T2 
from which T; = 1060N, Tz = 424N and (T; + T2) = 1484N 
The transmitted force F; = 79.6/0.125 = 637N 
The separating force F, = 637 tan 20° = 232N 


From the above information the moment diagrams for vertical and horizontal loadings may be combined 
to obtain the resultant moment diagram as shown in Fig. 9-9 below. 


120N 


: 


1484N 
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The allowable shear stress is determined by: 18% x 590 x 10°= 106MN/m?, 30% x 380 x10° = 
114MN/m?. Use s(allowable) = 106MN/m? 


As seen from Fig. 9-9, the maximum resultant bending occurs at the right bearing: M, = 223N m, 
M;=79.6Nm 


For steady load, K, = 1.5 and K;=1.0. 


oie 16 V@5x223)? #0 x 79.6) = See 
DP = rag To VES PF FT x TGF = 16.5 x 10-6 


from which D = 25.5mm and 2D = 51mm required for strength. 


Next, in order to determine the required diameter for operating below 60% of the first critical speed, 
it is necessary to compute the static deflections at the gear and pulley locations due only to the weights 
of the gear and pulley. It is important to note that in order to obtain the first critical speed, the weight 
of the pulley at the right end of the shaft has to be considered acting upward in order to satisfy the first 
mode of vibration. The shaft with its elastic curve and moment diagram for this purpose is shown in 
Fig. 9-10 below. Note that it is expedient to draw the tangent to the elastic curve at the left end in order 
to employ the area moment method for determining the required deflections. Instead of drawing the 
M/EI diagram for the following deflections, we will simply note that the moment of inertia for the 2D 
section is 16 times the moment of inertia of the D sections. 


Load taken up for first 
critical speed 
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We find A; by taking moments at the right end of the moment diagram, and letting / be the moment 
of inertia of the sections having diameter D. Using calculator and rounding off final results, 


a, = {18X0.150)(0.1) _, (18)(0.150)(0.225) | (18)(0.150)(0.350) _ 0.645 
aie 2EI 16EI 2EI EI 


Az is found by taking moments at the right bearing: 


a, = (18H0-150\0.075) | (18)(0.150(0.2) _ 0.283 
sa 16ET 2EI ey 


As is found by proportion: 
A, = (2450) 4, - (0450) (0.283) _ 0.425 
3 (0.300) “?~ 0.300) \ Er El 
_ 0,645 — 0.425 _ 0.220 
at ees EI 
_ (18)(0.150)(0.05) _ 0.0675 
iy 2EI -— ET 


A3 _ 0.425 _ 0.142 e 
A= oS 
ae 3EI EI (by proportion) 


0.142 —0.0675 0.0745 
Tass — Ae eee kr 
Substituting the values for y; and y2 in the critical speed equation (see Chapter 8) and equating it 
to 1500 rev/min since the operating speed of 900 rev/min is 60% of 1500 rev/min we have 


(9.81)[(120)(0.220) + (120(0.0745)] (ED) _ 
[(120)(0.220) + (120(0.0745)*] (ED? 1.32VEI 


from which VEI = 21.5, E = 200GN/m? so that / = 2.30 x 107? m* 


Now [= 1D*/64 which gives D= 14.7mm for a critical speed of 1500rpm. Note that this is less 
than the required diameter for strength. 

In order to design for the required rigidity it will be necessary to determine the deflection at the 
gear and the slope of the shaft at both the left and right bearings due to vertical and horizontal loadings. 
Fig. 9-11 opposite is based upon the vertical loadings. The elastic curve is sketched and tangents are 
drawn at points A and B. The moment diagram is drawn. In order to facilitate the taking of moments, 
the moment diagram is then drawn by parts, consisting of four triangular and one rectangular sections. 
The moment diagram was drawn by parts by first going from the left reaction across to the right reaction 
and then starting at the right end of the shaft and returning to the right reaction. A, is determined by 
taking moments of sections I, II, III, and IV respectively with respect to the right reaction, noting that 
the moments related to the 2D section of the shaft are divided by 16£/ and that the moment related to 
the D section is divided by E/. Also note that the moment of section III is negative. 


= (17.4)(0.15)(0.05) , (17.4)(0.15(0.075) _(52.8)(0.15 (0.05) , (17.4(0.15)(0.2) _ 0.265 
i (Q)16)ET 16ET ~~ Q)(16)ET 2EI Sas 


2m x 1500/60 -y. 


A, = £174(0.15(0.05) _ 0.0653 
pe CTO CRS 


2ET EI 
A3 =4A, =0.133/EI by proportion 
0.0677 
Vy =A3 — Az = (deflection at gear in vertical plane) 


El 
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133 _ 


0. 
tan 6; = O1sEr 0.887/EI (slope at left bearing in vertical plane) 


Aq is determined by taking moment of sections IV, I, II, and III respectively with respect to the left 
bearing. 


gs (17.40.15)(0.1) , (17.4)(0.15{0.25) | (17.4)(0.15)(0.225) _ (52.8)(0.15)(0.25) _ 0.126 
3 2EI (2)(16)ET 16ET ~ (2) 6)ET EI 


tan 82 = Aq/(0.3) = 0.420/EI (slope at right bearing in vertical plane) 


352N 


Vertical Loads 
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Fig. 9-12 below is based upon horizontal loadings. The elastic curve is sketched and tangents are 
drawn at points A and B. The moment diagram is drawn and divided into sections I, II, III, and IV. A, is 
determined by taking moments of sections II, III, and IV respectively with respect to the right bearing. 


_ (63.3) 0.15)(0.075) , (159}(0.15)(0.05) , (63.3)(0.15)(0.2) _ 1.032 


A 
1 16EI + QI 6)ET ET ET 
1.032 Pr 3 
tan 61 = 03zr~ 3.44/E] (slope at left bearing in horizontal plane) 
_ 63.3)(0.15)(0.1) , (63.3)(0.15)(0.225) , (159)(0.15)(0.25) _ 0.795 
S 2EI 16EI QOL «ET 


Fig. 9-12 
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0.745 
tan 02 = 03ET~ 2.65/EI (slope at right bearing in horizontal plane) 
1a, - 63:3)(0.15\(0.075) | (159(0.15)(0.1) _0.119 
3= 


6ET Q\IOET ET 
0.795 . 
Ag = er 0.398/EI by proportion 
0,398 — 0.119 
Yn = Aq —A3= ea ae 0.279/EI (deflection at gear in horizontal plane) 


The resultant deflection at the gear is equal to the vector sum of the deflections in the vertical and 
horizontal planes. 


1 0.287 
= i 027902 = 
» (gear) 7; V0.06772 + 0.279 


The deflection at the gear is limited to 0.025mm. Then 


0.287 _ Sane 0.287 Soe 
ET 0-025 x10, I= eos o= (200x10°) 94x10 mm, 


required moment of inertia 


mD* 


a =57.4 x 10°, or D=32.9mm, to limit gear deflection to 0.025mm 


The resultant slope at the bearing is equal to the vector sum of the slopes at the vertical and horizontal 
planes. At the left bearing, 


slope = a 0.887? + 3.442 = 3.55/EI which is limited to tan 1° 


Then tan 1° = 0.0175 = 3.55/EI from which 
T= 1.015 x 10~° m* and D = 12.0mm required at left bearing. 
At the right bearing, 


slope = a 2.6492 + 0,420? = 2.68/EI which is less than at left bearing. 


A summary of the above calculations is as follows: 


Deflection at gear 0.0677/ET 0.279/EI 0.287/EI 
Slope at left bearing 0.887/EI 3.44/EI 3.55/EI 
Slope at right bearing 0.420/ET 2.65/EI 2.68/EI 


For strength Based on gear Based on slope Based on 
deflection at bearings critical speed 


26mm 32.9mm 14.7mm 
52mm 65.8mm 29.4mm 
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SUPPLEMENTARY PROBLEMS 


A 600mm pulley driven by a horizontal belt transmits power through a solid steel shaft to a 250mm 

pinion which drives a mating gear. The pulley weighs 1000N to provide some flywheel effect. The 

arrangement of elements, the belt tensions, and the components of the gear reaction on the pinion are as 

shown in Fig. 9-13 below. 

(a) Sketch in order the following: vertical loading, vertical bending moment, horizontal loading, horiz- 
ontal bending moment, and combined bending moment. 

(b) Determine the necessary shaft diameter using ASME stress values for commercial shafting and shock 
and fatigue factors of K, = 2.0 and K; = 1.5. 

Ans. M,(max) = 1050N m, Mp(max) = 1784N m, d=71.2mm 


1500N 


3000N 


250 500 200 SOON S400N 


1000N 
Fig. 9-13 
Power is transmitted to a shaft, supported on bearings 900mm apart, by a belt running on a 450mm 
pulley which overhangs the right bearing by 250mm. Power is transmitted from the shaft by a belt 
running on a 250mm pulley located midway between the bearings. The belt drives are at right angles to 
each other and the belt tensions are 3 to 1 with the total pull on the tight side of either belt being limited 
to 2400N. 
(a) Draw the moment diagrams. 
(b) Determine the necessary size of transmission shafting (ultimate tensile strength 670MN/m?, tensile 
elastic limit 120MN/m?). Assume Ks = 1.5 and K; = 1.0. 
(c) Calculate the torsional deflection in degrees. 
Ans. M,(max) =200N m, Mp(max) = 753N m, d= 40.2mm, 6° = 0.391° 


A steel shaft 2m long has applied to it a 1000N m torque by a pulley located at the center of the shaft. 
A gear at the left end of the shaft applies 800N m of torque to the shaft while a gear located 300mm to 
the left of the right end of the shaft applies 200N m of torque. Calculate the angular deflection of the 
shaft if the shaft is 50mm in diameter for a length of 1.2m from the left end of the shaft and 40mm in- 
diameter in the remainder of the shaft. Neglect the effect of the keyways in the calculations. 

Ans. 0.405° 


A horizontal piece of commercial shafting is supported by two bearings 1.5m apart. A keyed gear, 20° 
involute and 175mm in diameter, is located 400mm to the left of the right bearing and is driven by a 
gear directly behind it. A 600mm diameter pulley is keyed to the shaft 600mm to the right of the left 
bearing and drives a puiley with a horizontal belt directly behind it. The tension ratio of the belt is 3 to 1 
with the slack side on top. The drive transmits 45kW at 330rev/min. K, = Ky = 1.5. 

(a) Draw moment diagrams showing values at the change points. 

(b) Calculate the necessary shaft diameter. 

(c) Calculate the angular deflection in degrees. 

Ans. M,(max) = 1302N m, M,(max) = 4370N m, D=95.5mm, 6 =0.0571° 


A solid shaft and a hollow shaft are to be of equal strength in torsion. The hollow shaft is to be 10% 
larger in diameter than the solid shaft. What will be the ratio of the weight of the hollow shaft to that of 
the solid shaft? Both shafts are to be made of the same material. 

Ans. The hollow shaft will weigh 0.6 that of the solid shaft. 


18. 


19. 
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The coefficient of friction between the cam and follower disk in Fig. 9-14 below is 0.3. The torque 
required to turn the cam under these conditions is supplied at the right end of the cam shaft. If the cam 
shaft is made of steel quenched and tempered to an ultimate tensile strength of S55OMN/m? and a yield 
point of 390MN/m? what is the required minimum diameter of the cam shaft? The shock and fatigue 
factors selected for the loading condition present are K, = 2.0 and K; = 1.5. Neglect the weight of the 
shaft and assume it is continuous from bearing to bearing. It is also assumed that the maximum effecive 
torque occurs when the follower is at the top of its travel, where it is shown in Fig. 9-14. 

Ans. d=248mm 


We— 125 —a——— 150 — 


Fig. 9-14 Fig. 9-15 

Two bearings located 900mm apart support a section of commercial shafting. A 2000N, 750mm diam- 

eter, 20 degree involute gear is keyed to the shaft 200mm to the right of the right bearing. A 300mm 

diameter sprocket is keyed to the shaft 500mm to the right of the left bearing. The combined weight 
of the sprocket and that part of the chain weight taken by the shaft is 800N downward. Assume no 
tension on the slack side of the chain. The gear receives 7kW at 210rev/min from a gear located above. 

Four kW is taken from the shaft at the sprocket and the remainder is taken from the shaft through a 

flexible coupling located 150mm to the left of the left bearing. Fig. 9-15 above shows an end view of the 

arrangement as observed from the right. 

(a) Draw the bending moment diagrams showing values at the change points. 

(b) Calculate the diameter of commercial steel shafting based upon strength. 

(c) Calculate the angular deflection in degrees of the right end of the shaft with respect to the left end 
of the shaft when under load, neglecting the effect of the keyways and stiffening effect of the pulley 
and sprocket hubs. 

Ans. M,(max) = 318N m, M,(max) = 492N m, d=48.2mm, @ =0.378° 


A shaft is mounted between bearings located 9.5m apart and transmits 10.000kW at 90rev/min. The 
shaft weighs 66,220N, has an outside diameter of 450mm and an inside diameter of 300mm. Determine 
the stress induced in shaft and the angular deflection between bearings. Do not neglect the weight of the 
shaft. 

Ans. Ss =111MN/m?, 9 =2.24° 


Fig. 9-16 shows an arrangement for a motor 
and exciter with a pinion on the same shaft. 
The pinion drives a gear with the gear directly 
below the pinion. The motor develops 55kW at 
200rev/min. The exciter absorbs SkW, the 
remainder going to the pinion. The motor and 
exciter are assembled to the shaft by means of 
a force fit while the pinion is keyed to the shaft. 

For this unit, what is the required diameter 
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of shaft (a constant diameter of shaft will be used)? The shaft is to be made of steel which has an ultimate 
strength of 520MN/m? and a yield point of 330MN/m?. The pressure angle of the gears is 20 degrees, 
and the stub form of tooth is to be used. Neglect stress concentration due to force fits. 

Draw all moment diagrams, showing the values at change points. Kp = 1.5 and K; = 1.5. 
Ans. M;=2626N m, Mp(max) =7014N m, s,(allowable) = 93.6MN/m?, d=84.9mm 


Aline shaft, 5.4m long and 40mm in diameter, is rotating at S0Orev/min and has 10kW input at one end. 
Six kW is taken out at a point 2.4m from the input end and the remaining 4kW is taken out at the 
opposite end. Using G = 80GN/m’, find the angular deflection of one end relative to the other due to 
this loading. Ans. 6 =1.96° 


A 250mm diameter solid shaft is used to drive the propeller of a marine vessel. It is necessary to reduce 
the weight of the shaft by 70%. What would be the dimensions of a hollow shaft made of the same 
material as the solid shaft? Ams. d, =438mm, dj =416mm 


A shaft has a constant diameter, with the distance between bearings equal to 800mm. Located between 
the bearings are two pulleys which are keyed to the shaft. One pulley, which has a diameter of 200mm 
and weighs 80N is located 200mm to the right of the left bearing; the other pulley, which has a diameter 
of 400mm and weighs 240N is located 550mm to the right of the left bearing. 

The shaft rotates at 900rev/min. The tight and slack sides of the belt are horizontal and parallel. 
Eighteen kW is supplied to the 200mm pulley. Power is transmitted from the 400mm pulley to another 
pulley located so as to give a smaller bending moment in the shaft, with the belt strands horizontal as 
already stated. 

The belt stress is limited to a maximum of 2MN/m?. The ratio of diameter of pulley to belt thick- 
ness is limited to a minimum of 30. A belt thickness of 6mm will be used. The coefficient of friction for 
the belt and pulley may be taken as 0.3. 

The shaft is made from hot rolled steel for which the ultimate strength may be taken as 5S0MN/m? 
and the yield point may be taken as 340MN/m?. 

Conditions of loading are steady, with no shock. 

Determine the necessary diameter of shaft based on strength and critical speed. Neglect the weight 
of the shaft and pulleys for strength calculations. 

Ans. Shaft diameter = 33.88mm based on strength. For this diameter the critical speed is 2276 rev/min 
which is safely above the operating speed. The static deflection under the 80N pulley is 0.141 mm 
and the static deflection under the 240N pulley is 0.181 mm. 


Chapter 10 


Coupling Design 


COUPLINGS are used to connect sections of shafts or to connect the shaft of a driving machine to the shaft of 
a driven machine. This affords a permanent connection, contrasted with clutches which provide for engagement 
or disengagement at will. Clutches are treated in a different section. 


CLASSIFICATION of couplings can be made on the basis of rigid or flexible designs. 


(A) Rigid couplings: 
Illustrated by a flange coupling, compression coupling, or tapered-sleeve coupling. This type of 
coupling is suitable for low speeds, accurately aligned shafts. 


(B) Flexible couplings: 
Illustrated by the Falk flexible coupling, Oldham coupling, gear type of flexible coupling, 
roller or silent chain coupling, etc. 
Flexible couplings are used: 


(a) To take care of a small amount of unintentional misalignment. 
(b) To provide for “end float”, that is, axial movement of a shaft. 


(c) To alleviate shock by providing transfer of power through springs or to absorb some of 
the vibration in the coupling. 


Coupling may be classified also as to use, specified by the relation of axes of the connected shafts: 


(1) Axes of the shafts are collinear. 

(2) Axes of the shafts intersect. (A universal joint of the many types available might be used.) 

(3) Axes of the shafts are parallel but not collinear. (A coupling of the Oldham type might be used with 
its central sliding member. This type is to be avoided where possible with heavy loads because of 
friction due to sliding.) 


Since rigid couplings can transmit bending in a shaft, stresses may be induced which can cause fatigue 
failure. It is therefore desirable to provide for good alignment and location of the coupling where the bending 
moment is practically zero. Thus rigid couplings, as well as flexible couplings, are usually analyzed for torsion 
only. 

Although standardized couplings may be purchased from manufacturers, the analysis and proportioning 
of the various parts afford illustration of machine design procedures applied to a single machine element. 
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1. A rigid flange coupling has a bore diameter of oy mm. 


Four machined bolts on a bolt circle of 125mm diameter 
are fitted in reamed holes. If the bolts are made from the 
same material as the shaft, with an ultimate tensile strength 
of 550MPa and a yield point in tension of 345MPa deter- 
mine the necessary size of bolts to have the same capacity 


COUPLING DESIGN 


SOLVED PROBLEMS 


00 
50.05 


as the shaft in torsion. Refer to Fig. 10-1 which shows half 125 
a coupling. 50.00 | 


Solution: 
(a) The shaft capacity, as determined from the ASME 
Shafting Code, is found from ™ 
3_ 16 
D° =—M;Kr 
TS, 


(6) 


(c) 


@) 


is 
the shafting equation for a solid shaft in torsion only. Then 


16 
(0.05)? = 30.18 x 550 x 10°\0.75) Met or M;K; =1.823kNm 


a. 


Fig. 10-1 
where Ss, is the smaller of (0.18)s,,=0.18(550) = 99 MPa 


and (0.3)syp = 0.3(345) = 103.5MPa 
and the allowance for the keyway effect is 0.75. 


The coupling can be designed for shock and fatigue K,, equal to 1, or (M;K,) can be left as a product 
and carried through the analysis. The same final result is obtained. 


The analysis of the bolts can be made in any one of several different ways: 
(1) Assume that the bolts are just finger-tight, and the load is transferred from one half of the 
coupling to the other half by a uniform shear stress in the shank of the bolt. 
(2) Assume that the bolts are just finger-tight, and the load is transferred from one half of the 
coupling to the other half with a maximum shear stress in the shank of the bolt equal to 
4/3 times the average shear stress. 
(3) Assume that the bolts are tightened sufficiently so that power is transmitted from one half 
of the coupling to the other by means of friction. 
(4) Assume that the bolts are tightened and that part of the power is transmitted by means of 
friction, and the rest of the power is transmitted by shear in the bolts. 
In (1) and (2), it is usual practice to assume that all the bolts share the load proportionally for 
finished bolts in drilled and reamed holes. (If the bolts are set in clearance holes, it is also usual 
practice to assume that half the bolts are effective.) 


Using arbitrarily (/) above, which gives the most conservative design, 
MK: =s.(4nd*\4Dachn) or 1.823 x 10? = 0.18 x 550 x 10°(4nd?\X0.125/2)(4), 


and d=0.00968m 
where _ s, = allowable shear stress, N/m? 
d = diameter of bolt, m (shank diameter) 
Dgc = diameter of bolt circle, m 
n= total number of bolts for drilled and reamed holes. 


(Note that s, for the bolt is the same as obtained from the ASME Shafting Code.) Hence use an M10 
bolt. 
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(e) Using (2) above, MK; = 3ss(42d”)(4Dac)(n), from which d = 0.0112m; an M12 bolt may be used. 
(f) The next problem will illustrate a solution by (3) above. 


In the design of rigid flange couplings, it is customary to assume that the bolts are loosened in service 
and the capacity of the coupling is based, in part, upon the stresses set up in the bolts due to shearing of 
the bolts. The tightening effect of the bolts, with friction as the basis of power transmission, is generally 
neglected. However the purpose of this problem is to evaluate the capacity of a particular coupling based 


upon friction. 
Assume that a flange coupling has the following specifica- 


tions: 


ee 
med a 


Number of bolts, 6 

Size of bolts, 12mm diameter 
Preloading of bolts, 22KN in each bolt 
Inner diameter of contact, 175mm a 
Outer diameter of contact, 200mm 
Speed of rotation of coupling, 300rev/min 
Coefficient of friction, 0.15 

Shaft diameter, 50mm Fig. 10-2 


Shaft material: 0.45% steel, annealed with an ultimate tensile strength of 586MPa and a yield 
point in tension of 310MPa. 


200 


The bolts are set in large clearance holes in the coupling. Refer to Fig. 10-2. 


Determine: 


(1) The maximum power capacity based upon friction such that slip occurs between faces of 
contact. 

(2) Compare the shaft horsepower capacity with the friction horsepower capacity. Assume 
steady load conditions and that the shaft is in torsion only. 


Solution: 
(a) The torque capacity based on friction is (see chapter on Clutches) 


M, = FfRy= 6 x 22,000(0.15)(0.0939) = 1859N m 


where F = axial force caused by bolt loading = 132kN 


f= coefficient of friction = 0.15 


Res tate BBY 2 [0.13 — 0.08757 
Rr = fricti == Pa S04 ' 
‘7 = friction radius 3 (os —R? 3 | 0.12 ~0.0875? 0.0939 m. 


This assumes that the pressure is uniformly distributed. 


2nMN _ 2n(1859)300 


60 60 =58.4kW 


Friction power = 


(b) Shaft torque capacity, 


M, = ssnD?/16 = 93 x 10°(0.75)nD?/16 = 1.712kKN m 


where s, is the smaller of 0.18(586) = 105 MPa and 0.3(310) = 93 MPa 
Note the factor 0.75 to take care of stress concentration. 


2nMpN _ (2n)1712(300) _ 


Shaft power capacity = 60 60 =53.7kW 


(c) For the data given, the coupling has greater power capacity based on friction (58.4kKW) than the 
shaft capacity (53.7kW). 
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Problems 1 and 2 have dealt with the diameter of the bolt necessary to 
transmit power through a flange coupling. This problem is concerned with 
necessary proportions for the various parts of a flange coupling. Set up the 
equations or relations necessary to determine (a) diameter Dj of hub, 
(b) thickness t of web, (c) thickness A of the flange. Refer to Fig. 10-3. 


Solution: 


(a) The diameter of the hub is established on the basis of proportions. 
The diameter of the hub should be about 13 to 2 times the diameter 
of the shaft. Thus 


(b) The minimum thickness ¢ is based on two considerations: (7) shear of 
the web, (2) bearing of the web and bolt assuming that the bolts are 
finger-tight and the bolts are pressed against the web. 
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Dy * 13Ds to 2Ds 


(J) Shear of the web: The torque capacity of the web is based Fig. 10-3 


on the shear of the minimum area, which 
occurs at the junction of the hub and web. 


= 2Mr 
18,Diz 


D, 
M;, =s3(nDyt) ae or 


Usually, t determined from the above equation is very small and the difficulty of casting necessitates 
using a thickness much larger than calculated. 


(2) Bearing of the bolt and web: The torque capacity based on bearing is 


where 


2M 


D, 
M; = sp(dt)—5on or tS saan 


5p = allowable bearing pressure for the bolt or web (whichever is weaker), N/m? 


of projected area 


d= bolt diameter, m 
Dgc = diameter of bolt circle, m 
n= number of effective bolts, taken as all the bolts if finished bolts are used in 


reamed holes and taken as half the total number of bolts if bolts are set in 
clearance holes. Note that this assumption is arbitrary, but a very conserva- 
tive design results. 


(c) Thickness of flange is based upon proportions and casting requirements. 


A coupling of the Falk type is keyed to two 25mm transmission shafts (with s, allowable = 5S MPa for 
unkeyed shafts, 41 MPa for keyed shafts) as shown in Fig. 104. The shafts rotate at 950rev./min. If the 
connecting strip is 40mm from the center of the shafts, how many folds of 0.25mm by 2.5mm steel 
(SAE 1045 quenched in water and drawn at 315°C) are 


required? The connector is to have 95% of the strength 
of the shaft according to its ASME Code rating. Under 
what conditions could you rate this coupling at 10kW? 
Steel, quenched in water and drawn at 315°C, may be 
considered to have an ultimate tensile strength of 1GPa 
and a yield point in tension of 786 MPa. 


Solution: 


(a) Shaft torque capacity, using s,=41MPa, with 


allowance for the keyway: Fig. 10-4 
M, = send? /16 = 41 x 10°n(0.025)3/16 = 125.8N m 
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(b) Assume that the folds are subjected to shear only. The torque capacity of the folds is 
M,=ssthRm or 0.95(125.8) = (0.18 x 10°)(0.25 x 2.5 x 10°)(0.04)(n) 
where 5, = allowable shear stress, taken as 0.18 of ultimate tensile strength, as suggested in ASME 
Code, or 0.18(10°) N/m? 

t = thickness of steel strip, 0.25mm 
h= height of steel strip, 2.5mm 

Ry = radius from shaft center to fold 
n= number of folds. 


Solving, n = 26.6, use 28 folds. 
(c) For 28 folds, the torque capacity is 
Mz = ssthR yn = (0.18 x 10°)(0.25 x 2.5 x 10°)(0.04)(28) = 126N m 


The safe power capacity is = ——— = —~———~— = 12.5 kW. Hence one could rate the coupling 
at 10kW with possibility of about 25% overload. 


A universal coupling (universal joint, or Hooke’s joint) is used to connect two shafts which intersect but 
which are not necessarily in the same straight line, as shown in Fig. 10-5 below. The angular velocity of 
the output shaft is not equal to the angular velocity of the input shaft, unless the input and output 
shafts are in line. The ratio of speeds is given by 
a Se 
Ng, 1 —cos* asin? @ 
where Ns, = angular velocity of the driven shaft 
Ns, = angular velocity of the driver shaft 
6 = angle between axes of the shafts 


a=angle of the driving shaft from the position where the pins of the drive shaft yoke are in 
the plane of the two shafts. 


A torque of 40N m is applied to shaft S; of a universal joint in which S; and the output shaft S2 are 
in the same horizontal plane. 


(a) Determine the torque on shaft S2 for the position shown in Fig. 10-5. 

(b) Determine the size of the pins of the connecting cross for an allowable bearing stress of 14MPa (per 
projected area), an allowable tensile stress of 140MPa, and an allowable shear stress of 70 MPa. 

(c) Calculate the maximum shear stress on section E-E, which is 50mm from axis Y-Y. 


Solution: 

(a) There are several ways the torque on S> can be determined. One method is to examine the cross, by 
application of the equations of equilibrium, and to determine that the only forces which can be 
applied are as shown in the plane of the cross. Consider each of the forces acting on the cross as F. 
The components of F, acting on the shaft S;, are F cos 20° and F sin 20°. The torque acting on the 
shaft S, due to the action of the cross is M; = 40 = (F cos 20°)(0.05), from which F = 851N. The 
torque on the shaft Sz is 0.05F = (851)(0.05) = 42.6N m. Note that, for the position shown, shaft 
S2 is in torsion only, while shaft 5; is in bending as well as torsion. If shaft S, is rotated 90°, shaft 
S; will be in torsion only, while shaft S2 will be subjected to bending and torsion. 

A second method is to use the relation of angular speeds to obtain the torque. For no friction 
loss the power in must equal the power out, i.e., 


2nTs,Ns, _ 2nTs,Ns. cos 6 
pos Lalo Uppy ace 7 bd § = 

= i ey WP FY 
60 GO) ae Sea 281s = Te (ws. 1 — cos" asin? 6 


Then for Ts,=40N m, 6 = 20°, and a =90° for position shown, we obtain Ts, = 40/(cos 20°) = 
42.6N m, the torque output. This agrees with the force analysis. 


136 COUPLING DESIGN 


6 


< 
Section E-E 253~ 


F sin 20° = 851 sin 20° 
=291N 


801N 


291N M= 801(0.05) = 40.05N m 


(b) The size of the pins will depend on the maximum load, which occurs for the position shown. The 
maximum pin load is 851 N. 
F 
0.006d ’ 0.006d * 
851 x 0.006(4d) 


Me 
Ae : : poe) ae =72 
(2) Diameter of pin bending on based: s T° 140 x 10' (/64)a* ,d@=7.2mm 


F 
(1) Diameter of pin based on bearing: s, mas 


4, EF ral (ce 851 — 
= 4: 10x10 -($) (Fx). 4.6mm 


Therefore bearing dictates the minimum size of pin; a 10mm diameter pin should be satisfactory. 


(3) Diameter of pin based on transverse shear: Sy= 


(c) Maximum compressive stress at section E-E is s = vas + wo NN SR os, + ou 
a I A 0.006(0.025)3/12 * 0.006 x 0.025 
=65.9MPa 


Maximum shear = }(65.9) = 33 MPa 


10. 
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SUPPLEMENTARY PROBLEMS 


A rigid flange coupling is assembled with five finished bolts in reamed holes on a 150mm diameter bolt 
circle. The shafts are commercial steel (with the allowable shear stress = 55MPa, 41MPa taking into 
account the keyway effect) and are 50mm in diameter. Determine a standard bolt diameter to transmit 
the ASME Code strength of the shaft 


(a) on the basis of the bolts having loosened and the shear stress is uniformly distributed. 

(b) on the basis of the bolts having loosened and the maximum shear stress in the bolt is 4/3 times the 
average. 

The allowable shear stress in the bolt is 69 MPa. 

Ans. (a) d=7.04mm; use M8, (b) d= 8.13mm; use M10. 


A flange coupling connects two 50mm diameter lengths of commercial shafting. The coupling webs are 
bolted together with four bolts of the same material as the shaft. The bolts are set in clearance holes. 
The diameter of the bolt circle is 240mm and the web thickness is 22mm. 


(a) Determine the minimum bolt diameter required to transmit the same torque that the shaft can 

transmit. 

(6) What power may be transmitted at 200 rev/min under steady load conditions? 

Base calculations on the assumption that the bolt nuts may loosen during operation. 

Ans. (a) Diameter of bolt = 9.76mm; use M10 (based upon shear stress being uniform). The diameter 
of the bolt based upon bearing is 1.74mm, with allowable bearing pressure twice the 
allowable shear. Bearing does not control the design. 

(b) 21.1kW under steady load conditions (torque capacity = 1006N m). 


Each half of a rigid flange coupling with fitted bolts for a shaft of diameter D is to be installed on the 
shaft with a square key 1.25D long. Five bolts are to be used on a bolt circle of diameter 5D. Assume 
coupling, bolts, shaft, and key to be of the same material. 


(a) What should be the diameter d of the bolts in terms of D to make the coupling as strong as the shaft 
in torsion? 
(b) What should be the dimension of the key in terms of D if the key is to transmit the full capacity of 
the shaft in torsion? 
Ans. (a) Based on shear being uniform, d=0.122D. Based on maximum shear = 4/3 average, 
d=0.141D 
(b) Width = thickness = 0.236D. 


Two halves of a flange coupling fitted on 100mm steel shafts are bolted together with six 20mm bolts 
fitted into drilled holes with clearance on a bolt circle 250mm in diameter. The ultimate tensile and 
compressive strength of the shaft and bolt material is 440MPa and the yield strength is 330 MPa. Assum- 
ing that the allowable stress for the bolt may be determined using the ASME Shafting Code specifications, 
calculate the power that may be safely transmitted by this shaft-coupling combination at 180rev/min. 
Assume the bending load on the shafting is negligible and that steady load conditions prevail. 

Ans. P = 176kW (with torque capacity of bolts = 9.33kN m using a uniform shear stress distribution, 

and a torque capacity of the shaft of 11.7kN m). 


A torque of M; = 40N m is applied to shaft S of a universal joint. Determine 


(a) the torque on shaft S, 
(b) the force on the pins of the connecting cross, 
(c) the bearing reactions at A, B, C, and D. 


Refer to Fig. 10-5 and rotate shaft S; 90° from that shown. 
Ans. (a) 37.6Nm 

(b) 800N 

(c) Force at A = 0, at B=0, at C= 182N, at D=182N 


Chapter 11 


Keys, Pins, and Splines 


KEYS are used to prevent relative motion between a shaft and the connected member through which torque 
is being transmitted. Even though gears, pulleys, etc., are assembled with an interference fit, it is desirable to 
use a key designed to transmit the full torque. 


COMMON TYPES OF KEYS are the square key as shown in Fig. 11-1(@), the flat key as shown in Fig. 11-1(b), 
the Kennedy key as shown in Fig. 1 1-1(c), and the Woodruff key as shown in Fig. 11-1(d). 


5. b 
[iil 49-7~¢50 
© Cy ae ead 
(a) () (c) 


(d) 


Fig. 11-1 


The width of the square and the flat key is usually one fourth the 
diameter of the shaft. These keys may be either straight or tapered Taper 
approximately 0.6deg. A Gib-Head key is shown in Fig. 11-2. Feather [9] 4 

keys and splines are used when it is necessary to have relative axial [=] 4 | 
motion between the shaft and mating member. BS and ISO standards al 
for key and spline dimensions are available. W 


DESIGN OF SQUARE AND FLAT KEYS may be based on the shear and 
compressive stresses induced in the key as a result of the torque being trans- 
mitted. The forces acting on the key are shown in Fig. 11-3. The forces F” 
act as a resisting couple to prevent the key from tending to roll in the fitted 
keyway. The exact location of the force F is not known and it is convenient 
to assume that it acts tangent to the surface of the shaft. This force produces 
both shear and compression stresses in the key. 

Resistance to the shaft torque T may then be approximated by T = Fr, 
where r is the radius of the shaft. The shearing stress s, in the key is 


ee TS 
S"bL bLr bLr 
where L is the length of the key. Fig. 11-3 
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The shaft torque that the key can sustain from the standpoint of shear is 
T, =ssbLr 
The compressive stress s, in the key is 
es ee So 
(c/2)L (¢/2)Lr (¢/2)Lr 
The shaft torque that the key can sustain from the standpoint of compression is 
Te = se(t/2)Lr 


Asquare key can sustain the same shaft torque from the standpoint of shear as it can from the standpoint 


of compression. This is proved as a solved problem by equating the two torque equations and making use of 
the approximate relation s; = 2s, for ductile steels. On this same basis, flat keys which are wider than they are 
deep will fail in compression, and feather keys which are deeper than they are wide will fail in shear. 


PINS are used in knuckle joints which connect two rods or bars loaded in either tension or compression as 
shown in Fig. 11-4(a). An excessive load F may cause the joint to fail due to any of the following induced 
stresses. 


1. Tensile stress in the rod: 

ts 

~ aD? 

2. Tensile stress in the net area of the eye, see 
Fig. 114(b): 


St 


St 


= F 
(@, —d)b 
3. Shear stress in the eye due to tear out, see 
Fig. 11-4(c): 


Ss 


Da 
=————__ approx. 
bod) “PP @) 
4. Tensile stress in the net area of the clevis or 
fork: 
i F 
*'G@ —d)2a 


aS ‘ 
5. Shear stress in the fork due to tear out: ae 
F 
Ss approx. 


 2aldo — d) 
6. Compressive stress in the eye due to bearing 
pressure of the pin: 
aLE 
db 
7. Compressive stress in the fork due to bearing ba ZONS 
pressure of the pin: do (C9) +p? 
Fe see 
Se=a 
da derd 
8. Shear stress in the pin: < 


F_ OF (c) 
a an 


Se 


140 KEYS, PINS, AND SPLINES 


9. Bending stress in the pin, based on assumption that the pin is supported F 
and loaded as shown in Fig. 11-5. The maximum bending moment M, 
occurs at the center of the pin. M, = Fb/8, / = nd*/64, c=d/2, and d 
5, <Me 4k 
eT ae 8 


10. Compressive stress in the pin due to theeye: 5, -4 Fig. 11-5 


11. Compressive stress in the pin due to the fork: s,= a 


SPLINED CONNECTIONS as shown in Fig. 11-6 below are used to permit relative axial motion between the 
shaft and hub of the connected member. The splines are keys made integral with the shaft and usually consist 
of four, six, or ten in number. The keyways are broached in the hub to the required fit. The splines are usually 
made with straight sides or cut with an involute profile. When there is relative axial motion in a splined connec- 
tion, the side pressure on the splines should be limited to about 7MPa. The torque capacity of a splined 
connection is 
T=pArm 
where 
P = permissible pressure on the splines, <7 MPa 
A = total load area of splines, m? 
=4(D — d)(L)(number of splines), m? 
D = shaft diameter, m 
d =D — twice the depth of the spline, m 
L = length of hub, m 
7m = mean radius, m 


SK 
CON.S) 
NES 


Fig. 11-6 Fig. 11-7 


TAPERED PINS similar to that shown in Fig. 11-7 above are frequently used to key hubs to shafts. The 
diameter of the large end of the pin is usually about one-fourth the diameter of the shaft. The capacity of this 
type of pin key connection is determined by the two shear areas of the pin. The pin key is sometimes used as 
a shear pin. 
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SOLVED PROBLEMS 


Prove that a square key is equally strong in shear and compression. 
Solution: 

From the standpoint of compression a key can sustain the following torque; T, = s¢(t/2)Lr. 

From the standpoint of shear a key can sustain the following torque: T; = ssbLr. 

Equating the two torque equations to establish equal strength in shear and compression, and assum- 
ing that s¢ = 2ss, we have T = Ts, 2ss(t/2)Lr = ssbLr, and t= b (a square key). 


Determine the required length of a square key if the key and shaft are to be of the same material and of 
equal strength. 


Solution: 


The torque that a shaft of diameter d can transmit allowing for a 25% reduction due to stress 
concentration is T= 0.75 nd*s,/16. Equating this torque to the torque that a square key can sustain 
from the standpoint of shear, we have 


0.75nd? 55/16 = ssbLr 
Substitute d/4 for b and solve for L = 1.18d; use L = 1.25d. 
A square key is to be used to key a gear to a 35mm diameter shaft. The hub length of the gear is 60mm. 


Both shaft and key are to be made of the same material, having an allowable shear stress of 55 MPa. What 
are the minimum dimensions for the sides of the square key if 395N m of torque is to be transmitted? 


Solution: 


Equate the expression for the torque that the key can sustain from the standpoint of shear to 
395N mand solve for b. 
rLbs, = 395, (0.035/2)(0.06) (5) (55 x 10°) = 395, b = 6.84mm. Use a standard 8m square key. 


A feather key is 12mm wide by 9mm deep and is to transmit 680N m of torque from a 38mm diameter 
shaft. The steel key has an allowable stress in tension and compression of 110MPa and an allowable 
stress in shear of 57.5MPa. Determine the required length of the key. 


Solution: 
Since the key is wider than it is deep, it will fail in compression before it will fail in shear. 
S¢(t/2)Lr = 680, (110 x 10°)(0.009/2)(L)(0.019) = 680, L = 0.0723m. Use L = 75mm 
If the key in Problem 4 had been 9mm wide and 12mm deep, what would have been the required length 
for the same load and material? 
Solution: 
In this case the key is weaker in shear than it is in compression. 
SsbLr = 680, 57.5 x 10°(0.009)(0.019)L = 680, L = 0.0691 m. Use L = 70mm. 


A pin in a knuckle joint as shown in Fig. 11-4(a) is subjected to an axial load of 90KN. Assume that the 
thickness of the eye is to be 1.5 times the diameter of the pin. The allowable stress of the material in 
tension and compression due to bending is 60MPa, and the allowable stress in shear is 30MPa. The 
allowable bearing stress is 20MPa. Determine the required pin diameter. 


Solution: 


Check the pin for (a) bending, (b) shear, and (c) bearing. 
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as = FLIBYAI2) _ (90,000 x 1.5d/8)(d/2) 
(a) Bending: xd*/64 x 10° 70/64 ,and 
d = 0.0535 m required for bending. 
; = ee. rae 2000) ,000 
(b) Shear: eae Berta 0 x10 55. 2nd? ja? 2 
d =0.0437m required for shear. 
Sat i 6 _ 20,000 
(c) Bearing:  s, = ld = (sad = 20 x 10' sa? , and 


d = 0.0548 m required for bearing. Use d = 6mm. 


A splined connection in an automobile transmission consists of 10 splines cut in a 58mm diameter shaft. 
The height of each spline is 5S.smm and the keyways in the hub are 45mm long. Determine the power 
that may be transmitted at 2500rev/min if the allowable normal pressure on the splines is limited to 
4.8MPa. 


Solution: 


Total surface area of splines = (0.0055)(0.045)(10) = 0.002475 m? 
Torque = (0.002475)(4.8 x 10°)(0.02625) = 312N m. Power = 312(21/60)(2500) = 81.7kW 


A Woodruff key 4.8mm by 25mm, is used to key a gear on a 30mm shaft made of 0.35%C cold drawn 
steel. The key extends into the gear hub 2.4mm. The key is made of the same cold drawn steel (s,, = 
634MPa and sy = 538MPa). Determine the torque capacity of the shaft in accordance with the ASME 
Shafting Code. Calculate the torque capacity of the key using a factor of safety of 1.5 based upon the 
yield strength of the material, and assuming s, = 0.6sy. 


Solution: 


The allowable shear stress for the shaft is 0.18s,, or 0.30sy, whichever is the smaller. In this case the 
allowable stress will be s, = 0.18(634) = 114MPa. Then the torque capacity of the shaft, using a 25% 
reduction for its keyway will be 

T= 0.75 1D? 5,/16 = 0.75n(0.030)*(114 x 10°)/16 = 453Nm 
The torque capacity of the key in shear, using a shear area A, of 115mm’, will be 


(0.6)(538 x 10°) 0.03 


T=sAgr= 7 (115 x 107°) oe =371Nm 


The torque capacity of the key in compression, using a minimum compressed area of 22mm”, will be 


t 538 x 10° 0.03 
eo ee Fal get ms eee 
se(£) ur 15 (22 x 10°) 2 118Nm 


Thus the torque capacity of the keyed connection is controlled by the torque capacity of the key in 
compression. 


a. 
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SUPPLEMENTARY PROBLEMS 


Fig. 11-8 below shows a knuckle joint made from 0.1 8—0.23%C steel. Assuming an allowable tensile 
stress of 100MPa, an allowable shear stress of SOMPa, and an axial load of 22.5KkN, determine: 


(1) An algebraic expression for each of the following. 
(a) Tensile stress at section A-A 
(b) Shearing stress in the pin. 
(c) Bearing stress between the pin and rod. 
(d) Bearing stress between the pin and yoke. 
(e) Tensile stress across hole in the rod. 
(f) Tensile stress across hole in the yoke. 
(g) Bending stress in the pin. 
(h) Tearout of the rod by the pin. 
(i) Tearout of the yoke by the pin. 


Ans. (a) s;=4F/nD* 
(6) s5=2F/nd? 
(c) se =Fi/de 
(d) sc = F[2db 
(e) s¢=F/[o(m — d)] 
(A) se = F/[2b(m — d)] 
(g) sp =4Fe/nd? 
(h) ss =F/2ce 
@ ss =F/[(2b)(2e)] 


(2) The dimensions of the various parts. 
Ans, D=17mm, d=17mm, c=17mm, b=8.5mm, m=31mm, e= 13.5mm 


A key is sometimes used as a shear pin for economical reasons in case of extreme overloads. A shaft 
made of 0.45% C steel with an ultimate tensile strength of 668MPa and a yield point in tension of 
400MPa is transmitting maximum power in torsion. The shaft is 30mm in diameter. A non-standard (for 
a 50mm shaft) key 6mm x 6mm is to be used, if feasible. How long should the key be if it is to have 
60% of the maximum strength capacity of the shaft? The key is to be made from 0.3% C cold rolled 
stock, with an ultimate tensile strength of 550MPa and a yield point in tension of 380MPa. 

Ans. 39mm 


A sliding gear transmits 678N m torque to a length of 38mm diameter shaft through a feather key 
12.5mm wide by 9.5mm thick. Assuming the key to be made of the same material as the shaft and to 
be as strong as the shaft, what is the necessary hub length? Note that the hub length is not equal to the 
key length in this case. 

Ans, Hub length = 44.8mm based on compression 


A square key, 12mm x 12mm, is used to transmit power from a ¢50mm shaft to a gear through a hub. 

A torque of 1.7kKN m is applied to the gear. What is the necessary length of the key if the loading is 

steady? The key is make from cold rolled 0.35% C steel with an ultimate tensile strength of 655 MPa and 

a yield point of 414MPa. Use the ASME Code procedure for determining allowable stresses. 

Ans. Length of key = 0.0481 m. Use 50mm since the length of the key should be at least equal to the 
shaft diameter for a satisfactory proportion. 


If a key and shaft are made from the same material, determine the necessary length of the key for equal 
strength of the shaft and key. The key is rectangular, with a width of D/4 and a height of 3D/16. The 
shaft is under torsion only. Ams. Key length=1.57D 
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A gear keyed to a ¢50mm shaft is to transmit 1360N m of torque under steady load. A square key 

12mm x 12mm having an allowable stress in shear of 62MPa is to be used. How long should the key be? 

Would an SAE 1035 steel having an ultimate tensile strength of SSOMPa and a yield point of 345MPa be 

satisfactory for the shaft? Base calculations on the ASME Shafting Code. 

Ans. Length of key = 73mm. The shaft would be stressed below its allowable stress of 99MPa in 
accordance with the code. 


Determine the power capacity ratio for the two systems: a 24mm diameter shaft with a 6mm x 6mm x 
48mm key and a 24mm diameter shaft with a 6mm diameter pin key. The pin key is perpendicular to the 
axis of the shaft and passes through the center of the shaft. The stress concentration factor for the shaft 
is that given by the ASME Code. The stress concentration factor for the 24mm diameter shaft with a 
6mm radial hole is 1.75. Assume that torsion only is transmitted and that the material of the shaft is 
the same as used for the rectangular key and pin. 

Ans. The shaft with the key can transmit three times as much power as the shaft with the pin key. 


A 12.5mm x 32mm Woodruff key made of 0.35%C cold drawn steel (s,, = 634MPa and Sy = S40MPa) 
is used to key a pulley on a $45mm shaft made of the same material. Using a factor of safety of 1.5 
based on the yield strength of the material, determine the torque capacity of the key in shear and in 
compression. The shear area is 191 mm? and the key extends into the hub of the pulley 3mm. Calculate 
the torque capacity of the shaft in accordance with the ASME Shafting Code. 
Ans. Capacity of the key in shear = 928N m 

Capacity of the key in compression = 778N m 

Capacity of the shaft = 1.53kN m 


Chapter 12 


Power Screws and Threaded Fasteners 


POWER SCREWS provide a means for obtaining large mechanical advantage in such applications as screw 
jacks, clamps, presses, and aircraft control-surface actuators. Occasionally they are used in reverse for such 
applications as push drills. 


THREADED FASTENERS include through bolts, stud bolts, cap screws, machine screws, set screws, and a 
variety of more special devices using the screw principle. 


TERMINOLOGY OF SCREW THREADS a: Normal to Profile 
is illustrated in Figure 12-1. Thread form 


is ordinarily described in axial section. 
The square and the ISO trapezoidal forms 


4 ite 
are commonly used for power screws f >| Py aE \ 
(Fig. 12-2 below). For threaded fasteners, \ 
YY 


the ISO metric thread form has the basi 
shape and proportions shown in Fig. 12-3 4 \\t ANI 
AYRANYLANYLENY! 


below. This basic shape has maximum 
NY VAY LN ye 


Edge of Plane Tangent 
to Mean Cylinder 
"Pitch" Cylinder) 


Section n-n 
(Normal Section) 


metal content. Variations for different 
classes of fit are made in the direction of 
greater metal removal. For detailed 
tables of standard sizes, thread series, 


_— Tangent to Helical 


and information on fits, see any standard “+ ess mae 
Machine Design text or Mechanical Fig. 12-1 
Engineers handbook. 


h = 0.Sp + clearance 


iN H 
S \. 0.5487 p + (0.17 x clearance) 
“S Os 


Modified Square Thread Form 


Pitch Line 


7 Mt 


v 
Axis of Internal Thread _ 


Rounded or 
Flat Crest 


= A = 0.5p+ clearance 
Pitch Line 
IN 

\0.634p + clearance 7 
AAAS cs 
ISO Trapesoidal Thread Form a 


Rounded Root 
Contour 


1 
B?_Axis of External Thread 


Fig. 12-2 Fig. 12-3 
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Pitch is the distance from a point on one thread to the corresponding point on the next adjacent thread, 
measured parallel to the axis. 

Lead is the distance the screw would advance relative to the nut in one rotation. For a single-thread 
screw, lead is equal to pitch. For a double-thread screw, lead is equal to twice the pitch, etc. 

Helix angle a is related to the lead and the mean radius 7, by the equation 


fan a= lead 
2am 


In some calculations we shall make use of the angle 8, measuring the slope of the thread profile in the 
normal section. This is related to the angle @ in the axial section and to the helix angle as follows: 
tan 6, = tan @ cosa 


Note: Where cos 4, appears in the equations to follow, it is frequently replaced by cos 6. This yields an 
approximate equation but, for the usual small values of a, introduces no great error. 


TURNING MOMENT AND AXIAL LOAD are related to each other through the following equation for 
advance against load (or raising the load): 


tana + f/cos On 
uS W/m (; ae = +f] 
where 
T = torque applied to turn screw or nut, whichever is being rotated 
W = load parallel to screw axis 
7m = mean thread radius 
7, = effective radius of rubbing surface against which load bears, called collar radius 
f= coefficient of friction between screw and nut threads 
Se = coefficient of friction at collar 
« = helix angle of thread at mean radius 
4, =angle between tangent to tooth profile (on the loaded side) and a radial line, measured in 
plane normal to thread helix at mean radius. 


The torque required to advance the screw (or nut) in the direction of the load (or lowering the load) is 
—tan a + f/cos 0, 
T= SR 
W/m (; +f tan a/cos 6, ) +e] 


This torque may be either positive or negative. If positive, work must be done to advance the screw. If 
negative, the meaning is that, for equilibrium, the torque must retard rotation, i.e. the axial load alone will 
cause rotation (the push drill situation). In this case the screw is said to be overhauling. 


EFFICIENCY OF A SCREW MECHANISM is the ratio of work output to work input. 


‘ 100(W)(lead) LB £ 
ae = 100Wlead), 100tanae 
iciency MT % tan a + f/cos 0, fete ts 
1—f tan a/cos 8, Tm 


STRESSES IN THE THREAD are estimated by considering the thread to be a short cantilever beam projecting 
from the root cylinder. (See Fig. 12-4). The beam load is taken to be the axial screw load W, presumed concen- 
trated at the mean radius, i.e. at one-half the thread depth h. The beam width is the length of thread (measured 
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at mean radius) subject to load. With these assumptions the bending 
stress at the root of the thread is, very nearly, 


3 Wh 


50 Dan mb? 


and the mean transverse shear stress is 


om Ww 
$~ Qant mb 
where n is the number of threaded turns subject to load and b is the Fig. 12-4 


width of thread section at the root. 

The stress picture at the junction of the thread and root cylinder is actually very complicated, and the 
above expressions are only rough approximations which serve as design guides. In place of r,, in these expres- 
sions, many designers will use 7; for the screw and ro for the nut, a somewhat better approximation in that it 
recognizes the nut threads to be less likely to strip than the screw threads. 


BEARING PRESSURE between the surfaces of screw and nut threads may be a critical factor in design, 
especially for power screws. It is given approximately by 
= Ww 
2anrmh 


This estimate will be on the low side because (7) clearances between root and crest of internal and external 
threads mean that load is not carried over full depth # and (2) load is not uniformly distributed over thread 


length. 


STRESSES IN THE ROOT CYLINDER of the screw may be estimated by considering loads and torques 
carried by the bare cylinder (neglecting strengthening effect of thread). The torsional shear stress is 


ee 
* me 
where r; is the root radius of the screw. T is the appropriate torque, i.e. the torque to which the section under 
consideration is subjected. This may be the total applied torque, only the collar friction torque, or only the 
screw torque (total minus collar friction torque). Each case must be examined carefully to see which applies. 


The direct stress, which may be either tensile or compressive, is 
Pek cc 
"Toot area. m7 


A modification of the above formula is sometimes used in calculations on threaded fastenings to account 
approximately for the strengthening effect of the threads. Basically the modification consists of presuming 
the cylinder to be larger in radius than it really is. (See Chapter 13.) Then 

eet 

7” stress area 


Stress areas, as well as root areas, are tabulated in many textbooks and handbooks. 
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SOLVED PROBLEMS 


The screw in Fig. 12-5 below is operated by a torque applied to the lower end. The nut is loaded and 
prevented from turning by guides. Assume friction in the ball bearing to be negligible. The screw has a 
48mm outside daimeter and a triple ISO trapezoidal thread. The pitch is 8mm. Thread coefficient of 
friction is 0.15. Determine the load which could be raised by a torque T of 40N m. 


Solution: 
3 tan a + f/cos On 
ee | (; =f tan ajeos a +e] 
where: 


thread depth = P/2 = 4mm 
Tm = (48 — 4)/2 = 22mm 


piepeensa Pitch = 8 
=——_ 0) Lead = 24 
tana Dar Im(22) 0.174 1 
a=9.85° 
@=15° 


tan 6, = (tan 6)(cos a) 
= (tan 15°\(cos 9.85°) = 0.264 


On = 14.79° 
Note that the difference between @,, and @ is so slight that we might as well use @. Then 
0.174 + 0.15/0.967 
=W| 0. eat = 
400 [° 022(; BT Oe | +o] or W=5370N 


Would the screw of Problem | be overhauling? 
Solution: 
The screw will be overhauling if the torque in the following equation is negative. 
—tan a + f/cos On 
T=W SSS SSS 
[+ (; +f tan a/cos 6, ) +h] 
Since f, = 0 for this problem, T will be negative if (—tan « + f/cos 8,) is negative. 


From Problem 1, tan a= 0.174 and f/cos 6, = 0.150/0.967 = 0.155. Hence the screw will overhaul, 
ie. to prevent screw rotation when a load W is applied, a holding torque must be applied. 


For the screw of Problem 1 determine the average bearing pressure between the screw and nut thread 
surfaces. 


Solution: 
Ww 5370 
P= = = 2 
2anrmh 27n(6.25)(0.022)(0.004) HEDE Blhe 
it length 
where n = eeu 2a = 6.25 thread turns sharing the load. 


pitch 8 
Derive the equation for torque T required to advance a screw against a load W. 


Solution: 


Refer to Fig. 12-6 below. The total normal force exerted by the threads of the nut against the 
threads of the screw is F,. This is distributed over the length of thread in engagement and over the 
thread depth, but for the purposes of this analysis may be considered concentrated at a point at the 
mean screw radius, rp). 
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Collar Friction 
Torque 


Collar 
(Not Rotating) 


‘Nut (Fixed) 
fF, 
Screw 
(Rotating) 
Section n-n 
Ecos 6, 
Fig. 12-6 


The normal force vector F, appears in true length in the normal section. Component F,, cos On is 
tangent to the pitch cylinder and at angle a (helix angle) with the screw axis. Component Fy sin On is 
radial. 

The friction force is fF,,, acting along the thread helix. 

Also acting on the screw is the axial load W, the collar friction torque Wf,re, and the applied torque T- 

Summing forces parallel to the screw axis yields 


W —F,, cos 0, cosatfFp sina=0 
Summing moments around the screw axis yields 
T — Frtm 00s 6n sina — fFntm cosa — Where = 0 
Eliminating F,, between these two equations yields 
+ 
T= W/m ees Bss/coetn ) +r] 


1 —f tan a/cos 6, 


The following data apply to the C-clamp of Fig. 12-7. 
ISO Metric Threads 
Pitch = 1.75mm (single-threaded) 
Outside diameter = 12mm 
Root diameter = 9.853mm 
Root area = 76.25mm? 
Coefficient of thread friction = 0.12 (=f) 
Coefficient of collar friction = 0.25 (= f,) 
Mean collar radius = 6mm 
Load W=4000N 
Operator can comfortably exert a force of 80N at the end 
of the handle. 


(a) What length of handle, L, is needed? 

(b) What is the maximum shear stress in the body of the screw 
and where does this exist? 

(c) What is the bearing pressure P on the threads? 


PS 
: 
E= 


Solution: 
(a) The torque required is 


Ts frm ( tan o + f/cos On ) +e} 


1—ftana/cos 0, 


Fig. 12-7 


where fm =4(12 + 9.853) =5.46mm, tan a=5——==——— = 0.0509 


150 POWER SCREWS AND THREADED FASTENERS 


We shall take 6,, = @ = 30°, since the helix angle is so small. Then 
0.0509 + 0.12/0.866 

= TNO) i (02540.06) 

screw torque + collar torque = 4.16 +6 =10.16Nm 


To develop this torque with a 80N force, we need L = ue =0.127m 


(6) Section A-A, just above the nut, is subjected to torque and bending. Section B-B, just below the nut, 
is subjected to torque and direct compressive load. It will be necessary to check both sections for 
maximum shear stress. 


At A-A 


1 = 400{ oonsas( 


Torsional shear stress, s, = a. 160 0088) = 54.3MN/m? 


where T= 10.16N m (from above), r=r; = 238 mm, J = 4arj = 0.924 x:10~? m* 
Mpc _(12)(0.00493) _ 


Bending stress, ae eo x10 ~ 128MN/m? 


where Mz =(80)(0.15)=12N m, c=r;=4.93mm, I = 427} = 0.462 x 10-2 m* 
Maximum shear stress, 7(max) = V($s;)2 +s? = 83.9MN/m? 


AtBB 
This section is subjected to the collar friction torque Wf.re. Hence the torsional shear stress is 


; _ (4000\(0.25)(0.006)(0.00493 
s,= Ween = 400K correc ) = 32.0MN/m? 


The direct compressive stress is s, = " = 74(0.00985)"/4 = 52.5MN/m? 


Hence the maximum shear stress is_7(max) = (52.5/2)? +322 = 41.4MN/m2 
Our conclusion, then, is that the maximum shear stress occurs at section A-A and is 83.9MN/m? 
Ww 4000 


P= 5 bs 2 
© 2anrmah  2m(14.3\(0.00546\0.00107) 2 MN/m 
—Mutlength 0.025 _ as te 8S 
where n pitch 000175 ~ 14.3 threads, and h=rg — 7; = 2 =1.07mm 


6. It is proposed to make a screw jack in accordance with the sketch of 
Fig. 12-8. Neither screw rotates. Outside screw diameter is 50mm. 
Thread is square (depth =} pitch), single thread, and coefficient of 
thread friction is estimated to be 0.15. Handle 
(a) What would be the efficiency of the jack? 

(6) What load can be raised if the shear stress in the bodies of the 
screws is limited to 28MN/m?? Assume torque applied to nut in 
such a way as to cause no bending stress in the lower screw. 

Solution: 

(@) A differential screw action is involved. In one turn of the nut the 
load is raised an amount equal to the difference in leads of the two 
screws. Hence the output work in one tur is Fig. 12-8 
Output work per turn = W (lead of upper screw — lead of lower screw) 

W (0.016 — 0.012) =0.004W 


No collar friction is involved since there is no rotation of the screw to which the load is applied. 
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To tum the nut relative to the upper screw requires the following torque ig 


»_ a)» ( tana’ +flcos On = 0.121 +0.15/1 és 
T'= w[ (eee Sree al = w[ 02 (eon oat) | 0.00580W 


» _., thread depth gt lead _ 0.016 | x 
where Pm =ro — 5 = 0.025 — 0.016/4 = 0.021m, tana’ ar, = 35(0.021) 0.121 
To turn the nut relative to the lower screw requires the following torque 7”. Note that in this case 
the nut advances in the direction of the load applied to the nut. 


wl] on ( —tana” + flcos On\ | _ —0.0868+0.15 \] _ 
sit wlm(; +f tan a [cos )] > w[o022(; ee || gow 


n _ » thread depth _ - _ lead 0.012 
where fm =ro — z = 0.025 — 0.012/4 = 0.022m, tan a" = gt = Tn(0.022) 022) 0.0868 


and we take 0, = 9" =0°. 
Hence the total torque T to be applied to the nut is T = T’ + T" = (0.00580 + 0.00137)W = 0.00717W 


output work per turn _0.004W 


input work per turn *(@.00717W)2r = 00s = aaee 


Efficiency = 


(b) The upper screw will be critical, since it is subjected to the larger torque and has the smaller root 
area. There is a direct compressive stress s, and a torsional shear stress s, to be taken into account. 


Ww ete 
root area a77 


where r;=ro — thread depth = 0.025 — 0.008 = 0.017m 


we 


Ww 
=3(0.017)" 1101W 


where r=r;=0.017m, J=42r} seis = 0.131 x 10~°m*, and T=T" of part (a) = 0.00580W 


Maximum shear stress, 7(max) = V/(s,/2)? +5? 
28 x 10° = (1101/2)? W2 + 7522 W2 
W = 30,000N 


A hand-operated valve grinding device is to be operated by forcing a nut downward along the stem which 
is provided with helical grooves square in axial section. The overhauling action thereby causes the stem 
to rotate and turn the valve in its seat either by means of a screwdriver tip or by means of a suction cup, 
depending on the type of valve. Assume the following data in addition to that shown on the sketch, 
Fig. 12-9 below. 


Coefficieat of friction f between nut and stem = 0.10. 
Coefficient of friction f, between valve and seat = 0.35. 
Mean friction radius between valve and seat = 25mm 


Determine the minimum helix angle a which could be used in the device under the conditions assumed. 
Solution: 


The helix angle must be at least large enough to guarantee overhauling action. This would be the 
value which makes T = 0 in the equation 
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“A —tan a + f/cos On 
ae W/m G +f tan a/cos re + ha] 
tmf+refe COS An _ (0.0045)(0.1) + (0.025)(0.35\(1) 


Then t: = = 
cena Tm 608 On —Fefef  (0.0045\1) — (0.025\(0.0350.1) 


= 2.54 and a(min) = 68.5° 


Turns with handwheel 


Md 


Se Til Liddle 


ae 


Headstock 


vy 


Pitch (mean) radius 
= 4.5mm 


Fig. 12-9 Handwheet Fig, 12-10 


8. The collet chuck in Fig. 12-10 above is operated by turning the handwheel to draw the collet into the 
conical seat in the headstock. This tightens the four collet pieces against the workpiece, clamping it in 
place. Assume the following data: 


Coefficient of friction between collet and conical seat = 0.20. 

Coefficient of friction at collar = 0.15. 

Coefficient of thread friction = 0.10. 

Effective radius of collar, 7. = 20mm 

Thread, 60° — V, 24mm outside diameter, 21.55mm root diameter, and 2mm pitch. 


If each collet piece is to exert a force of 400N against the workpiece, what torque is required on the 
handwheel? 


Solution: 


If we neglect the stiffness of the collet pieces, then a freebody P 
sketch of one collet piece will be as shown in Fig. 12-11. 

W is the total axial force on the collet. P is the normal force _ 
of the conical seat against the collet piece. We may write the we 
following equations for equilibrium of forces parallel and per- 
pendicular to the collet axis: 


W/4 = P sin 20° + 0.20 P cos 20° 
P cos 20° — 0.20 P sin 20° = 400 


Simultaneous solution yields W=973N. This is the axial force 
which must be developed by the screw mechanism. Fig. 12-11 
The torque required on the handwheel (the nut of the screw mechanism) is 


T= Wm (est sens On ) +e} 


ee 
S 


400N 


—f tan a/cos 6, 
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< d 
where ta aS 11.39mm and tan a= 3" = 0.0279 
is 


Using also 6, = @ = 30° and the given values of f, and re, we obtain T= 4.51Nm 


Estimate the maximum wrench torque which can be applied in tightening a 20mm bolt if the shear stress 
in the body of the bolt is not to exceed 140MN/m? 

Outside bolt diameter = 20.00mm 

Root diameter = 16.72mm 

Thread section has 60° included angle (@ = 30°). Pitch = 2.5mm 

Effective friction radius under nut, r, = 12mm 

Thread and collar friction coefficient estimated at 0.10. 


Solution: 
Maximum shear stress in body of bolt, 7(max) = Vs, +32 
4w 4w 
h =di F aa S 
where Sz = direct tensile stress ars a (0.016737 673) 4556W 
Pata 6 
5, =—! = 7 = 1.094 x 10! 
Sd ae eee 


T’ = screw torque = wrench torque — collar friction torque. 


However T= w[ rm (tan tflct tn ) vf 


h 20+ 16.72 % 
br te 4 ar, 2m(9.18) 
f=fe=010, re = 12mm 


Taking 0, = @ = 30°, we have 


m 0.0433 + 0.1/0.866 
Ts w[o.00s18 (yen 2088s 910385) ; coxyoor2)| 


= 0.00146W + 0.0012W = 0.00266W 
Then s, = 1.094 x 10°7’ =(1.094 x 10°)(0.00146W) = 1596W 
Solving now for W in the r(max) equation, W = 50.3KN 
Hence the wrench torque T = 0.00266W = (0.00266)(50,300) = 134N m 
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SUPPLEMENTARY PROBLEMS 


10. The following data apply to the machinists 


clamp shown in Fig. 12-12. A 
s ee 


Outside diameter of screw = 12mm 
Root diameter = 10.16mm 
Pitch (single thread) = 1.5mm 60°. 
Collar friction radius = 5mm Db» 
Collar friction coefficient = 0.15 
Screw friction coefficient = 0.15 
Assume that the machinist can comfortably Fig. 12-12 
exert a maximum force of 120N on the handle. 
Determine (a) the clamping force developed between the jaws of the clamp 
(6) the efficiency of the clamp 
(c) the torque in the screw body at section A-A 
Ans. (a) 7357N, (b) 12.2%, (c)5.52Nm 


Effective 
Radius = 120mm 


11. Derive the expression for torque required to advance a screw or nut in the direction of the load. (Hint: 
Use a sketch like Fig. 12-6, but reverse the senses of collar friction torque T and friction force fF.) 


12. Four different situations are shown in Fig. 12-13 below, as regards location of load and torque application. 
In each case the axial load W is 10KN the externally applied torque is 90N m and the collar friction 
torque is 30N m. 

(1) For each case state the value of the axial force and the torque to be used in calculating stresses in 
the body of the screw for a section just above the nut. 
(2) Same, but for a section just below the nut. 


Ans. (1) (a) 10kN, 60N m Ans. (2) (a) OkKN, ONm 
(b) 10kN, 30Nm (b) OkN,90Nm 
(c) OkN,90Nm (c) 10kN,30N m 
(@) OkN, ONm (@) _10kN, 60N m 
- Nonrotating 4 T 
iy 
W T W 
4Y 
2 Nonrotating 
(a) (b) (ec) (a) 
Fig. 12-13 


13. A 24mm bolt is tightened to develop an initial axial force of 40kN. Using the data listed below, determine 
(a) the necessary tightening torque to be applied to the nut 
(5) the maximum shear stress in the body of the bolt 
Outside bolt diameter, 24mm; root diameter, 20.32mm; pitch, 3mm; f, = f=0.15:r¢ = 16mm 
Ans. (a) 193N m, (6) 84.9MN/m? 


14. 


15. 


16. 


17. 


18. 
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Using data of Problem 13, what coefficient of friction is needed under the bolt head in order that it not 
be necessary to hold the head while tightening? Assume the same effective friction radius as for the nut. 
Ans. 0.151 


In a large gate valve used in a high pressure water line, the gate weighs 6000N and friction force due to 
water pressure, resisting opening, is 2000N. The valve stem is non-rotating and is raised by a rotating 
wheel with internal threads acting as a rotating nut on the valve stem. The outside diameter of the valve 
stem screw is 38mm. The wheel presses against a supporting collar of 40mm inside diameter and 75mm 
outside diameter. The valve stem is fitted with square threads (single threaded) having an 8.5mm pitch. 
Assuming the coefficient of friction for the collar 0.25 and for the threads 0.10, determine 

(a) the torque that must be applied to the wheel to raise the valve gate 

(b) the efficiency of the screw and collar mechanism 

(c) the maximum shear stress in the body of the screw 

Ans. (a) 82.0N m, (b) 13.2%, (c) 7.6 MN/m? 


A tumbuckle is used to tighten a wire rope. The threads are single right and left hand and square in 
section. The outside diameter of the screw is 38mm and the pitch is 8.5mm. The coefficient of friction 
between the screws and nuts is 0.15. What torque on the turnbuckle is necessary if the rope is to be 
tightened to a tension of 8000N? Ans. 63Nm 


A steel screw driving a bronze nut is to develop an axial load of 300KN in an extrusion press. The screw 
has an outside diameter of 100mm and a single square thread (depth =4 pitch) with a lead of 16mm. 
The length of nut is to be chosen so that the bearing pressure between screw and nut threads will not 
exceed 16MN/m? and the shearing stress on the nut threads will not exceed 28MN/m?. Determine a 
suitable nut length. Ans. 130mm (bearing pressure controls) 


Fig. 12-14 shows a type of window latch. Assuming the coefficients of friction to be 0.3 and 0.2 on the 
ramp and collar respectively, what force F on the handle is required to develop a force of 280N clamping 
the window? Ans. 40N 


Attached 
to sill 


er 
SSSASSESESSSG 


Attached to window 
and moves with it 


Fig. 12-14 
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Bolt Loading 


BOLTED JOINTS LOADED IN TENSION are frequently encountered in the design of fasteners. The bolt is 
subjected to an initial load in tension, W, , often followed by the application of an external load, W2, as shown 
in Fig. 13-1. The resultant load W on the bolt is determined by 


+m2+m3+...+ 
Te phe gh ed |e eee y, W, 
b+m,+m2+m3+...+mp 
or W=W,+W2 fm Fl 
m+b 


where W, = initial load on bolt due to tightening, N 
W, = external load, N 
W = resultant load on bolt due to W, and W2,N 

my, mz and m3 are defined as the deflection in m/N 
of load for the bolted members, m,, m2 and 
m3. These symbols refer to all parts in the 
bolted assembly, including the gasket. v. 

m = the sum of my, mo, etc. 

b is defined as the deflection in m/N of load for the 
bolt. 


Fig. 13-1 


SEPARATION OF THE BOLTED JOINT 
will occur if W2=W. The equation given 
above is that of a straight line having slope NOONE sine Ae =~ =~ = nee 
m|(m +b) and ordinate intercept W;. The fi 
plot of this line, as shown in Fig. 13-2, 
provides a quick method for determining 
when separation of the members will occur. 
Line AC is the extreme situation of zero 
slope which occurs when the members have 
practically no deflection per N of load as 
compared to the bolt, ie. m/b =0. Line AB [4 
represents the extreme situation when the 

bolt has practically no deflection per N of W, (Initial Load) 
load as compared to the members, ie. 

b/m = 0. The actual situation occurs between te 
these two extremes, as indicated by lines AD W, (External Load) kN 
and DE. (Question 3, p. 160, refers to this 

graph). Fig. 13-2 
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THE INITIAL TENSION IN THE BOLT due to tightening may result from the use of a torque wrench or may 
depend upon the judgment of an experienced mechanic. Experimental results indicate that the initial bolt load 
W, (N) ina bolt tightened by an experienced mechanic may be estimated by 


W, =Kd 
where d = nominal bolt diameter (m) and K ranges from about 1.75 x 10° to 2.8 x 10°N/m. 


If a torque wrench is used to tighten the bolt, the value of the initial bolt load W, may be approximated 
by 
W, =7/0.2d 


where 7 = applied tightening torque and d = nominal bolt diameter. The above equation is obtained by using 
the screw thread torque equation (Chapter 12), neglecting the helix angle, assuming a coefficient of friction 
0.15 for both threads and nut, and assuming the friction collar radius of the nut is approximately 2/3 of the 
pitch diameter of the bolt. For well lubricated threads, the initial bolt load might be as much as double that 
indicated by the above expression. The use of the screw thread torque equation is preferred to the above 
approximation. 

The initial bolt load may also be calculated from the theoretical expression 


+ 
T = thread torque + collar torque = Wir, So + Wifcre 
where Ym = mean radius of thread, m a = helix angle 
f= coefficient of thread friction @,, = one-half of thread angle 
f- = coefficient of collar friction re = collar friction radius, m 


STRESSES INDUCED IN TENSION BOLTS are the result of torsional shear combined with resultant axial 
bolt load. The maximum shear stress in a tension bolt may be calculated by 


r{max) = V(W/24,)? + (167 /d3?? 
where (max) = maximum shear stress in the body of the screw, N/m? 
A, = root area, m 
Ty = thread torque, Nm 
d, = root diameter of thread, m 
W = resultant axial bolt load, N 
For a less conservative design A, and d, may be replaced by A and dy based on the stress area A,, which is a 
mean of the average pitch diameter area and the average minor diameter area, and d, = /4As/z. 

In general for static loading, the maximum shear stress induced in the bolt should not exceed about 3/4 
of the shear yield strength of the material; however, there are times, especially in the case of small bolts (12mm 
and less), where the yield point is exceeded. For variable loading the bolt should be designed for endurance. 
It should also be noted that bolts usually lose their initial torsional stress when they are subjected to dynamic 


loading. This is due to the fact that the bolt head and/or nut will slip back if there is insufficient frictional collar 
resistance. 


IMPACT STRESSES result when bolts are subjected to suddenly applied or impact loads. It is assumed that 
the bolt has to absorb all the energy of impact. 


U=}F5 


where F = force caused by impact, N; 5 = deformation caused by impact, m; U = energy of impact, J. 
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REQUIRED HEIGHT OF THE NUT may be estimated assuming that each turn of the thread supports an 
equal part of the resultant load W, as shown in Fig. 13-3. 

The strength of the bolt in tension should equal the strength of the threads in shear. For the bolt in 
tension, W =42d?s;; for the threads in shear, W = nd,hs,; for ductile materials, s, =4s;. Then 


4nd? =4nd,h or h=4d, 


Fig. 13-4 


Fig. 13-3 


The assumption that each thread takes its share of the load is not true. Since the nut is under compression 
and the bolt is under tension, the load will shift toward the bottom threads of the nut. For heavily loaded 
bolts, special nuts are sometimes used in order to obtain better load distribution as shown in Fig. 13-4 above. 


THE FATIGUE STRENGTH OF A BOLT depends upon the maximum and minimum loads to which it is 
subjected. When the external load W2 is fluctuating, the initial bolt load W, should be sufficient to prevent 
separation with a reasonable factor of safety. Separation will be pending when the external load W2 is equal 
to the resultant bolt load W_ Then 


m 
Wr =W; +m(5) 


m 
or W; must be>W ( = —*) to prevent separation. When no separation occurs, the load may vary 


between W, and W; + W2 Ea 


STRESS CONCENTRATION AT THE ROOT of a standard coarse thread is high. Photoelastic tests indicate 
static stress concentration factors as high as 5.62. This may not be too serious for bolts made of ductile 
material when subject to static loads. However, the stress concentration factor has been found to lower the 
endurance limit of standard coarse threads by factors ranging from 2 to 4. Therefore the fluctuating stress in a 
threaded bolt must be multiplied by a suitable stress concentration factor. 
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SOLVED PROBLEMS 


1, Derive the equation for the resultant bolt load W in terms of the initial load W, and the applied external 
load W2. 
Solution: 

Consider two members bolted together. Fig. 13-5 below shows the members and the bolt as free 
bodies due to the initial tightening load W, only. Fig. 13-6 shows the members and the bolt as free bodies 
after an external load W2 has been applied. Note that the change in length of the bolt is equal to the 
change in length of the bolted members if there is no separation of the parts. Then 


(AL)» = (AL); + (AL)2 


and (W— W1)b = [Wi —(W— W2)]m, + [Wi —(W— W2)] mz 
= my+m2 \_ m 
or W=W, +W2 (gait Pes =.) W,+W2 (sr) 


where the symbols are the same as previously given. (Note: external load is assumed to be applied to the 


bolt.) 

W, 

Ww 
W, 
W, 
LA 
LA i 
1 

W, 


Fig. 13-5 Fig. 13-6 


Fig. 13-7 


2. A bolt is used to fasten two members together as shown in Fig. 13-7 above. The members and the bolt 
are of the same material and have the same cross section area. Determine what external load W> will 
cause separation of the members to occur if the initial tightening load W, is 20KN. 


Solution: 

Since the connected members and bolt are of the same material and have the same cross section area, 
m 

<5) =W1 +4W2. 

Separation will occur when W = W2; then W2 = 20 +4W2, or W2 = 40KN before separation occurs. 


they have the same deflection per N of load. Thus m =b and W= W, + W2 ( 
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Several members are bolted together in such a manner that the deflection per unit load for the bolted 

members is the same as for the bolt, i.e. m=b or m/(m +b) =}. Determine the following graphically 

using Fig. 13-2. 

(@ If the initial tightening load on the bolt is 40kN, what axial external load has to be applied to the 
bolt to cause separation of the bolted members? 

(b) What is the resultant bolt load for an external load of SOkN? 

(c) What is the resultant bolt load for an external load of 100kN? 


Solution: Refer to Fig. 13-2. 


(a) Separation occurs at point D for which an external load W2 = 80KN will just cause separation. 
(6) Foran external load W2 = SOKN, the resultant bolt load W = 65KN. 
(c) For an external load W2 = 100KN, the resultant bolt load W = 100KN (separation has occurred). 


The bolted assembly shown in Fig. 13-8 below has been preloaded by tightening the nut so that the bolt 
has an initial load of 5.3KN. If the ratio of the deflection per N of load for the members to the deflection 
per N of load for the bolt is 1/3, what is the magnitude of the bolt load when an external load W2 = 9.6kN 
is applied as shown? 


Solution: 


Since m/b = 1/3, W=W, +W2 (a) = Wy; +4W2 =5.3 +4(9.6) = 7.7KN. 


Since W2 > W, the members have separated and the final load on the bolt will be 9.6KN. 


Fig. 13-8 Fig. 13-9 


The lid of a cast iron pressure vessel shown in Fig. 13-9 above is held in place by ten M12 steel bolts 
having an initial tightening load of 22kN, when the vessel is at 21°C and the initial pressure is atmos- 
pheric. Determine the load in each bolt (a) if the pressure is increased to 1.4MPa, (5) if the vessel is 
heated to 121°C with atmospheric internal pressure, (c) if the vessel is heated to 121°C with an internal 
pressure of i.4MPa. 

E for steel = 207 GPa, for cast iron = 83 GPa, for zinc = 83 GPa. 

Linear expansion coefficient for steel = 11.9 x 10~®/K, for cast iron= 10 x 10” °/K, for zinc = 
32 x 10-°/K. 


Solution: 
(a) Cross section area of the flange and zinc gasket per bolt is 


wl 0.4 +0.55 
2 


Cross section area of M12 bolt = 0.113 x 107 > m7. 
Hence the net area for zinc and cast iron flange = 0.0112 — 0.113 x 10 = 0.0111 m?/bolt. 


coors) =0.0112m? 
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afb pak Sheds i 
From s=—~ E =", we have P = Zp ™ deflection per N of load. 


ee -_ 
CAE nine = 5717 x 83 108 7 0947 X10" |? mIN of load 


5x 1022 = * er. 
C/AB 01 = 5777 x 83 x 108 7 9427 * 10" *! mIN of load 


(L/ = 564x107 =2.411 x 107° m/N of load 
AERol = 9513x10-? x207x109 


m = 6.947 x 10- '? + 5.427 x 10-'' m/N of load, b= 2.411 x 107? m/N of load, "= 2.48 x 107? 


2 6 
' 4x 10' 
W2 = me) (4" a ) = 1.76 x 10*N per bolt, and W = 22,000 + 2.48 x 107?(1.76 x 10%) = 22.4kN 
(b) (AL)zinc due to temp. change = 6.4 x 107 3(100)(32 x 107°) = 2.048 x 107m 


(AL)c1 due to temp. change = 2(0.025)(100)(10 x 107°) =5 x 10-5m 
(AL)poit due to temp. change = 56.4 x 10~3(100)(11.9 x 10~°) = 6.712 x 107 5m 
(AL) zinc + (AL)c1 = 2.048 x 1075 + 5 x 107* = 7.048 x 10-5 m 


(AL)boit =(AL)members- (AL)poit Will increase due to both an increase in temperature and an 
increase in load. Let W' be the new load on the bolt, remembering that W, = 22kN, 


Ww = hi —2: 
(AL)pott = races ane 6.712 x 1075 
=2.411 x 107-°(W{ — 22,000) + 6.712 x 10-5m 
(AL) members Will tend to decrease due to an increase in load, but will tend to increase due to 
the temperature rise; thus 
_ — 2: 

(AL) members = — Ot 22 OOG S420) + 7.048 x 107% 

= 6.122 x 10-'!(w, — 22,000) + 7.048 x 10-5m 
Equating (AL)ho1r = (AL) members, We obtain Wj = 23.4KN. This is the new initial bolt load. 


(c) After the external pressure has been applied the resultant bolt load will be 
W = 2.34 x 10° + 2.48 x 10~7(1.76 x 10°) = 23.8kN 
6. An M12 steel bolt, 250mm long, is subjected to an impact load. The kinetic energy to be absorbed is 4J. 
(a) Determine the stress in the shank of the bolt if there is no threaded portion between the nut and the 
bolt head. (b) Find the stress in the shank if the area of the shank is reduced to that of the root 
area of the threads. 
Solution: 
(a) The energy of inact will be absorbed by elongation of the 12mm shank which has an area of 
0.113 x10°~m*. 


eks 2h (EDN bee 
2° 2\AaE) ~24E 


J2AEU _ .J2(0.113 x 107 *}(200 x 10” 
Of ae ¢ a Ye 26.9kNampact load) 
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The root area A, = 76.2mm*. The stress based on the root area is s = 2.69 x 10*/(76.2 x 10- 6) 
= 353MPa. This value has neglected stress concentration. 


(6) If the diameter of the shank of the bolt is reduced to the root diameter, 
2.21 x 10* 
STI aan 


This illustrates how the stress due to impact may be reduced by making the shank diameter equal to 
the root diameter of the thread. The impact stress may also be reduced by increasing the length of the 
bolt. 


=22.1kKN and 


An M24 coarse pitch tie bolt is 380mm long between the bolted members. It is tightened to an initial 
load of 45kKN. Assume a coefficient of friction for both the threads and collar of 0.15, and a collar 
radius of 15mm. (a) Determine the necessary tightening torque applied to the nut, using the theoretical 
screw thread torque equation. (b) Determine the maximum shear stress in the bolt. 


Solution: 


do = 24mm dm = 22.155mm lead 3x107> 
(a) For the specified thread: ~° a tana =—— = —~—___=0 04 
G) Hosshespenedtthteat aWere oan 7 Sil eee  aaKOoDIe 


0.0431 + 0.15/0.866 


T = 45,000 [11.08 x 1073 { ———__ 
1 — 0.0431 x 0.15/0.866 


) +0.15x 15x 10->| =109+101=210Nm 
Note that the portion of the applied torque absorbed by the threads is 109N m and the portion of 
the total torque absorbed by the collar is 101 N m. 


45,000(4) 109 x 16 
baer y— 3\2 ~ MP ‘a, = an a . ane fo es MP ‘a, 
©) sx = 7303 x10 y 8? Txy 720.3 x 10- >) os 


and 7(max) = V(139/2)? + 66.32 = 96.1 MPa 


Derive an expression for the maximum stress induced 
in the shank of a horizontal bolt when the head is 
subjected to an impact of a concentric weight W with 
a velocity V. Neglect bending due to W and stress 
concentration. See the adjoining figure. V 


Solution: L | 


Ain? 


The kinetic energy of the moving weight must be 
absorbed by the bolt upon impact. Using N, m and Fig. 13-10 
sec units, 


4MV? =4P5, (W/g)V? =(sA)(SL/E), and s = V\/WE/gAL (tension) 


The external load applied to a bolted joint fluctuates between zero and 7.2KN. The ratio of the meters 

deflection per N of load for the bolt to that for the members is 3. The endurance limit s, of the bolt 

material in reversed axial loading is 208MPa and the yield point is 346 MPa. The root area of the thread 

is 84.3mm?. Assume a stress concentration factor K, ‘f= 2.5 and a factor of safety N = 2 based on the 

yield strength of the material. In this case Ky includes surface and size effects. Determine: 

(a) The minimum initial tightening load that must be applied to prevent separation. 

(b) The average, s,, and the variable stress range, s,, based on the initial load as determined in part (a). 

(c) Plot the Soderberg working stress diagram for the material and determine if the bolt is safely loaded 
based on an initial load as determined in part (a). 


10. 


11. 


12, 


13. 
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Solution: 
(@) W,>W2(1-——) t  separstion, where "=. Th 
(a) W, 2 {1 —> 5) to prevent separation, where —— > = 7. Then 
W, (min) = 7200(1 — 4) = 5400N 
(b) W(max) = 5400 + 7200/4 = 7200N 
W(min) = 5400 + 0 = 5400N % 
Wm = 6300N (mean load) ye 
W, = 900N (variable load) 
Sm = 6300/(84.3 x 10~°)=74.7MPa & 
K sy = 2.5(900)/(84.3 x 10~°) = 26.7MPa & 
" 
(c) The sum of the average and variable ¢|2 4 
stress is shown at point A of Fig. 13-11. Kysy = 26.7MPa 
Since point A falls below the working- 
stress line, the bolt is safely loaded. a jon Sm 
Note that the stress concentration Sg 74.7MPe = 
factor was applied only to the variable = 173MPa 
stress, and not to the average stress 
Fig. 13-11 


which may be considered as static. 


SUPPLEMENTARY PROBLEMS 


The cover of a pressure vessel is held in place by ten M20 bolts. The pressure is 1.4MPa and the effective 
area of the cover exposed to the pressure is 0.2m?. The ratio of the stiffness of the bolts to the connected 
parts is 1/4, where stiffness is defined as meters of deflection per Newton of load. Each bolt is tightened 
initially, before the pressure is applied, to 27KN. (a) Will the joint separate as a result of the load due to 
internal pressure? (b) If the joint does not separate, determine the tensile stress in each bolt due to the 
axial load. 

Ans. (a) The members will not separate. (b) s = 220MPa 


An oil cylinder has two ends held in place with four through bolts, each with an area of 0.00013 m? and 
each tightened to an initial load of 13.4KN. The cross section area of the cylinder is 0.0013m?. The 
effective length of the bolts and cylinder may be taken as the same and equal to 460mm. Considering 
the end plates as very rigid, determine the load in each bolt if an internal pressure is applied to cause a 
force of 27KN on the head and piston, in the position where the piston rod is fully extended. Material 
of the bolt and cylinder is steel with an ultimate strength of 5SOMPa and a yield point of 345MPa. 
Ans, 15.3KN 


One M20 steel through bolt (A, = 2.25 x10~*m’) is used to tighten up two steel end plates against a 
steel cylinder with an o.d. of 100mm and an i.d. of 75mm. The end plates can be considered as exten- 
sions of the cylinder when calculating the joint stiffness. An oil pressure of 10MPa is applied inside the 
cylinder. Show that an initial tension of SOKN will prevent leakage from the cylinder joint faces, and 
then find the total load in the bolt. 

Ans. 52.7KN 


A cast iron cylinder head is fastened to a 0.5m (inside diameter) cylinder by means of 8 bolts. Consider 
the bolt to be extremely flexible as compared to the bolted parts. For an internal pressure of 1.4MPa 


164 


14. 


1S: 


16. 


17. 


BOLT LOADING 


what is the axial force on each bolt if the bolts were tightened just enough to 
prevent the joint opening under a pressure of 2.1 MPa? 
Ans. 51.54KN per bolt 


A through bolt is used to fasten two plates with a gasket between the two 
plates. It is known that the ratio of deflection of the bolt per unit load to the 
deflection of the bolted parts per unit load is 1/4. What percentage of the 
applied load to the plates will be added to the initial tightening load of the 
bolt? Assume that the plates will not separate under load. 

Ans. 80% of the applied load goes into the bolt. 


Derive an expression for the tensile stress induced in a vertical bolt when a 
concentric weight W falls through a height A as shown in Fig. 13-12. 


W [2AEh 
Ai =— a i 
ns. S$ A ( + WL + i) (tension) 


The external load applied to a bolted joint fluctuates between zero and 6.24kN. 
The bolt is tightened with an initial load of 5.8kN. The root area of the bolt 
is 105 x10~°m?. The ratio of the m deflection per N of load for the bolt to Fig. 13-12 
that for the members is 3. 

(a) Determine the maximum and minimum bolt loads. 

(b) Determine the average stress and the variable stress, assuming a stress- 
concentration factor of 2.8 which includes surface and size effects. 

(c) Plot the Soderberg working-stress diagram and determine if the bolt is 
safely loaded for a factor of safety of 1.8. The material has a yield point 
of 276 MPa, and an endurance limit in reversed axial loading of 138 MPa. 

Ans. (a) W(max) = 7.36kN, W(min) = 5.8kN 

(6) Sm = 62.7 MPa, sy = 20.8MPa 
(c) The bolt is safely loaded. 


Determine the initial tightening load and the maximum shear stress in an M12 x 1.75 bolt when two 
members are bolted together and the nut is tightened with a torque of 70N m. Assume a coefficient of 
friction of 0.15 for both threads and collar. The collar radius may be taken as 8.5mm. Neglect stress 
concentration. 

Ans. Initial bolt load = 27.9kN. Maximum shear stress = 261 MPa (based on a root diameter = 9.83mm) 


Chapter 14 


Clutches 


A CLUTCH is a friction device which permits the connection and disconnection of shafts. The designs of 
clutches and brakes are comparable in many respects. This is well illustrated by a multiple disk clutch which is 
used also as a brake. One problem of design much more evident in brake design compared to clutch design is 
that of heat generation and dissipation. Friction clutches generate heat as a result of relative motion of the 
parts, but the amount of sliding is not ordinarily as great as in a brake. It is quite customary in the analysis of a 
clutch to picture that the parts are in impending motion with respect to each other, although one must not 
lose sight of the fact that transmission of power through friction usually involves some slip. For this reason, 
when it is necessary to have positive power transmission one must resort to a positive device, as a jaw type of 
clutch. 


PLATE OR DISK CLUTCHES 


A MULTIPLE DISK clutch is shown in Fig. 
14-1. The plates shown as A are usually steel 
and are set on splines on shaft C to permit axial 
motion (except for the last disk). The plates 
shown as B are usually bronze and are set in 
splines of member D. 

The number of pairs of surfaces trans- 
mitting power is one less than the sum of the 
steel and bronze disks, and is also an even 
number if the design is such that no thrust 
bearings are needed. 


N= Nsteel + Mbronze — 1 
For the system, shown, n = 5 + 4 — 1 =8 pairs of surfaces in contact. 
The torque capacity is given by 
T=F{Rm 
where T = torque capacity, Nm 
F = axial force, N 


f= coefficient of friction 


2 (83 —R? 


Ry= friction radius = — | >>——7 ) if the contact pressure is assumed uniform 
3 \Ro - Ri 


Ro+Ri .. R 7 
if wear is assumed uniform 


R, = outside radius of contact of surfaces, m 
R; = inside radius of contact of surfaces, m 


n= number of pair of surfaces in contact. 
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The axial force F is given by 
pm(R3 — R7) 

where p is the average pressure. 

The power capacity is 

Power = TN(27/60)W 

where T = shaft torque, N m, and N = speed of rotation, rev/min 

For uniform wear, the pressure variation is given by 

ae ee 

r  2n(Ro — Riv 
where C is a constant and r is radius to differential element shown in Fig. 14-3, on page 168. 


CONE CLUTCHES 


A CONE CLUTCH achieves its effectiveness by the wedging action of the cone part in the cup part. 


(a) The torque capacity of a cone clutch with the 
parts engaged based on uniform pressure is 


Ff (2\(R3-R? a\ 
rosa (5) oat) 


sina \3 RZ = R? ; 
The torque capacity can also be written in an alternate 
form as i } - ‘ 
r=rp|—Ro=Ri__ ) 
3Rmb sin? a Clutch engaged 


where T = torque, Nm 
F = axial force, N 
f= coefficient of friction 
Ro = outside radius of contact, m 


Fig. 14-2 
R; = inside radius of contact, m 
Rm = mean radius = 4(Rp +Rj),m 
b = face width, m 
@ = pitch cone angle. 
2\(Ra—R? 
or T=F,yf (3) (= where Fy, = p(27Rm (b). 
(6) The torque capacity of a cone clutch, based on uniform wear is given by 
=F iRm z 
T aq. ot T= FrfRm 
The pressure variation, where uniform wear is assumed, is 
F 
P55 or See Fig. 148 
InRo-Riy 
F 
The maximum pressure occurs at the smallest radius: _p, eS Se 
“i mex” 2n(Ro — RR: 
F 
The minimum pressure occurs at the largest radius: Td eer, are 
PI Bi Pmin InRy —RpRo 


F 
The average pressure = —-,——- . 
ee (R3 — RP) 
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ENGAGING CONE CLUTCHES. A problem encountered with cone clutches not encountered with multidisk 
clutches is the possibility of a larger force to engage a clutch than that required during operation when the cup 
and cone are rotating at the same speed. The analysis is complicated by the fact that the direction of the 
frictional forces depends upon the manner of engagement, that is, the ratio of the relative rotary motion to the 
relative axial motion of the cup and cone. A conservative procedure is to assume that no relative rotary motion 
occurs during engagement, for which the maximum axial force F, necessary to engage the cup and cone is 

F, = F,(sin a + f cos a) 


This force is the maximum required to obtain the desired normal force F,, which in turn develops the frictional 
force to give the desired frictional torque. 


AXIAL FORCE TO HOLD CUP AND CONE IN ENGAGEMENT. The force to hold the cup and cone in 
engagement, with friction taken into account, will vary between 


F=F,sina and F=F,(sina—f cosa) 


Because of vibration, friction may not be very dependable and it is conservative to assume that the axial 
force to hold the parts together is the larger value of F: F = F,, sin a. 


AXIAL FORCE REQUIRED TO DISENGAGE CUP AND CONE. Ordinarily, with the cone angles commonly 
used, no force is necessary to disengage the parts, although it is possible that if f cos a > sin a, an axial force 
Fa may be necessary to disengage the parts: 


Fa = F,(f cos a — sin a) 


POWER CAPACITY FOR A CONE CLUTCH is as follcws, depending upon whether uniform wear or uniform 
pressure is assumed: 


Uniform Wear: P = TN(27/60) = 


(EnfDm [2)N Afin ( N 
9.549 


9549 sina ) Wats 


. 2\ (R2-R?\ N _ PF (2\(R3-R?\_N 
Uniform Pressure: P = TN(27/60) -F.1(2) (3 = zi) 9549" Ae ea (@ - re 55ag Watts 


where F=axial force,N 
= coefficient of friction 
Ro = outside radius, m 
R; = inside radius, m 
N= speed, rev/min 
@ = cone pitch angle 


F,, = p(27Rm \(b), where p is the average pressure, Rm is the mean cone radius, and b is the face 
width. 
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SOLVED PROBLEMS 


1. Derive the torque capacity for one pair of surfaces pressed together with an axial force F. Assume 
uniform pressure. Refer to Fig. 14-3 below. 
Solution: 
Consider a differential area dA = 2ar dr. The differential normal force = dN = p dA = p(2ar dr). The 
differential frictional force = dQ =fdN=f(p2nr dr). The differential frictional torque = dT = rdQ= 
1(fp2nr dr); integrating with p and f as constants, the total torque is 


R open 
T= nfo | ° P dr=2nfo (#584) 
Ri 3 


The axial force F = p(n(R3 — R?), from which the average pressure p = _—— 


m(Ro — Ri)” 
3 p3 3 ps 
Substituting this value of p into T= 2nfp (# ae ). we obtain T= a5 ( BS )] = FARy. 
‘0 — Ri 


Fig. 14-3 
2. Derive the torque capacity for one pair of surfaces pressed together with an axial force F. Assume 
uniform wear. Refer to Fig. 14-3 above. 
Solution: 


When a clutch is new, it is perhaps true that the pressure may be rather uniform. If the surfaces are 
relatively rigid, the outer portion, where the velocity is high, will wear more than the inner portion. 
After initial wearing-in, it is reasonable to assume that the curve of the profile will maintain its shape; 
or, the wear thereafter may be considered to be uniform. 

Uniform wear can be expressed in a different way by saying that in any time inte.val the work done 
per unit area is constant: 

(frictional force)(velocity) _(fp2nr dr)(rw) 
area = 2ar dr 


= constant C’ 


or p = C'/fres. Then since f and w are constants, p = C/r, where C is a constant. 


An alternate method of showing that pressure varies inversely as the radius is to consider that wear 5 
is proportional to pressure p and velocity V. Thus 5 =KpV =Kp(rw), or p=C/r since 5 and K are 
constants and w is fixed for a given clutch. 

As in Problem 1, the differential frictional torque dT = r(fp2ar dr); the total torque is 


R, 2_ Rp? 
r=| #(E) 2nr dr = 2nfC (#524) 
Ri i = 


Ro rR, 
To find C: F=f p(2ar dr) “| i (C/r\(2ar dr) =2mC(Ry — Ri), or C= 
Ri Ri 


Substituting this value of C in the equation for T, T= (BeBe) = FR;. 
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Compare the friction radius based upon uniform pressure and uniform wear for two cases: 
(1) Ro = 100mm, R;=90mm; (2) Ro = 100mm, Rj = 25mm 


Solution: 
: _(2\(Ra—R?\ _(2\(0.1° —0.09° 
(1) Uniform pressure, y=(3)(R =(3)\o1? —0.097 =0.0951mm 
Ro +Ri_ 0.1 +0.09 


Uniform wear, Ry = cima ey 0.0950mm 


J). pe 3 3 

—Ri 2\ 0.1" — 0.25 

(2) Uniform pressure, Ry = (3) (&=%) = @) eee) =0.0700mm 
0 — Ri 1" — 0. 


Uniform wear, Ry= ee Son ae 0.0625mm 


Thus for low values of Ro/R; the difference between uniform wear and uniform pressure is very 
small. As Ro/R; increases, the difference becomes larger. 


Plot the ratio of friction radius to outside radius (Ry/Ro) versus the ratio of inside radius to outside 
radius (R;/Ro) for uniform pressure and uniform wear assumptions. Refer to Fig. 144 for solution. 
12 


Plot showing relation of Friction 
Radii for Friction Clutches 
Uniform Pressure compared 

with Uniform Wear 


os 


aig 
ag Uniform Wear 
Eig os Ry= ek 
23 
EIS 
ale? 


0 0.1 0.2 a 0.6 0.7 08 03 10 


Ri _ Inside Radius. 
R, Outside Radius 


Fig. 14-4 
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‘4000N, the inside radius of contact is R; = 50mm, 
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Determine the maximum, minimum, and average 
pressure in a plate clutch where the axial force is 


the outside radius is Ry = 100mm. Uniform wear is 
assumed. Refer to Fig. 14-5. 
Solution: 
The pressure variation is given by 
C_ F 
7 2n(Ro — RiXr) 


The maximum pressure occurs where r = R; 


p= 


s 4000 = 2 Fig. 14-5 
P(max) = 9.1 — 0.050105) = 255kN/m 


The minimum pressure occurs at r= R, 


7 = 127kN/m? 


P(min) = > 0.0501) 
force F 


a = 4000 = o 
area of contact (RZ Re 70.17 — 0.05%) 170KN/m’ 


Average pressure p = 


A multiple disk clutch has 4 steel disks and 3 bronze disks and each surface has a contact area of 
2.5 x10~3m? and a mean radius of 50mm. The coefficient of friction is 0.25. What is the power 
capacity for an axial force of 350N, if the clutch rotates at 400rev/min. Assume uniform wear in the 
clutch plates. 
Solution: 
T = FfRgn = (350)(0.25)(6) = 26.3N m, Power = TN(27/60) = (26.3)(400)(27/60) = 1100 watts 
=1.10kW 


A multiple disk clutch, steel on bronze, is to transmit 4kW at 750 rev/min. The inner radius of contact is 
40mm and the outer radius of contact is 70mm. The clutch operates in oil with an expected coefficient 
of friction 0.10. (Oil is used to give smoother engagement, better dissipation of heat, even though the 
capacity is reduced.) The average allowable pressure is 350KN/m? maximum. (Low design pressures are 
used to provide for sufficient size to give good heat dissipation capacity.) 

(1) How many total disks of steel and bronze are required? 

(2) What is the average pressure? 

(3) What axial force is required? 

(4) What is the actual maximum pressure? 

Solution: 

(a) First determine the torque capacity of one pair of surfaces in contact, assuming uniform wear. 


T= ay(82222) = (3630)0.1) (eots2es) =20.0Nm 


where F = pn(R3 — R?) = 350,0007(0.07? — 0.047) = 3630N 


rie 4000(60) 
tal t i = 
(6) The total torque applies is T 750(2n) 50.9N m 
total torque _ 50.9 
torque per pair 20.0 
Since the number must be even, use 4 pairs of surfaces with 3 steel and 2 bronze disks. 


(c) Number of pairs of surfaces = = 2.54 
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(d) Using 4 pairs of surfaces, we can use a reduced pressure. 


The actual torque per pair of surfaces = ——————— = —— = ]2.7Nm 


“ +Ri 0.07 + 0.04 
(e) To find the actual force required: T’ -nf(83 Bi), 12.7 =o.) (270%), F=2310N 
pele 2 ae 2aNOe oe 2 
The average pressure is Pee 70.07? 0.08) 223 kKN/m’ 


F te 2310 
2n(R, —Rir 27(0.07 — 0.04)(0.04) 


Answers: (J) Four pairs of surfaces giving 3 steel and 2 bronze disks, or a total of 5 disks. (2) Average 
pressure = 223kN/m?,(3) Axial force = 2310N. (4) Actual maximum pressure 306kN/m?. 


= 306kN/m? 


(f) Maximum pressure occurs where r = Rj: p(max) = 


8. A multiple disk clutch is composed of 5 steel and 4 bronze disks. The clutch is required to transmit 
16N m of torque. If the inner diameter is restricted to 50mm, determine (1) the necessary outer diameter 
of the disks and (2) the necessary axial force. The coefficient of friction may be taken as 0.1 and the 
average pressure is not to exceed 350KN/m?. Assume uniform wear. 


Solution: 


Torque per pair of surfaces = ee 2N m. Then 


2 = y(22221) = [; (D3 - pv] (7222) = [ (D3 — 0.057)(350,000)(0.1) (7-4995)) 


from which, by trial and error, D, = 0.07 = 70mm 


T (666)(4) | 


= —. = = = 2 
For D, = 70mm, F RD. +DpiA 666 N (and average pressure 70.07? — 0.05%) 353kN/m 


9. Under what conditions would uniform pressure be a more appropriate assumption than uniform wear in 
a clutch analysis? 


Solution: 


Uniform pressure assumption would be more appropriate where the plates are flexible to permit 
deflection when wear occurs. 


10. A motor rotating at constant speed w drives a load through a reversing gear arrangement and clutch as 
shown in Fig. 14-6 below. A brake is available to bring the load to rest. A comparison of two methods of 
operation is to be made: 

(J) In the first method, the clutch is engaged and the load is brought up to motor speed w in time ¢ 
seconds. The clutch is disengaged and the brake brings the load to rest. The reversing gear is shifted 
to reverse the direction of rotation and the load is accelerated to —w speed. 


Load 


Motor Reversing Moment of Inertia=! Brake 
Angular Velocity = @ Gearing Clutch Angular Velocity =y é 


Fig. 14-6 
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(2) In the second method, the clutch is engaged and the load is brought up to speed w in t seconds. 
The reversing of direction of rotation of the load is accomplished by disengaging the clutch, shifting 
the reverse gear, and re-engaging the clutch. The motor rotates until the load rotates at —w. 


Compare the friction work dissipated in heat in the two different methods of operation. 
Solution: 
A. Consider method (1) first. 


Let T=the friction torque developed by the clutch (which is also the motor torque) and 
d6 =the differential angle of rotation of the motor. Then the work done by the motor in bringing 
the load up to speed w is 


t 't 
Wm -{ Td0 = | Teo dt 

° ° 
since d@/dt = (the constant motor speed). But the torque by the clutch on the load causes an 
angular acceleration a of the load. Then T= Ja, where / is the polar mass moment of inertia of the 
load, and 


st " 
Wm = | fexoar= 10 | adt 
a 5 


Since dy/dt = a, where y is the angular speed of the load, varying from 0 to the motor speed w, the 
work done by the motor is 


w 
Wm = Tuo | dy = Iwa[w — 0] = Jw? 
° 

The friction work dissipated as heat, W,, is the energy put in by the motor less the kinetic 
energy of rotation: 

Wy = Wm —4$1e” = Ios” — Hos? =4 ea" 

If the brake is applied to the load with the clutch disengaged, the energy lost in friction is the 
kinetic energy of the rotating parts, or $/us*. If the reverse gear is shifted and the load is brought up 
to motor speed —w, the work done in friction is obtained in a similar way to the above, and is dus. 

The total energy lost is made up of three parts: (a) Energy lost in friction in the clutch when 
the load goes from zero speed to w, $/u”. (b) Energy lost in braking, $/w:*. (c) Energy lost in the 
clutch when the load goes from zero speed to —w, $/w*. Thus the total energy lost in method (J) is 
(/2)le?. 

The time for the complete reversal is ¢ seconds to go from zero to w, plus ¢ seconds to go from 
w to zero, plus ¢ seconds to go from zero to —w. (This assumes that the braking time is equal to the 
accelerating time and no allowance is made for engagement and disengagement of the clutch or for 
shifting the reverse gear.) The total time is 3¢ seconds in method (1). 


B. Consider, now, method (2). 


The friction work in bringing the load up to motor speed w is as before, }/w. 
If the clutch is disengaged, the reverse gear is shifted, and the clutch re-engaged, the motor 
tunning at constant speed aw, the work done by the motor is 


ts ty Ww 
Work = i) Tes dt = J low dt = Io dy = 2es* 
4, fi tw 
Note that the motor torque is applied to the input of the reverse gear; hence the direction of the 
motor torque is opposite to the torque applied to the load, i.e. T= —Ja. 
Since the kinetic energy when the load is rotating at w is the same as when the load is rotating 


11. 


12. 
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at —w, all the work done by the motor appears as heat in slipping of the clutch. Hence the total 

energy used in friction work in method (2) is (4/0. + 21) = (5/2)u*. 

The total time for a complete cycle by method (2) is t seconds to get the load from 0 to w 
speed, plus 2r seconds to go from w to —w, or a total of 3f seconds. 

Thus the time for a complete cycle is the same for both methods, but method (/) is more efficient 
than method (2). Method (J) loses (3/2)/es in friction work, while method (2) loses (5/2)/w? in friction 
work. 

Reversing by method (2) would actually be faster than (/) because of less time needed for the 
manipulation of brake, clutch, and reverse gear. 


Derive the torque capacity of a cone clutch based 
upon the assumption that the pressure between 
the cup and cone part is uniform. Refer to Fig. 
14-7. 


Solution: 


(a) Consider a differential element bounded by 
circles of radii r and (r + dr). The area of the 
differential fustrum of a cone is 


dr ) 
dA = 2nr | ——}. oA 
Teal Horizontal component Nae 
(b) The integral of the differential torques is of the differential 


force = pRbdd sind 
Ro dr 
aT= 2 
I. ( uf Sn) oh 


= 20h (= 4 


or ~ 
sin a 3 


(c) Define the force F,, as that due to the pressure 
applied to the area as if it were stretched out 


. Fig. 14-7 
into a plane: 
Fy = p(27Rmb) 
(d) To relate F,, to the axial force F, consider a differential element with central angle dg. The differen- 
tial area is 


| d4 = 20Rmb(d6/2n) = Rmb de 


The differential normal force is dV = pR,_b dé. The horizontal component of the differential force 
is dF; then 


f 20 
jar= | PRmbdosina or F=2npRmbsina=Fy sing 
° 


(e) Substitution of the pressure p from the equction of (c) into the equation of (5) gives 


fete R3-Ri\_ Die eons Ff [2 (Ra-R? 
> ae, = Falla pz oa eae 3 \p2 2 
Rmb sina 3 3\Ro —Ri sina | 3 \RZ — Ri 


since Rm =4(Ro + Ri), (b sin &) = Ro — Ri, and Fy = F/(sin a). 


Derive the torque capacity of a cone clutch based upon a uniform wear assumption. Refer to Fig. 14-8. 


Solution: 


(a) For wear to be uniform, the work done per unit area must be constant. Consider a differential element 
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Length = rd 


Fig. 14-8 
bounded by circles of radii r and (r + dr). 


Work done in N rev _Pf [2ar(dr/sin «)](2arN) 
area 2nr(dr/sin a) 


or p = C/r, where C is a constant. 


= constant 


This result may also be obtained by considering that the wear at any point is constant and is 
proportional to the product of pressure and velocity. Thus, wear = KpV = Kp(wr) = constant, or 
P=C/r since w is constant. 


R3 — R? 
2sina 


(b) Torque T= iN o4(2m oa) ancy (SER 
Ri 
where C = pr. 
Supe: dr 
(c) Fr -f.. P (2 2.) -2 = 2 (R, - Ri) 


(d) To eliminate C, substitute the value of C from the equation of (c) into the equation of (b) and 
obtain 
T=FyfRm 


(e) The relation of F,, and F can be obtained by first setting up the differential normal force on the 
differential area considered as a rectangle with differential dimensions dr/(sin a) and r(d¢): 


dF, = p(dr/sin ar do 
(f) The sum of the horizontal components of the differential forces is F: 
Ro (2m ap j (Ro pia 
F= 3 [ Pong” de sina= 1, \, {anv ae 


i 
= 2nC(Ro — Ri) 
From (c), 27C(Ro — Ri) = Fn sin a; hence F = Fy sin a, the same as for uniform pressure. 
Substituting F,, = F/(sin a) into the equation of (d), the torque is given by 


F 
T=FyfRm = Sng Rm 


13. 


14. 


BS 


CLUTCHES 175 


A soft surface cone clutch must handle 200N m of torque 

at 125Orev/min. The large diameter of the clutch is 350mm, 

the cone pitch angle is 64°, the face width b is 65mm., and 

the coefficient of friction is 0.20. Referring to Fig. 14-9, 

determine: 

(a) The axial force F required to transmit the torque. 

(6) The axial force required to engage the clutch, F,, 
engagement taking place when the clutch is not rotat- 
ing. 

(c) The average normal pressure p on the contact surfaces 
when the maximum torque is being transmitted. 


(d) The maximum normal pressure assuming uniform wear. Fig. 14-9 
Solution: 
(@) Rm =Ro —4b sin w= 175 —4$(65)(0.1089) = 171mm 
p= 200 = zh 0.200.171), F = 637N 
gin a! Rm» 200 = 57 ogg (0-20K0.171), F = 
(6) Fe=Fa(sin a + f cos a) =< (sin « + f cos o) = 2° _(0,1089 + 0.199) = 1800N 
'e = F,(sin a + f cos & Rn sin a +f cos a @2090.1715 © i 


F 637 Fi 
= =r el 
(©) P= TR? RB) * 0.175? — 0.167") 1 KNIm 


F 637 


zy ~ = me 
(@) p(max) => 70R, RD: 2a(0.175 —0.167K0.167) > KNI™ 


Consider the same clutch and conditions as in Problem 13, but assume uniform pressure. Determine: 

(a) The axial force F required to transmit the torque. 

(b) The axial force required to engage the clutch, F,, engagement taking place when the clutch is not 
rotating. 

(c) The average normal pressure p on the contact surfaces when the maximum torque is being trans- 
mitted. 


Solution: 
R3-R? ) 0.1753 — 0.1677 
T= = F(0: = 
nea (5 Se) 3(0.171)(0.065)(0.10897) ees 


(b) Fe = Fn(sin « + f cos a) = 5173(0.1089 + 0.1990) = 1592N, where Fn = a =5173N 
(c) Fn = p(27Rmb), 5173 = p(27\(0.171)(0.065) p = 74.0kN/m? 


Compare the power capacity of two clutches: one a multiple disk clutch and the other a cone type of 
clutch. Both clutches operate at the same speed, both have the same mean diameter, and the same axial 
load is exerted in both clutches. The coefficient of friction is the same for both clutches. The multiple 
disk clutch has 4 steel disks and 3 bronze disks. The total cone angle of the cone clutch is 20° (pitch 
angle = 10°). Assume uniform wear in both clutches. 


Solution: 
T (disk clutch) __ 6F{Rm 
T (cone clutch) (F/sina)fR», 


Hence, for dimensions given, power capacity of disk clutch = 1.044 x power capacity of cone clutch. 


= 6 sin a= 6 sin 10° = 1.044 
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A cone clutch, asbestos lined, is to transmit 100Nm after engagement. If the maximum available axial 
force is 850N what is the required width of face? The total included cone angle is 24°, and the maximum 
average pressure is limited to 100kN/m?. Coefficient of friction is 0.20. Assume uniform wear. 


Solution: 
Force to engage clutch, F, = F,,(sin a + f cos a), 850 = F,(0.208 + 0.196), Fp = 2106N 
T= Fy fRm, 100 = 2106(0.2)Rm, Rm = 237mm 
Fy, = p(2mRmb), 2106 = 100,000(27)(0.237)b, b = 14mm 


SUPPLEMENTARY PROBLEMS 


In a multiple disk clutch, the radial width of the friction material is to be 4 of the maximum radius. The 
coefficient of friction is 0.25. (a) How many disks are required to transmit 60kW at 3000rev/min. The 
maximum diameter of the clutch cannot exceed 250mm. The axial force is limited to 600N (b) What is 
the mean unit pressure on each contact surface? Ans. 13 disks, 32kN/m? 


A multiple disk clutch has 9 plates having contact surfaces of 25mm inside diameter and 50mm outside 
diameter. If the coefficient of friction is 0.2 and the maximum average permissible normal pressure is 
275kN/m? what is the required operating force and how much power can the clutch deliver at 500 rev/min? 
Ans. 1620N, 5.09kW 


A disk clutch consists of two steel disks in contact with one asbestos fabric-faced disk having an outside 
diameter of 250mm and an inside diameter of 200mm. Determine the power that can be transmitted at 
1000 rev/min if the coefficient of friction is 0.35 and the disks are pressed together by an axial force of 
8000N. Ans. 66kW 


A multiple disk clutch has six pairs of contact surfaces of alternate steel and asbestos-lined steel. The 
outside and inside diameters of the contact surfaces are 250 and 180mm respectively. How much power 
can be transmitted at 600 rev/min if the coefficient of friction is 0.2 and the axial force is 400N? 

Ans. 3.24kW 


A leather-faced cone clutch transmits power at 1200rev/min. The total cone angle is 20° (cone pitch 
angle is 10°). The face width of the contact surfaces is 90mm. The coefficient of friction is 0.25. Deter- 
mine the necessary mean diameter of the clutch to transmit 16kW. The maximum average pressure is 
7OKN/m?. Ans. Mean diameter = 226mm 


A leather-faced cone clutch must transmit 15kW at a speed of 1000rev/min. The cone pitch angle is 
10°(@ = 10°) and the mean diameter of the bearing surfaces is 200mm. Coefficient of friction is 0.3. 
Determine (a) the required width b to limit the bearing pressure to a maximum average value of 70kN/m?, 
(b) the necessary axial load to engage the clutch, with both parts stationary, to obtain the required 
torque capacity. Assume uniform wear. Ans. (a) 109mm, (b) 2240N 


A cone clutch with cast iron surfaces and coefficient of friction of 0.2 is to transmit 30kW at 500rev/min. 
The maximum diameter is limited to 300mm. The cone pitch angle, a, is 15°. The average pressure is 
limited to about 350kN/m?. Determine (a) the face width b and (b) the force required to hold the 
clutch in engagement. Assume uniform wear. Ans. (a) 65.7mm (trial and error solution), (6) 5240N 


25. 


27. 


28. 
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30. 
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A soft cone clutch has a cone pitch angle of 10°, a mean diameter of 300mm, and a face width of 
100mm. Using a coefficient of friction 0.2, the assumption that uniform wear exists, and an average 
pressure of 70KN/m? for a speed of 50Orev/min determine (a) the force required to engage the clutch 
and (b) the power that can be transmitted. Ans. 2450N, 10.4kW 


A soft surface cone clutch must handle 200N m of torque at 1200rev/min. The large diameter of the 
clutch is 350mm and the included angle is 20°. The width of face is 75mm. Using a coefficient of friction 
0.2, determine (a) the axial force required to engage the clutch, (b) the normal unit pressure required 
when the clutch is operating at capacity. Assume uniform pressure. 

Ans. 2200N, 74.8kN/m? 


A soft surface cone clutch must handle 200N m of torque at 125Orev/min. The large diameter of the 
clutch is 350mm and the included angle is 12.5°. The face width of the bearing surfaces is 65mm. Using 
a coefficient of friction 0.20, determine (a) the force (F,) to engage the clutch, (b) the required normal 
unit pressure on the contact surfaces when operation is at capacity. 

Ans. 1794N, 83.0KN/m? 


A cone clutch is mounted on a shaft which transmits power at 225 rev/min. The small diameter of the 
cone is 230mm, the cone face is 50mm, and the cone face makes an angle of 15 degrees with the horiz- 
ontal. Determine the axial force necessary to engage the clutch to transmit 4.5kW if the coefficient of 
friction of the contact surfaces is 0.25. What is the maximum pressure on the contact surfaces assuming 
uniform wear? Ans, 3146N, 165kKN/m? 


A soft surface cone clutch has an included angle of 20 degrees, a mean diameter of 300mm, and a face 
width of 100mm. Using a coefficient of friction 0.2 and an allowable average pressure of 70kN/m? 
determine the force required to engage clutch and the horsepower that can be transmitted at SOO rev/min. 
Ans. 2445N, 10.4kW 


An engine developing 30kW at 12SOrev/min is fitted with a cone clutch built into the flywheel. The 
cone has a face angle of 12.5 degrees and a mean diameter of 350mm. The coefficient of friction is 0.20 
and the normal pressure on the clutch face is not to exceed 80kN/m?. Determine the required face 
width and the force necessary to engage the clutch, assuming uniform wear. 

Ans. 78mm, 2696N. 


A leather-faced cone clutch has a contact surface with a mean diameter of 380mm and transmits 15kW 
when turning at 800rev/min. For a cone angle of 20 degrees and a coefficient of friction 0.30, determine 
the axial force required to keep the surface in contact. 

Ans. 545N 


Chapter 15 


Brake Design 


BRAKES are machine elements that absorb either kinetic or potential energy in the process of slowing down 
or stopping a moving part. The absorbed energy is dissipated as heat. Brake capacity depends upon the unit 
pressure between the braking surfaces, the coefficient of friction, and the ability of the brake to dissipate heat 
equivalent to the energy being abosrbed. The performance of brakes is similar to that of clutches except that 
clutches connect one moving part to another moving part, whereas brakes connect a moving part to a frame. 


EXTERNAL SHOE OR BLOCK BRAKES consist of shoes or blocks pressed against the surface of a rotating 
cylinder called the brake drum. The shoe may be rigidly mounted to a pivoted lever as shown in Fig. 15-1, or 
the shoe may be pivoted to the lever as shown in Fig. 15-2. 


Fig. 15-1 


SINGLE BLOCK BRAKE design may be based on the force and 
torque analysis of the lever and shoe as a free body, as shown in 
Fig. 15-3. The normal force N and the frictional force fNV may be 
shown acting at the midpoint of contact of the shoe without apprec- 
iable error for angles of @ not greater than 60°. Summing moments 
about the fixed pivot O, 


(N+ Wa — fN, — Fb=0 or p= Site te 

Note that for a clockwise rotation of the drum, the friction 
force fN aids the force F in applying the brake and the brake is 
partially self-actuating. For a given coefficient of friction the brake 
may be designed to be wholly self-actuating (or self-locking). For 
this condition to exist, F=0 or negative in the above equation. Fig. 15-3 


We may also assume that the weight W is negligible; then 


p= eco 
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ie, when = <f the brake is self-locking. 
The braking torque T for a non-self-locking situation is 
T={NRNm 
where f = coefficient of friction; N = total normal force, N; R = radius of brake drum, m. 


When the angle of contact is large, say 60° or more, an apprec- 
iable error might result from assuming that the frictional and normal 
forces act at the midpoint of contact of the shoe. A more precise 
analysis shows that the frictional force fN is shifted away from the 
surface of the drum to a point D at a distance h from the center of 
the drum as shown in Fig. 15-4 for a pivoted shoe. The pivoted shoe 
is the more usual construction when using long external shoes. The 
braking torque T is now 
T=fNh=fN (ses242) (See Problem 5.) 
4R sin $6 

0 +sin@ 
direction of the resultant normal force N is uniform, which means 
that the normal pressure P,, varies as the cosine of the angle ¢, or 


where h = . This is based on assuming that wear in the 


Pn =C cos 


where C is a constant = Berea , w being the width of the brake shoe in m. 

The magnitude of h then determines the location of the pivot for the pivoted shoe. Two conditions have 
been satisfied: (1) the shoe is a two force member, and the resultant of the normal force and frictional force 
must pass through the pivot; (2) the pressure distribution is as assumed. If the pivot of the shoe is located at a 
distance other than h, as calculated, the moment of the resultant normal force and frictional force would still 
be zero about the pivot, but now the assumed pressure distribution cannot exist. Consequently the pressure 
must change and greater wear will occur at either the trailing or leading edge. However, if the pivot is located 
at a small distance from the theoretical value of h, based upon the pressure distribution p, =C cos ¢, the 
above equations may still be used without appreciable error. Also the pivot may be located anywhere along 
the resultant of the frictional and normal forces without affecting the assumed pressure distribution. 
2C sin $6 

aac 
DOUBLE SHOE BRAKES are commonly used in order to reduce shaft 
and bearing loads, to obtain greater capacity, and to reduce the amount 
of heat generated per m?. See Fig. 15-5. The normal force Nz on the 
left shoe is not necessarily equal to the normal force Nz on the right 
shoe. For double block brakes whose shoes have small contact angles, 
of say less than 60°, the braking torque may be approximated by 


T=, +Nr)R 


If the shoe contact angle is greater than about 60°, then a more precise 
evaluation of the braking torque for pivoted shoes is 


T=fW, +n) (222) 


The average pressure, Pay = 


6 +sin0 


If long rigid shoes are to be used, an analysis similar to that for 
internal shoes as presented on the following page would apply. 
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INTERNAL SHOE BRAKE design of the symmetrical type shown in Fig. 15-6 may be approximated by the 
equations given below. 
The braking torque T may be determined by 


T=fwr (secents Gee liom +Dm) 


sin Oy, 


Rotation 


where f= coefficient of friction 
w = face width of shoe, m 
r= internal radius of drum, m 
6, =center angle from shoe pivot to heel of 


lining, degrees 
62 = center angle from shoe pivot to toe of 
lining, degrees 
Pm = maximum pressure, N/m? (right shoe) 
, A cFy 
Pim = maximum pressure, N/m? (left shoe) = ™, a 


The above is based on the assumed pressure distribution 
sin 8 
™ sin Om 


=P, 


where 4, = center angle from shoe pivot to point of maximum pressure, N/m? 
4m =90° if 82 >90°, Om = 02 if 82 <90°. 


The moment M; of the frictional forces with respect to the shoe pivot may be determined by 


Spmwr [9 


M;=— 
1” sin Om a, 


sin 6 (r — a cos 6) dé 


where a = distance from the center of the drum to the shoe pivot, m. 


The moment M,, of the normal forces with respect to the shoe pivot may be determined by 


sin? @ d@ 


_Pmwra ips 
alert 


sin 8m Je, 


The actuating force F may be determined by setting the summation of moments about the pin joint 
equal to zero. For clockwise rotation of the drum, the right shoe has self actuating properties and 
Mn — M, + 
F= “a ; for the left shoe, F = Matt 
where c = the moment arm, in meters, of the actuating force F, Mj, =Mnbim My — z 
Pm ” 


The above equations are based on the following assumptions: 
(1) The normal pressure at any contact point on the shoe is proportional to its vertical distance 
from the pivot point. 
(2) The shoe is rigid. 
(3) The coefficient of friction does not vary with pressure and velocity. 


BAND BRAKES consist of a flexible band wrapped partly around the drum. They are actuated by pulling the 
band tightly against the drum. The brake capacity depends upon the angle of wrap, the coefficient of friction, 
and the band tensions. A simple band brake is shown in Fig. 15-7. For this type of brake the direction of 
rotation of the drum is such that the band anchored to the frame is the tight side F, 1, as shown. 
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As for belts at zero velocity, the relationship 
between the tight and loose sides of the band is 


F,/F, =& 
where —F, = tension in tight side of band, N 
F, = tension in loose side of band, N 
e = natural logarithm base 
= coefficient of friction 
a = angle of wrap, radians. 
The torque braking capacity T is 
T=(F, —F,2yNm 
where r=radius of brake drum, m. This type of band Fig. 15-7 
brake does not have self-actuating properties. 


A simple two-way band brake is shown in Fig. 15-8 below. This type of design functions equally well for 
either direction of rotation since the moment arms of the tight and loose tensions are equal. 


Fig. 15-8 Fig. 15-9 


The differential band brake as shown in Fig. 15-9 above is one that has self-actuating properties and may 
be designed to be self-locking. The differential band brake is usually designed so that the direction of drum 
rotation permits the tight side of the band to aid in applying the brake. Referring to Fig. 15-9, if we take the 
summation of moments with respect to the pivot, we have 

Fe+F,a—F,b=0 or fbf 
Substituting F, = Fre, 
_ Fab — &a) 
c 


F 


from which it can be seen that for a self-locking brake, i.e. when F = 0 or negative, 
b<ae™ or bla<e™ 


It should be noted that the differential band brake may be made self-locking for one direction of rotation 
only. A self-locking brake of this type is used to allow motion in one direction only and to prevent a reversed 
motion, as might occur when a conveyor or hoist is acted upon by gravity. If a brake is self-locking, it requires 
a force in the opposite direction of applying the brake in order to have it released. Also, after the brake has 
locked and additional torque is applied, the band tensions F; and F2 will increase, but the ratio of F; to F2 
will no longer equal e” since this relationship prevails only when the brake is slipping or when slip is pending. 
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The maximum unit pressure p,, occurs at the tight end of the band and is determined by 


mee 


The average normal pressure between the band and the drum (which is used in heat generated calculations) is 


HEAT GENERATED during the application of a brake must be dissipated by heat transfer or the brake will 
overheat and perhaps burn out the lining. The rate of heat generated, Hz, is equal to the rate of frictional work: 


Hz = PavAcfV watts 
where Pay = average contact pressure, N/m* f= coefficient of friction 
A, = contact area, m? V = peripheral velocity of drum, m/s 
The heat generated may also be determined by considering the amount of kinetic or potential energy 
that is being abosrbed: 


Hg = (Ep + Ex) W 


where —_£, = total potential energy absorbed, W 
£x = total kinetic energy absorbed, W 


The heat dissipated, Hz, may be estimated by 
Ha = CAtA,W 
where C= coefficient of heat transfer, W/(m? K) (Watts per square meter per K temperature difference). 
At = temperature difference between the exposed radiating surface and the surrounding air 
A, = area of radiating surface, m? 
C may be of the order of 29.5 for a At of 40°C and increase up to 44 for a At of 200°C. 


The expressions for heat dissipated are quite approximate and should serve only as an indication of the 
capacity of the brake to dissipate heat. The exact performance of the brake should be determined by test. 
Another convenient indicator of brake capacity is kW/wd which is limited to about 350W/m? where w = width 
of band or shoe and d = diameter of drum, in meters. 

Experience has also shown that the product of the average pressure pqy(Pa of projected area) and the 
rubbing velocity V(m/s) should be limited as follows: p,yV <9.8 x 10° for continuous application of load, as 
in lowering operations, and poor dissipation of heat; p,yV < 1.93 x 10° for intermittent application of load, 
with comparatively long periods of rest, and poor dissipation of heat; p,,V < 2.9 x 10° for continuous applica- 
tion of load and good dissipation of heat, as in an oil bath. 

Some permissible average values for operating temperatures, coefficient of friction, and maximum 
contact pressure for brake materials are given below. 


Metal on metal 
Wood on metal 
Leather on metal 


Asbestos on metal in oil 


Sintered metal on cast iron in oil 
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SOLVED PROBLEMS 


A 360mm radius brake drum contacts a single shoe as shown in Fig. 15-10 below and sustains 225N m 
torque at 500rev/min. For a coefficient of friction of 0.3 determine: 


(a) The total normal force N on the shoe. 

(b) The required force F to apply the brake for clockwise rotation. 

(c) The required force F to apply the brake for counterclockwise rotation. 

(d) The dimension c required to make the brake self-locking, assuming the other dimensions remain as 
shown 

(e) The rate of heat generated. 


b= 900 


Fig. 15-10 
Solution: 


(a) Torque = fNr = 0.3N(0.36) = 225, N= 2083N 
Frictional force = fN = 0.3(2083) = 625N 

(b) For clockwise rotation, take summation of moments about the pivot equal to zero: 
40(0.3)(2083) + 900F — 360(2083)=0, F=805N 

(c) For counterclockwise rotation, take summation of moments about the pivot equal to zero: 
360(2083) + 40(625) —900F = 0, F=861N 

(d) For self-locking, which can only occur for clockwise rotation of the drum, 
a<fe or c2a/f=036/03=12m 


(e) Hg = fNV = (0.32083) (%) ooy036 = 11.8kW 


A double shoe block brake as shown in Fig. 15-11 has a force of 1.35KN applied at the end of the 
operating lever. Determine the amount of torque that the brake can sustain for clockwise rotation of the 
drum and a coefficient of friction of 0.3. 


Solution: 


First consider the operating lever as a free body and evaluate the horizontal and vertical components 
of the forces on the pin joints A and B by taking summation of forces and moments as required. 
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A” = BH AY — BY — 1350=0, 20084 =750x1350 or BY =5063N 


Next consider link BC as a free body and make further evaluations of the horizontal and vertical forces 
at pin joints B and C. 


BY =c#, BY =c", 11008" =2008" or BY =920.5N, and A” =2271N 


Finally consider the right and left side shoe levers as free bodies and determine the magnitude of the 
normal forces on the right and left shoes. Taking summation of moments about the pivot of the left lever, 


Nz(800) — 0.3Nz(200) — 5063(1675) — 2271(150) = 0, or Ny, = 11920N 
Taking summation of moments about the pivot of the right lever, 
Np(800) + 0.3 (200) — 5063(1675) + 920.5(150) = 0, or Nz = 9700N 
The braking torque is 
T = (0.3)(1190 + 9700)(1.8/2) = 5840N m 


3: 
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A simple band brake has the tight side of the band attached to a fixed pivot. The angle of wrap is 280° 
about a 450mm diameter drum. A torque of 170N m is sustained at 900rev/min and the coefficient of 
friction is 0.2. Determine the required belt tensions. 


Solution: 
From Fy /Fz = ef = e(-20(2807/ 180) — 69-98 ~ 2 665 and 0.225(F; — F2) = 170 we obtain 
F, =1210N, and F2,=455N 


A differential band brake has a force of 220N applied at 
the end of the lever as shown in Fig. 15-12. The coefficient 
of friction is 0.4. 


(a) If aclockwise torque of 450N m is applied to the drum, 
determine the maximum and minimum force in the 
band. 

(6) What is the maximum torque that the brake may sustain 
for counterclockwise rotation of the drum? 


Solution: 

(a) For clockwise rotation, check to see if the brake is self- 
locking. The brake is self-locking if b/a<e!, where 
ef =e9-4" = 3.5. Here b/a = 100/50 = 2, which is less 
than 3.5;hence the brake is self-locking and F;/F2 = e 
does not apply. 

Taking summation of moments about the fixed pivot equal to zero and using the torque rela- 
tionship. 


Fig..15-12 


SOF; +220(200)—100F,=0 and 0.075(F; — F2)=450 
from which F = 12,880N, F2 = 6880N 
(b) For counterclockwise rotation the brake is not self-locking and F}/F} = e does apply. Then 
0.1F; — 0.2(220)—0.05F3=0 and F/F; =e =3.5, from which Fj = 513N, Fz = 146N 
The amount of torque that may be sustained is T = 0.075(513 — 146) = 27.5Nm 
For a symmetrical brake shoe pressed against a brake drum as shown in Fig. 15-13(a), determine: the 


resultant normal force, the resultant frictional force, the location of these forces, and the moment about 
the center of the drum. Assume uniform wear. 


Solution: 


(a) For uniform wear, the removal of material from the face of the lining must be such that the radius 
of curvature of the brake shoe face be constant and equal to the radius of the drum, as shown in 
figure 15-13(b). The radial wear W is proportional to the product of the pressure p,, and velocity V: 

W=Kp,V 
where XK is a constant for a given material. 
After the radial wear has taken place a point such as M moves to M’ to maintain contact of the 

shoe with the drum. The horizontal displacement 5 of point M is 

5 =Kp,V/cos 
But since 5 is to be the same for every point, or constant, then 

Pn =C cos 
where C = 6/KV. Cis also the .naximum pressure, occuring at ¢ = 0. 
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‘Wear (exaggerated) 


(b) 


Differential force = p,R dd w Differential friction force = fp,Rdd w 


as ss Resultant 77 Rotation >. 
p,=Cosd \ 
\ 


\ 
\ 
ey 1 
1 
' 
Resultant ‘ 
Hori 1 ‘ 
Force = J (ote that the ver~ 
~* tical components 


Mee CRw (sin +4) ee ee of the differential 
forces balance.) 


_-7 (Note that the hori- 
-~" “zontal components 
of the differential 
friction forces bal- 


©) (« . ca duce!) 
Fig. 15-13 sin9 +O 


(5) Since the brake shoe is symmetrical, and since the normal pressure is symmetrical, the resultant 
horizontal force is the sum of horizontal components of the differential normal forces and the 
resultant vertical force is the sum of the vertical components of the differential friction forces. See 
Fig. 15-13(c) and 15-13(d) above. 

CR 


*6 
Resultant horizontal force = N = 2 j (C cos ¢) R dé w cos = 5 (sin 6 +8) 


° 
8 
(c) Resultant vertical force =2 | AC cos $) R do cos ¢ = {N 
° 
(d) The location of the resultant force N is seen from the symmetry of the loading; N passes through 


the center of the pin of the shoe on the horizontal axis of symmetry. See Fig. 15-13(c) above. 


(e) The location of the vertical force fV can be obtained by equating the moment of the resultant force 
to the moment of the differential friction forces, about any reference point. Take the center of the 
drum as a convenient reference point. 


"28 
{Nh=2 ) AC cos $) R do wR = 2fCR* w sin 4 
° 


where h is the distance from the center of the drum to the location of fV. 
4R sin 36 
Rw (sin 6 + 8) sin@ +6" 
(f) The moment of the resultant frictional force fN about the center of the drum is the braking torque T. 
4R sin a) 


T= mma (ses 


Now put C= into the above equation and obtain h = 
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(g) If the pin of the shoe is located at the distance h from the center 


of the drum, then the free body can be made with the normal F 
force N passing through the center of the pin and the friction ee 
force fN also passing through the center of the pin of the shoe IN Pehl a 


to satisfy the pressure distribution p,, = C cos ¢. See Fig. 15-13(e). 
The force analysis can then be made without regard for the 
distributed loading on the shoes. If the pin is located at a dis- 
tance other than h as calculated above, the resultant force must 
still pass through the center of the pin, although the assumption 
of Pn =C cos ¢ cannot be satisfied. It would be satisfactory to 
assume the force components N and fN to act at the center of 
the pin without appreciable error. Note: the pivot could be 
located anywhere along the resultant of N and fN without 
affecting the pressure distribution. 


Sees 


Fig. 15-13 (e) 


A pivoted symmetrical shoe subtends an angle of 90° on a 500mm diameter drum. How far from the 
center of the drum should the pivot be placed in order to avoid a turning moment due to the resultant 
frictional force, assuming uniform wear? Assume pivot located along the normal force. 

AR sin $0 _(4(0.25)(0.707) a 


Onan? r+] 275mm 


Solution: Distance h to pivot from center of drums is h = 


An internal brake of the type shown in Fig. 15-6 has a diameter of 300mm. The actuating forces F are 
equal and the shoes have a face width of 40mm. For a coefficient of friction of 0.3 and a maximum 
permissible pressure of 1 MPa, with @, = 0,82 = 130°, 6 = 90°, a= 125mm, and c = 225mm, determine 
the value of the actuating forces F and the brake torque capacity. 


Solution: The moment of the frictional forces about the right hand pivot is 


fPmwr at 
aes [r —rcos 62 —4asin* 62] 

= (0.3(10°)(0.04)(0.15)/1 [0.15 — 0.15 cos 130° — (0.125/2) sin? 130°] = 378N m 
The moment of the normal forces about the right hand pivot is 


aPmwra (% 25 ig -PmWm,  y a 
eo icrey is i sin?@ d@ sin On [462 —4 sin 262] = 1036Nm 
F = (My, — Mg)/c = (1036 — 378)/0.225 = 2924N 
cosi8s qe) =444N m 
sin 0, 
Fepm 
Mp + My” 


The brake torque capacity of the right shoe, T = fp», wr* ( 


For left shoe, T = 206N m based on p},, = 0.4653MPa from pin = 
Total torque = 444 + 206 = 650N m 


A 450mm diameter drum has two shoes that subtend angles of 90° each. The face width of the shoe is 
100mm, and 70kW is being generated. Will the brake overheat if an allowable temperature difference 
between the surface of the drum and the surrounding air is 165K? 


Solution: 
Equate the heat being generated to the heat dissipated, and solve for the required area A,. . 


70 x 10° =CAtA,, 70 x 10° = 39(165) A,, A, =10.88m? (required) 
where C=39W/(m? K) for Ar = 165K 
Not counting the web, the actual area A of the drum surface exposed to the air is 
A =4n(0.45)(0.1) = 0.071 m?. The drum will overheat. 
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SUPPLEMENTARY PROBLEMS 


Determine the torque that may be resisted by the single block brake shown in Fig. 15-14 below for a 
coefficient of friction of 0.3. Ans. 48.9Nm 


750 


Fig. 15-15 
A band brake uses a V-belt. The pitch diameter of the V-grooved sheave is 500mm. The groove angle is 


45° and the coefficient of friction is 0.25. For the dimensions shown in Fig. 15-15 above, determine the 
maximum power rating for 300rev/min. Ans. 10.8kW 


A band brake is designed as shown in Fig. 15-16 below. For the coefficient of friction used, the ratio 
between the band tensions is 1.75. The belts are fastened normal to the operating lever. 

(a) What must be the distance a in order that the bands be fastened normal to the operating lever? 

(b) How much power can the brake absorb? 

Ans. (a) 120mm, (5) 6.63kW 


\s 


7, 


1350N 


Fig. 15-16 Fig. 15-17 


A double block brake is actuated as shown in Fig. 15-17 above. The drum rotates at 80rev/min when the 
applied force F is 2350N and the coefficient of friction is 0.3. Employing free body analysis, determine 
the braking torque and the amount of heat being generated per unit time. 

Ans. T=1760N m, Hg = 14.75kW 


Refer to Fig. 15-6. Derive an expression for the braking torque of a symmetrically arranged internal brake. 


cos 9; — cos #2 
sin Oy, 


cFpm 


Ans. T=fwr ( ,+M, +M; 


) (Pm + Pm), Where Pin = 


14. 


15. 
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For an internal brake similar to that shown in Fig. 15-6 where @; = 15°, 02 = 150°, f= 0.35, pm = 
850kPa, w = 50mm, r= 150mm, c = 250mm and a = 125mm, determine the braking tarque. 
Ans. T=826Nm 


A double block brake with wooden shoes on a cast iron drum (f= 0.3) is arranged as shown in Fig. 15-18 
below. 

(@) Draw a free body diagram of each part and label all forces. 

(5) Determine the operating force F required to absorb 26kW with a drum speed of 300rev/min counter- 


clockwise. 
Ans. F=468N 


16. The double block brake as shown in Fig. 15-19 below has wooden brake shoes applied to a cast iron 


drum. The coefficient of friction for these two materials is 0.3. The drum rotates at 1500rev/min. 
Determine the power lost as heat. Ans. 46.3kW 


Fig, 15-19 


Chapter 16 


Springs 


SPRING DESIGN involves the relationship between force, torque, deflection, and stress. Springs have many 
uses in connection with machine design, such as to cushion impact and shock loading, to store energy, to 
maintain contact between machine members, for force measuring devices, to control vibration, and other 
related functions. 


MULTL-LEAF SPRINGS may be of either the simple cantilever type as shown in Fig. 16-1(a), or the semi- 
elliptic leaf spring design as shown in Fig. 16-1(). The design of these springs is usually based upon the force, 
deflection, and stress relationships that apply to beams of constant strength and uniform thickness. Such 
beams are of triangular profile. 


(a) 


Fig. 16-1 


Basically, the multileaf spring may be 
considered as a triangular plate as shown in 
Fig. 16-2(@) cut into n strips of width b, and 
stacked in a graduated manner as shown in 
Fig. 16-2(b). A graduated spring made from a 
triangular beam comes to a point at its end, 
which is satisfactory from the standpoint of 
bending stress. However, sufficient metal must 
be provided to support transverse shear and to 
provide for load connections which in turn are 
sometimes called upon to carry end thrust and 


F 
twisting action. This may be accomplished by L f F 
adding one or more extra full length leaves, (b) 
Ne, of uniform width and thickness on top of 
the graduated stack, as shown in Fig. 16-3. 6 4 


Note that the number of extra full length 
leaves, ne, is always one less than the total Fig. 16-2 


190 


SPRINGS 191 


Fig. 16-3 Fig. 16-4 


number of full length leaves, n. The extra full length leaves are not beams of constant strength and will have a 
bending stress approximately 50% greater than the graduated leaves unless they are pre-stressed during assembly. 
Pre-stressing can be accomplished by having extra full length leaves formed with a different radius of curvature 
than the graduated leaves. This will leave a gap h between the extra full length leaves and the graduated leaves 
before assembly, as shown in Fig. 16-4 above. Then, upon assembly, the extra full length leaves will have an 
initial stress of opposite sign to that which occurs when the load is applied. The gap may be determined so 
that all of the leaves will be equally stressed after the full load F is applied. 


THE BENDING STRESS, s-, in the extra full length leaves if they are installed without an initial pre-stress 
will be 
Gp 
~ bP Bne + Ing) 
where F = total applied load at the end of the spring, N 
L = length of the cantilever or half the length of the semi-elliptic spring, m 
b = width of each spring leaf, m 
t = thickness of each spring leaf, m 
ne = number of extra full length leaves 
ng = number of graduated leaves. 


Se 


THE BENDING STRESS, sg, in the graduated leaves if they are assembled with extra full length leaves without 
an initial pre-stress will be 


12FL 2se 
3 


"GP Gre + 2g) 


THE DEFLECTION OF A MULTI-LEAF SPRING composed of graduated and extra full length leaves will be 


am 12FL? 
bt EQGne + 2ng) 
where y = deflection at the end of the spring,m, £ = modulus of elasticity, N/m? 


This equation will determine the deflection if m, = 0, and also if the extra full length leaves are pre-stressed or 
if they are not pre-stressed. 
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THE BENDING STRESS, s, in multileaf springs without extra full length leaves or with extra full length 
leaves which have been pre-stressed so that all of the leaves have the same stress after the full load has been 
applied can be determined by 


= SFL 
nb 


where s = bending stress, N/m? and _n = total number of leaves. 


THE BENDING STRESS will be the same in all of the leaves of a multiteaf spring composed of graduated and 
extra full length leaves if the extra full length leaves are pre-stressed by having the leaves pre-formed so that 
the gap / as shown in Fig. 164 above is 
pe Fle 
nbOE 


where h = the gap between pre-assembled graduated leaves and extra full length leaves, m. 


HELICAL SPRINGS are usually made of circular cross section wire or 
rod as shown in Fig. 16-5. These springs are subjected to a torsional 
shear stress and to a transverse shear stress. There is also an additional 
stress effect due to the curvature of the helix. In order to take into 
account the effects of transverse shear and curvature, it is customary to 
multiply the torsional shear stress by a correction factor K, called the 
Wahl factor. 


THE SHEAR STRESS induced in a helical spring due to an axial load F 
is 


8FD__ 8FC 
LS a> =e 1 


where 5, = total shear stress, N/m? F = axial load, N 
D = mean diameter of coil, m d = diameter of wire, m 
_4C-1 0.615 _D sa 
K= WOLA i> rae called the Wahl factor; =a" called the spring index. 


THE DEFLECTION of a helical spring due to an axial load F is 


where n= number of active coils; y = axial deflection, m; G = modulus of rigidity, N/m? 


THE SPRING RATE, or spring constant, is defined as the newtons per meter of deflection. 


Gd 
k= On for a helical spring under axial load 
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THE SPRING RATE for springs in parallel having individual spring rates as shown in Fig. 16-6(a) below is 
k=ky+ka +k3 


THE SPRING RATE for springs in series as shown in Fig. 16-6(b) below is 
joa Slee. SS 
1/ky + 1/k2 + 1/k3 


(6) 


Fig. 16-6 


THE ENERGY STORED, (Eng),, in springs having a linear force deflection relationship and obeying Hooke’s 
law, can be determined by 


(Eng),=4Fy or (Eng); = 470 
For a helical spring subjected to an axial load F, the energy stored is 


For a helical spring subjected to a torsional load, the energy stored is 
2 
(Eng), = a J/m? (for round wire) 
P 
(Eng), = AG J/m? (for rectangular wire) 


For a cantilever beam of constant strength subjected to a bending force at the end, the amount of energy 
stored is 


2 
(Eng), = 5 3/m? 
For a spiral spring subjected to a torsional load, the energy stored is 


3 3 
(Eng), = E I/m 


where 
= shear stress, N/m? E = modulus of elasticity, N/m? 
s = bending stress, N/m? G = modulus of rigidity, N/m? 
T = torque, Nm y = linear deflection, m 


@ = angular deflection, rad. 
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SPRING ENDS for helical springs may be either plain, plain ground, squared, or squared and ground as shown 
in Fig. 16-7 below. This results in a decrease of the number of active coils and affects the free length and solid 
length of the spring as shown below. 


Plain ground 


Squared 
Squared and ground 


p=pitch, m=number of active coils, d= wire diameter 


OOO 
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Plain Ends Plain and Squared Squared and 
Ground Ends Ends Ground Ends 


Fig. 16-7 


BUCKLING MAY OCCUR IN COMPRESSION SPRINGS if the free length is over 4 times the mean diameter 
unless the spring is properly guided. The critical axial load that will cause buckling may be approximated by 
For = KL Ki 
where Fy = axial load to produce buckling, N 
k = spring rate, N/m, of axial deflection 
Ly = free length of the spring, m 
K,, =a factor depending on the ratio L/D. 


CIDMHEWNE 


1 
2 
3 
4 
5 
6 
7 
8 


SPRINGS 195 


SURGING may occur in helical springs which have loads applied repetitively at a rate close to the natural 
frequency of the spring. To avoid this possibility it is advisable that the natural frequency of the spring be at 
least 20 times the frequency of the applied load. The natural frequency of a steel coil, f,,, in cycles per minute 
can be determined by 


faz (2)(4) VGa/Bw N/m? 


7 
where w is the specific weight of spring material in N/m*. 
For steel fy, = 21500 d/nD? N/m?. 


ALLOWABLE STRESS FOR HELICAL SPRINGS SUBJECTED TO STATIC LOADING may be based on 
the elastic limit in torsion. For static loading a factor of safety of 1.5 has been recommended to be applied to 
the torsional yield strength of the material. In determining the maximum stress induced in the spring, one 
method is to apply the portion of the Wahl factor that corrects for the transverse shear effect, but not the 
portion that corrects for curvature, since the latter has the nature of a stress concentration and is not serious 
in ductile materials subjected to static loads. 

In the Wahl factor, K SS 88 ; the see corrects for curvature and the 35 
transverse shear. The use of the full value of K for static loading would result in a conservative design. The 
Wahl factor may be considered as composed of two sub-factors, K, and K,. The Ks shear stress sub-factor to 
be applied to the mean stress may be determined, according to Wahl, by 


K,=1+0.5/C 


corrects for 


which is based on a uniform transverse shear stress distribution. Then the design equations are 


Sys __, 8FD - 5 
ee K ad? for more conservative design 


ALLOWABLE STRESS FOR HELICAL SPRINGS SUBJECTED TO FATIGUE LOADING are based on the 

endurance strength of the material. Wahl suggests two methods which are essentially as follows. In the first 

method use is made of a modified Soderberg line. Spring materials are usually tested for torsional endurance 

strength under a repeated stress that varies 

from zero to a maximium. Since test data for 

this released loading is available and since “f’ -—~__ aca Experimental Curve 

springs are ordinarily loaded in one direction ~~ 

only, more accurate results can be obtained =A 

by using the modified Soderberg diagram, 

as shown in Figure 16-8; the endurance limit 

for released loading, s,¢1, is shown at a point 

A (where the mean stress is equal to 45,e1 s, 
sy 


Design Line 


Failure Line 


and the variable stress is also equal to 45,.1). a2, 
A line drawn from point A to point B, the » 
yield point in shear, will give the failure ——— 


line for fatigue and will correspond to test 
data better than the line from the endurance Seal 


strength in reversed shear to the yield point 
in shear. The design line CD is drawn parallel 
to the line AB, with point D being located 
at Sys/N. The mean stress Sm is plotted as 
the abscissa and the variable stress s, is 
plotted as the ordinate. Fig. 16-8 
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The variable stress s, may be calculated using the full value of the Wahl factor, K =K-K;, or the Ke may 
be reduced if information is available regarding the sensitivity of the material to this stress concentration effect 
due to curvature. Some materials are less sensitive than others. 


si soa 
Ae ee es a) 


The average stress s,, may be calculated using only the static portion of the Wahl factor, Ky, which 
agrees with experimental evidence. 


8F,,D + i 
im =Ky where fi = ene) Flenn) 


Referring to the fatigue-stress diagram, line AB is the failure line. Hence we may construct line CD parallel 
to and below line AB to allow for a reasonable factor of safety N based on the yield shear strength. An equation 
may be written for line CD. With the origin at G, the coordinates of P are [(S,, —4sre1), sy] ; the slope of 


Ascet ; (2) (ee = 45re1 
CD = slope of AB = - —~— ; and intercept CG = AG | — ]=4s;e1 | >> . Th 
pe aaa cept cB 4sret ee Fp en 
3sre1 ‘Sys/N — a 
==|—— > = COE ee 
iy ( PE a (Sm —45re1) + 45ret es 
from which = Sys 


sf — Sy tH 2sySys/Sret 

This may be used as a design equation, since all points on line CD represent a combination of variable 
and mean stress conditions which are safe. The factor of safety may be taken as 1.8, more or less, depending 
upon operating conditions. Values for s,e; are not very complete, but based on various current sources a value 

5. 
of = MN/m?, (d in m), seems to be a good approximation for oil-tempered carbon steel for wire diameters 
up to 16mm. 

In the second method suggested by Wahl, one condition is that the stress range is calculated using the 
full value of the Wahl factor K. Also, a second condition is that the peak stress calculated using only K, must 
not exceed the yield strength of the material divided by a suitable factor of safety. 

First condition: —s,(max) — s,(min) = K Soloss) — Mania) hs Stet 
ad N 
where Ste = limiting endurance stress of the material 
N =a suitable factor of safety. 
8DF(max) a Sys 


Second condition: s,(max) = Ks ae N 


ALLOWABLE STRESSES for helical chrome-vanadium steel springs, oil-tempered, hot wound and heat-treated 
after forming, are tabulated below. 


Wire Diameter, mm Severe Service, MN/m? Average Service, MN/m? Light Service, MN/m? 


m2 410 517 641 
2-5 380 476 586 
5-8 330 414 510 
8-14 290 359 448 

14-25 250 310 386 
25 —40 220 276 345 


Severe service includes rapid continuous loading where the ratio of minimum to maximum stress is one- 
half or less. Average service is the same as severe except for intermittent operation. Light service includes 
springs subjected to static loads or to infrequently varied loads. 
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BELLEVILLE SPRINGS are made up from tapered washers as shown in Fig. 16-9(a) below. The washers may 
be stacked in series, parallel, or a combination of parallel-series as shown in Fig. 16-9(b) below. The load- 
deflection formulas for one washer as given by Almen and Laszlo (ASME transactions, May 1936, Volume 58, 
No. 4) are: 


where 


£ 


= y = = 3 
P @—ymaory yh —yyet+e] 


‘a Ey 
5= Gq PM@old™ [Ci — y/2) + Cat] 


P=axial load, N 
y = deflection, m 
t= thickness of washer, m 
h = free height minus thickness, m 
E = modulus of elasticity, N/m? 


s = stress at inside circumference, N/m? 


d, = outside diameter of washer, m 
d; = inside diameter of washer, m 
p= Poisson’s ratio (0.3 for steel) 


‘ue 6 do/dj — ‘| a 
m loge(do/di) | do/di 
ees do/di —1 | 
7° | 1 
T loge(do/di) Laem 


eG do/dj —1 
2” qloge(do/di) 2 


Fig. 16-9 (a) 


Fig. 16-9 (6) 


Parallel-Series 
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SOLVED PROBLEMS 


1. Derive the stress, force, and deflection relationships for multi-leaf springs. 
Solution: 


Consider a cantilever beam of constant strength and uniform thickness ¢, as shown in Fig. 16-2(a), 
to be cut into m strips of width b and stacked in a graduated manner as shown in Fig. 16-2(b). 

The bending stress is the same at all sections of the triangular beam. We will assume that this situation 
prevails after the strips are stacked, even though this is not entirely true. 

2 Mc _FL(1)12 _ 6FL 
TI onbt nb 

The deflection of a beam of constant strength and uniform thickness is 

= FL? ___ 6FL* 
7” 2ET max) Ebnt® 

These equations also apply to the semi-elliptic leaf spring, which may be considered as two cantilevers 
supported at its center as shown in Fig. 16-3. 

The addition of one or more extra full length 
leaves, ne, of constant width and thickness on top of 
the graduated stack is approximately equivalent to 
having beam e of constant width loaded in parallel 
with beam g of constant strength, as shown in Fig. 
16-10. The deflections of beams e and g are 


at Fel? sal aes F,L? 
BEE PEAS, © Dl waste 
where F, and Fy represent the portions of the total 


force F absorbed by beams e and g. Since the deflec- 
tions are equal, we may equate y. = yg or 


Feb? __ Fg? 
3EI(maxye 2EI(max)g 

Let mg and me equal the number of graduated 
leaves and extra full length leaves respectively. Then Fig. 16-10 
I(maxye = Nebt?/12 and I(max)g = ngbt?/12. Substi- 
tuting these values in the previous equation, 

Put Oe OS 

a = ng or Fe Ig . Now 


F=F,+Fy, Fe a aes 
ge= Fel ISL, Fgh |__12RL 
nebt” bt (3ne+2ng)’ “© nebt” bt Bne + 2ng) 

The deflection of the composite spring is y = rei 

bP EGBne + Ing) 
2. Derive the stress, force, and deflection relationship for a helical coil spring for a concentric axial load. 
Solution: 
Referring to Fig. 16-5, the F, component of the axial force F produces a bending stress s, 


1 
s= weppee (neglecting curvature effects) 
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This stress may be neglected for small helix angles a. The axial force F produces torsional stress sy. Since 
T =4FD cos « + $FD for small helix angles, 


TR _8FD 
aT ae 


where F = axial load, N; D = mean diameter of the coil, m; d = diameter of the wire, m; y = axial deflec- 
tion, m; Ss, = shearing stress, Nim?. 

In addition to the torsional shear stress, there is a transverse shear and an additional stress due to the 
curvature of the coil. In order to include both of these effects, a stress factor K, called the Wahl factor, 


may be used. 
5, meee 
ead 
_4C—1 , 0.615 See a 
where K=705 4 +—G— and the spring index C = D/d. 


An equation for the deflection of a helical 
spring may be obtained by equating the work 
required to deflect the spring to the torsional 
energy absorbed by the twisted wire. The helical 
spring having 7 active coils is developed into a 
straight rod of diameter d and length nxD/(cos a), 
as shown in Fig. 16-11. Cos may be taken as 


cy 


unity since the helix angle is usually small. wierie st 
Then 

Work in = energy absorbed 

AFy=1T0=3QFD)) or y=3D8 

; _TnnD _16FD°n ae a 2 
Since 9= G&G” where G = torsional modulus of elasticity N/m*. 
- 8FD*n fs 8FCn 
aaa eGe ans 


The value of G for spring steel is approximately 83GN/m?. 


3. A 1m long cantilever spring is composed of 8 graduated leaves and one extra full length leaf. The leaves 
are 45mm wide. A load of 2000N at the end of the spring causes a deflection of 75mm. Determine the 
thickness of the leaves and the maximum bending stress in the full length leaf assuming first that the 
extra full length leaf has been pre-stressed to give the same stress in all the leaves, and then determine 
the stress in the full extra length leaf assuming no pre-stress. 


Solution: i x 
12FL (12(2000)(1) 3 ore 
a .075 = sade = 
Y= 5B Qing +3ne)E* °°79 = 0.045)e5(16 +39(200 x10)?! 187x107 4= 123mm 
: 6FL (6)(2000)(1) 
With extra full 1 leaf stresse ake ale 2 
ith extra length pre-s d,s mbt? ~ 0.045)(0.01232 195MN/m’ 
18FL (18)(2000)(1) 


=277MN/m? 


Wi Bessy se z 
ith no prestress, Se = 5775 + 3ne) — (01045)(0.0123)"(16 + 3) 


4. Determine the required number of coils and permissible deflection in a helical spring made of 1.6mm 
diameter steel wire, assuming a spring index of 6 and an allowable stress of 345MN/m? in shear. The 
spring rate is to be 18300N/m. 
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Solution: 
nase _D D —4C-1 0.615 _ 
Spring index C= > . Té6’ D=9,.6mm, Wahl factor =7 * aes 1.25. 
F_ da (0. 001680, x 10°) 
= 1800 = =41. 
3 8Cn’ 800 = 36° a > n=41.2 turns 


. a rh ARDY « _ 1.25(8)F(0.0096) 
Find force and deflection: s, =K wa 345 x 10° 7(0.0016) »F=46.2N 


The deflection should be limited to 46.2/1800 i.e. 25.7mm. 


5. Design a coil spring to have a mean diameter of 125mm and a spring rate of 72kN/m. The total axial 
load is 8000N and the allowable shear stress is 275 MN/m?. 


Solution: 
Design requires that the number of turns 7 and diameter d of the wire be determined. 


Rete ssnD? _ 275 x 10°)n(0.125)? 


7 8FD 
Using s,s =K —y ad ay with d =2 7 3F 3(8000) = 211 (allowed) 
_,. (4C—1 , 0.615 
By tnt in (FE=7 +98 ad oe 211, C=5.5 
d = 125/5.5 = 22.7mm, use 25mm diameter wire. 
F_d&¢ (0.025)*(80 x 10°) 
y 8D np’ 7200 = 800. 125)3n , n= 27.8 turns. 


6. Whenacoil spring with a spring scale of 18kN/m is compressed 30mm, the coils are closed. The allowable 
shear stress is 345MN/m7, the spring index C= 8, the ends are squared and ground, and G = 83GN/m?. 
Calculate the required wire diameter d, the required coil diameter D, and the closed length of the spring. 


Solution: 

_4C-1 0.615 _ cs SEE « _ (1.184)(8)(0.030 x 18,000)8 
Kong to 71184. Then sp=K >, 345 x 10° = aa A 
d=6.14mm, use 6.3mm diameter wire 
D=dC=63x8=504mm 

F IG . ° 
F_d@G_d 18,000 = 2.2063(83 x10") = 06 tums 


y 8D°n 8Cn’ 8x 857 


Closed length = (n + 2)d = (7.09 + 2)(6.3) = 57.3mm. 


7. At the bottom of an elevator shaft a group of 8 identical springs are set in parallel to absorb the shock of 
the elevator in case of a failure. The elevator weighs 28KN. Assuming that the elevator has a free fall of 
1.2m from rest, determine the maximum stress in each spring if each spring is made from 30mm diameter 
rod. For each spring the spring index is 6 and the number of active turns is 15. Neglect any effects of 
counterweights in the system and take G = 83GN/m?. 


Solution: $4 
Ei bed i i beers is 
nergy absorbed per sp from which y F—7000 where F is the 


maximum spring force. Then 


SERCH ERO DIS: © RAO 2s 
% =~ GG ~ 0,030(83 x 10°) F — 7000 “hich Bives F = 32.1 kN 
Nae Gl 7 _ (1.25)(32,100)(6)8 _ 3 
Now using K 404 anon 1.25, we obtain s, = Ko ad? (0.030)? 682 MN/m 


8. 


10. 
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The free end of a horizontal, constant strength steel canti- F 
lever beam is directly over and in contact with a vertical 
coil spring as shown in Fig. 16-12. The width of the beam 
at its fixed end is 600mm, its length is 800mm, and its 
thickness is 12mm. The coil spring has 10 active coils of 
12.5mm diameter wire and has an outside diameter of 


100mm. Take G = 83GN/m? and £ = 200GN/m?. Fig. 16-12 
(@) What force Q, if gradually applied to the end of the cantilever beam, is required to cause a deflection 
of 40mm? 


(b) What is the bending stress in the beam at a section 400mm from the fixed end? 
(c) How much energy is absorbed by the coil spring? 


Solution: 
Both springs have the same deflection. For the coil spring, 
_ 8FD?n __ 8F(0.0875)°10 
2 ag + = .0125)7(83 x 10°)” 
: P FL? F038) 
For the 7 ye 1.04 = 
orethe|cautiares baci —_ » 0.04 = 77500 x 10°) [0.6 x 0.012°/12]’ 


_ (2700 x 0.4)(0.006) 
r ~ [(0.6/2\(0. 0123)/12] 


(c) Energy absorbed by the coil spring = Fy =4 x 1512 x 0.04 =30.2Nm 


F=1512N 


F'=2700N 


(a) Q=1512+2700=4212N, (6) pes = 150MN/m” 


One helical spring is nested inside another; the dimensions are as tabulated. Both springs have the same 
free length and carry a total maximum load of 2500N. 


Outer Spring Inner spring 
No. active coils 6 10 
Wire diameter 125mm 9.00mm 
Mean coil diameter 100mm 70mm 


Determine: 

(a) the maximum load carried by each spring, (b) the total deflection fo each spring, (c) the maximum 
stress in the two springs. Take G = 83GN/m?. 
Solution: 

Since both springs have the same deflection, 

_8F Din; _8FoDano 8F,(0.07)°10 _ 8F,(0.1)°6 
> Tage Gd’ ~—-G(0.009)* __ G(0.0125)*" 

(@) The simultaneous solution of F; = 0.470F and F; + Fo = 2500 is Fj = 799N, Fo = 1701N 


8(799)(0.07)°10 
~ Ot din ino, 
©)» 33 x10 (0.009)' SEES 


F;=0.470Fo 


ee) C=1 0615 
(c) Inner spring: slice =7.778, K= aa Lars = 1.190 
x Se 8(1.190)(799)(0.07) 2 

es 

and ss= mae 7(0.009) 232MN/m 
100 8F Do _ 8(1.184)(1701)(0.1) 

Out c= = = Do 

uter spring: 125 8.00, K = 1.184 and s,;=K —— =e =~ (0.01252. 0125) = 263MN/m? 


The load on an oil-tempered carbon steel helical compression spring varies from 600 to 1600N. The 
mean diameter of the coil is to be 60mm, and the desired design factor of safety is 1.3 based on the 
variable stresses. Determine the required wire size. sy, = 700MN/m?. 
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Solution: 
First method. 


Fm =4(600 + 1600) = 1100N, F, = $(1600 — 600) = S00N 
8FimD _ 8(1100)0. 06) _ a. _ - 8FyD _ _ 8(500)(0.06)_76.4K 
ma Ks ad? p> wk ak mae 

The problem is now solved by trial and error. Let us try 10mm diameter wire. 


60 Os _ _4C-1 0615 _ 

CHip76 Ke=1 += 1.083, K=to— 74°C <1 253 
_ 1.083)(168)__ _ (1.253764) 

5m = asa = 182MN/m?, sy= (0.01) 


Assumin = 7 =334MN/m?, NN =——** ___= 
B S(rel) a ifm FaeP ae brea reds 43 (satisfactory) 


Sm = Ks 


= 96MN/m? 


Use 10mm oil-tempered carbon steel wire. 


Second method. Try 10mm diameter wire 
semax) ~ seni = x SDLPCenax) — Foi} _ seen 
ad N 
_ (1.253)(8)(0.06)(1000) 
"(0.017 
from which N = 1.75 (based on endurance). 


8DF(max) _s. 


334 
= Fe 
191MN/m W 


_ (1.083)(8)(0.06)(1600) 

(0.01) 

from which N = 2.64 (based on yield). 
Factor of safety is satisfactory for 10mm wire. 


SUPPLEMENTARY PROBLEMS 


A laminated semi-elliptic leaf spring under a central load of 12KN is to have an effective length of 1m 
and is to deflect not more than 75mm. The spring has 10 leaves, two of which are full length, and have 
been pre-stressed so that all leaves have the same stress after the full load has been applied. All leaves 
have the same width and thickness. The maximum stress in the leaves is not to exceed 350MN/m?. 
Calculate the width and thickness of the leaves. Ans. b = 183mm, t=5.3mm 


= 265MN/m? -— 


A helical compression spring is made from steel wire. It has an allowable shear stress of 700MN/m?, with 
a modulus of elasticity in shear of 80GN/m?. The mean diameter of the spring is 150mm and a load of 
4000N is applied. What size wire should be used, assuming the spring is stressed to the maximum? 

Ans. d= 13.5mm, use 14mm wire. 


Calculate the diameter of wire required for a coil spring made to the following specifications: mean 
diameter of the spring = 150mm, spring rate = 8kN/m, working load = 7.5KN, design stress = 280MN/m?. 
Ans. d=23.3mm, use 24mm diameter wire 


What thickness of leaf is required for a cantilever leaf spring designed to the following specifications? 


Load on the spring = 2000N Design stress in tension = 350 MN/m? 
Total number of leaves = 8 Length of spring = 500mm 
Width of each leaf = 50mm Number of extra full length leaves = 2 


Ans. t=6.55mm 


15. 


16, 


17. 


18. 
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A helical spring is set inside another, the outer spring having a free length of 40mm greater than the 
inner spring. The dimensions of each spring are as follows: 


Outer Spring Inner Spring 
Mean diameter 100mm 64mm 
Wire diameter 12.5mm 12.5mm 
Inactive turns 2 2 
Active turns 20 15 


Determine the combined spring rate of the two springs after sufficient load has been applied to deflect 
the outer spring 60mm. Use G = 83 GN/m?. Ans. 77.1kN/m? 


A 100mm o.d. steel coil spring having 10 active coils of F 
12.5mm diameter wire is in contact with a 750mm long 
steel cantilever spring having six graduated leaves 100mm 
wide and 6.5mm thick as shown in Fig. 16-13. 
(a) What force F if gradually applied to the top of the coil 
spring will cause the cantilever spring to deflect 25mm? 
(b) What will be the maximum shear stress in the coil 750 


spring? Ans, F =326N, ss =45.1MN/m? 


Fig. 16-13 


A weight W = 10KN is supported by a spring (or springs) as shown in 
Fig. 16-14. A certain natural frequency of vibration of the weight is 
desired, and the spring rate necessary for the prescribed frequency is 
found to be 250kN/m. 

A junk yard has a group of identical steel springs available with 


the following specifications: Spring or 
Mean diameter = 75mm prings 
Spring index = 6 


Number of active coils = 8 
Modulus of elasticity in shear = 80GN/m? 
Modulus of elasticity in tension = 200GN/m? 


(a) How many springs should be used and how should the springs 
be arranged to have the spring rate as close to the desired value Fig. 16-14 
as possible? 

(b) Assuming that each spring may be modified by cutting off as many turns as necessary and refinishing 
the end of each spring, how many active coils must be removed fru.a each spring to give the desired 
spring rate of 250kN/m 

(c) What is the maximum stress in each spring for (a) and (b) above? 

Ans. (a) Use 3 or 4 springs in parallel. 

(b) Cut off one active turn of each spring, if 3 springs are used. 
(c) ss; =295MN/m? for either case. 


Refer to Fig. 16-15. A semi-elliptic leaf spring has an effective 
length of 1.5m. The spring seat, midway between the shackles, 1500. 
carries a helical spring upon which is imposed an impact 750. 
equivalent to 1000N m of energy. The laminated spring is 
composed of 10 graduated leaves and two extra full length 
leaves, each 6.5mm thick and 50mm wide. The coil spring is 
composed of 6 effective turns of 50mm wire. The mean coil 
diameter is 100mm. Calculate the maximum stress induced in 
each spring. 
Ans. y= 898MN/m? in coil spring 
s = 516MN/m? in leaf spring Bie-46:18 
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A spring-loaded flyball governor with dimensions as shown in Fig. 16-16(a) below requires a spring force 
of 170N to permit the proper speed with the balls at a 120mm radius. Assume the limiting position to 
be that as shown in Fig. 16-16(4) below with the balls at a 180mm radius. For proper speed regulation 
the spring force must be 510N in that position. 
(a) Determine the required spring rate. 
(6) For maximum shear stress of 310MN/m? and spring index of 8, determine the required wire and 
mean coil diameters. 
(c) Using a shear modulus G = 81GN/m?, determine the number of active turns required. 
(d) Allowing one ineffective turn at each end, determine the free length needed so that the spring will 
be closed in position as shown in Fig. 16-16(b). 
(e) What is the spring length in position as shown in Fig. 16-16(a)? 
Ans. (a) 6.94kN/m (@) free length = 200mm 
(6) d=6.3mm, D=50mm (e) length = 175mm 
(c) n= 18 active turns 


(b) 
Fig. 16-16 


A carbon steel coil spring has a mean diameter of 37.5mm and is formed of 12.5mm bar. It has a spring 
index of 3 and is subjected to a continuously alternating load between a maximum of 7000N and a 
minimum of SOOON. If the torsional yield point of the material is 700MN/m? and the endurance limit 
due to released loading is 300 MN/m?, determine the factor of safety under which the spring is operating 
from both the standpoint of endurance and yield. 

Ans. N = 1.94 based upon endurance, N = 1.75 based upon yield 


A compression spring will be used in a service where the maximum value of the varying load is three 
times the minimum value. The spring specified below is available in stock and a check of capacity under 
these load conditions must be made to determine whether it is suitable. The spring specifications are: 

Material is oil-tempered carbon steel, sy, = 700MN/m? 

Mean coil diameter = 50mm 

Wire size = 10mm 

Active coils = 11; inactive coils = 2 (one on each end). 

Free length of spring = 175mm 
For a design factor of 1.3 based on the variable stresses, what is the value of the peak load to be permit- 
ted? (Apply the full value of the Wahl factor to the variable stress; but only the portion of the Wah! 
factor that corrects for transverse shear is to be applied to the mean stress.) 
Ans. F(max) = 1820N 


Chapter 17 


Gear Forces 


THE COMPONENTS OF GEAR FORCES are usually determined rather than the resultant gear force, although 
the latter can be found by the vector sum of the components. The components are used in calculating bearing 
reactions, shaft size, etc. 


FRICTION LOSSES in spur, helical, and bevel gears are usually so small that these gears are considered as 
operating at 100% efficiency. There are situations where the friction in spur gearing, even though low, must be 
taken into account, as in the case of circulating power in planetary gearing. 

Worm and worm gears, however, are usually not as efficient as spur, bevel, and helical gears; hence 
friction is usually taken into account in determining the force components on worm and worm gears. 


SPUR GEAR force components are (see Fig. 17-1 below) 


(1) Tangential force F; =M;/r, where M; = gear torque and r = pitch radius of the gear. 
(2) Separating or radial force F, = F; tan ¢ where ¢ is the pressure angle. 
Note that the radial force is always directed towards the center of the gear. 


Fig. 17-1 Fig. 17-2 


HELICAL GEAR force components are expressed in two different ways depending upon how the pressure 
angle is defined. There are two standards: (1) the pressure angle ¢ is measured in the plane perpendicular to 
the axis of the gear and (2) the pressure angle ¢, is measured in a plane normal to a tooth. See Fig. 17-2 above 
and Fig. 17-3 below. 
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If the pressure angle is measured in a plane perpendicular to the axis of the gear, the components 
are (see Fig. 17-2 above): 
a. Tangential force F, = M;/r 
b. Separating force F, = F; tan @ 
ce. Thrust force F, = F; tana 
where r= gear pitch radius, 
¢ = pressure angle measured in a plane perpendicular to the axis of the gear, 
a = helix angle measured from the axis of the gear. 


If the pressure angle is measured in a plane 
perpendicular to a tooth, the components 
are (see Fig. 17-3): 

a. Tangential force F, = M,/r 


F; 
b. Separating force F, = anita Sa 
COs & 
c. Thrust force F, =F; tana $ ee ee 
where ¢,, = pressure angle measured ~~ Helical Gear 
in a plane perpendicular Bycise he 
toa tooth, to a tooth 
a = helix angle measured from Fig. 17-3 


the axis of the gear. 


The direction of the thrust force depends on the direction of rotation and the hand of the gear teeth. 
Four possibilities of combinations of right and left hand helical gears with different combinations of rotation 
are shown in Fig. 17-4 below, with the direction of thrust. Reversing the direction of rotation of the driver will 
reverse the direction of thrust from that shown. 


Driver Driven 
Rotation Rotation 
Rotation 
L.H. L.H. 
—_— 
Thrust Thrust 


Rotation Rotation 


Rotation Rotation 


L.H. L.H. R.H. R.H. Pos 


Driven Driver Driven “Driver 
Fig. 17-4 
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STRAIGHT TOOTH BEVEL GEAR force components, shown in Fig. 17-5(a) below, are: 


(1) Tangential force F, = M;/r. 
This force is considered acting at the mean pitch radius r. 


(2) Separating force F, = F; tan @ 
where ¢ is the pressure angle. The separating force can be resolved into two components; the force 
component along the shaft axis of the pinion is called the pinion thrust force F,, and the force 
component along the shaft axis of the gear is called the gear thrust force F,. 


Rotation 
(Driven) 


Rotation 
(Driver) 


Fig.17-5 (2) 


The three mutually perpendicular components, shown in Fig. 17-5(b) below, are: 
a. The tangential force F; = M;/r acting at the mean pinion pitch radius r, 
where M,; is the pinion torque. 
b. The pinion thrust force F, = F; tan ¢ sin B, 
where is the pitch cone angle of the pinion. 
c. The gear thrust force Fy = F; tan ¢ cos B. 


Rotation 


Rotation 
(Driver) 


Pinion 


Fig. 17-5 (5) 
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SPIRAL BEVEL GEAR force components are more involved than those for a straight tooth bevel gear. 

The tangential force at the mean pitch radius r is F, = M,/r, where M; is the torque. 

The pinion thrust force F, and the gear thrust force Fz can be expressed in different ways, depending 
on how the pressure angle is measured. Pinion and gear thrust forces, with the pressure angle ¢, measured in 
the plane normal to the tooth are shown in Fig. 17-6(a to d) for different hand of spirals (that is, left hand and 
right hand) and for different directions of rotation. The symbols are: 

Fp = pinion thrust force 

F, = gear thrust force 

F; = tangential force causing the torque at the mean radius r 

$n = tooth pressure angle measured in the plane normal to a tooth 

B= pinion pitch cone angle 
= pinion spiral angle. 


Case I Gear (Left Hand Spiral) 
Pinion (Right Hand Spiral) 


Rotation 


B YG 
Pinion ab lie 
tand, sin 
= a( Toe ~ tan 0s) 
Rotation 

(CW looking to right) _ (tang, cosB 

ae a a( soc + tony sing) 
Fig. 17-6(a) 
Case Gear (Left Hand Spiral) 


Pinion (Right Hand Spiral) 


Driven 


ot 


Rotation 


& 


Pinion 


tand, sinB 

B= (a + tany cos) 
Rotation 
7 ; tang, cos B 

(CCW looking to right) R= R( se tiny sing) 


Fig. 17-6 (6) 
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Case Ill 
Pinion (Left Hand Spiral) 


Pinion 


Rotation 
(CW looking to right) 


Fig. 17-6(c) 


Case IV 
Pinion (Left Hand Spiral) 


i 
Driver 


Pinion 


Rotation 
(CCW looking to right) 


Fig. 17-6(¢) 


The spiral angle is measured as shown in 
Fig. 17-7. 

If the forces are found to be positive, they 
are directed as shown in the figure; if negative, 


Gear (Right Hand Spiral) 


Driven 


Rotation 


tand, sin 

A, = Poca + tany cos) 
tand,, cos 

: (Seas ~ tan sinp) 


Gear (Right Hand Spiral) 


Driven 


Rotation 


tang, sinB 
ay ay cos) 
tang, cosB 
= rp cael tany sin B) 
midpoint 
of Face 


Y = Spiral Angle 


they are opposite in direction to that shown. 
If the pressure angle ¢ is measured in a 

plane normal to a pitch cone element, the equations 

given with the figure are changed by substituting 


_ tan on 
cos Y 


an @ 


Are of Spiral 
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WORM GEARING. The three mutually perpendicular components of the resultant force acting between a 
worm and wonm gear are: 
(1) Figworm) =Mi/rw where F,(worm) = tangential force on the worm 
M, = torque on the worm 
Tw = pitch radius of the worm. 


i= 
(2) Fi(gear) = Fi(worm) (gAanen tn 


where F;(gear) = tangential force on the worm gear 

f= coefficient of friction 

a= lead angle of the worm (which is the same as the helix angle of the worm gear). 
The lead angle of the worm is found from tan a =lead/(mD,,), where the lead is 
the number of threads times the axial module of the worm and D,, is the pitch 
diameter of the worm. Note that the axial module of the worm is equal to the 
circular pitch of the worm gear. 

¢n = normal pressure angle measured in a plane perpendicular to a tooth (usually 145° 

for a double thread and 20° for a triple or quadruple thread). 


sin on sin on 
3) F,= | eel 
@G) Fr=Frgear) (= On cos a — f sin a ) Frworm) (= $n sin a + f cos =) 
where F, is the separating force. 
Fig. 17-8 below, shows the forces for different directions of rotation and hand of worm threads. 
The pressure angle ¢ measured in the plane containing the axis of the worm is related to the pressure 
angle ¢, measured in a plane normal to a worm thread by tan $,/cos a. 


Casel Case I 
Driver: Worm (Right Hand) Driver: Worm (Right Hand) 


Fig. 17-8 (2) Fig. 17-8 (6) 
Case III Case IV 
Driver: Worm (Left Hand) Driver: Worm (Left Hand) 


Worm Gear 


Fig. 17-8 (c) Fig. 17-8 (d) 


GEAR FORCES 211 


THE FORCES IN PLANETARY GEAR TRAINS are obtained by the application of the basic equations of 
mechanics. These are illustrated in solved problems. 

A problem encountered in planetary gearing with branch control circuits is the circulating power, which 
might be less or greater than the power input. The design of such a system can be simplified by the application 
of appropriate equations. Fig. 17-9 below, shows an arbitrary planetary gear system with a branch control 
circuit. 

The circulating power ratio is given by 

r(l-R 
Eo ( ) 
l-r 


where r= w/w, R = «1/03; and w1, w2 and w3 are respectively the angular velocities of elements 1, 2 and 
3 as defined below. 


Fig. 17-9 


Isolate the three basic elements of the planetary gear part, as shown in Fig. 17-10. 

Element 3 is defined as that rotating element projecting from the differential directly to outside the 
system (gear C in the illustrative example) which has no connection with the control circuit. In some cases 
element 3 will be the arm; in other cases it may be one of the two gears which project from the differential. 

Element 1 will always be that element, projecting from the differential to outside the system, that is 
connected to rotating element 2 by means of the branch control circuit. 

Element 2 will always be that member which trans- 
mits power to or from the differential from or to the branch 
control circuit, but does not transmit power directly to or 
from the outside of the system. Thus, gear C is element 3, 
gear B is element 2, and the arm is element 1 for the 
example chosen. 

The circulating power, Peir, is 

Peis = Ps 
where y is defined above, and P3 is the power through 
element 3. 


The circulating power is the power in the branch 
control circuit, element 2. Fig. 17-10 
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SOLVED PROBLEMS 


A spur pinion 100mm in diameter has a 
torque of 200N m applied to it. The spur 
gear in mesh with it is 250mm in diameter. 
The pressure angle is 20°. Determine the 
tangential force F; and the separating 
force F,, and show in position. 
Solution: 

F; = M,/r = 200/0.05 = 4000N 

F, = F; tan $ = 4000 tan 20° = 1456N 

The forces are shown in Fig. 17-11. 
Note that the tangential force on the 
pinion causes a torque to balance the 
applied torque, and the pinion separating 
force is directed towards the center of the 
pinion. 


Referring to Fig. 17-12, spur gear A receives 
3kW at 600rev/min through its shaft and 
rotates clockwise. Gear B is an idler and gear 
C is the driven gear. The teeth are 20° full 
depth. (The pitch circles are shown in the 
sketch.) Determine (/) the torque each shaft 
must transmit, (2) the tooth load for which 
each gear must be designed, (3) the force 
applied to the idler shaft as a result of the 
gear tooth loads. 
Solution: 
(a) Gear diameters: D4 =35x6= 210mm 
Dg = 65 x6 =390mm 
De =45 x6 =270mm 
(b) Torque on shaft of gear A 
= (3000 x 60)/(600 x 27) 
=47.3Nm 
Torque on shaft of gear B = 0. 
Torque on shaft of gear C 
= 47.8 x 45/35=614Nm 
where gear C rotates at 600(35/45) rev/min 
(c) Tangential force on gear A 
_p Me_ 478 
<p OA05 
Separating force on gear A F, = 434N' 
=F; tan ¢ = 434 tan 20° = 158N 
(d) The same tangential force and separating 
force occur between gears A and B and 
between gears B and C, in the direction 
shown. 
(e) The tooth load for which each gear must Fig. 17-12 
be designed is 434N. 
(f) The force applied to the idler shaft of gear B is the vector sum of the forces applied to gear B by 
gears Aand C: Fy =./2(434 + 158)? = 837N 


=434N F,= 158N 


a 6g Kets 
434N<° | “\.434N 
a SS 
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A helical gear 250mm in diameter has applied to it through its shaft a 
torque of 200N m. There are 45 teeth on the gear. The pressure angle, 
measured in a plane perpendicular to the axis of the gear, is 20°. The helix 
angle is 30°. Determine (a) the tangential force component F;, (b) the 
separating force component F,, (c) the axial thrust force component Fa. 
The helical gear has left hand teeth, and meshes with a right handed gear 
whose axis is directly above the axis of the left hand gear. Refer to Fig. 
17-13. 


Solution: 
(@ F, =M;/r = 200/0.125 = 1600N 
(b) F, =F; tan @ = 1600 tan 20° = 582N 
(c) Fy =F; tan a= 1600 tan 30° = 928N 
The directions are as shown in Fig. 17-13. 


Repeat Problem 3, except that the pressure angle, measured in a plane 
perpendicular to the tooth, is 20°. Refer to Fig. 17-14. 
Solution: 

(a) F,=M;/r = 200/0.125 = 1600N 

F tan 20° 
(b) Fe = ea OO eg 72N My, 
COS & cos 30 
(c) F, =F; tan «= 1600 tan 30° = 928N 


Fig. 17-14 


In Fig. 17-15 a pair of straight tooth bevel gears has a velocity ratio of 4/3. 
The pitch diameter of the pinion is 150mm. The face width is 50mm. The 
pinion rotates at 240rev/min. The teeth are Smm module, 144° involute. 
If 6kW is transmitted, determine (/) the tangential force F; at the mean 
radius, (2) the pinion thrust force F,, (3) the gear thrust force Fy. 


Solution: 
(a) Diameter of the gear = 150(4/3) = 200mm 
(b) Slant height L of the pitch cone 
= VR3 + Rp = V75? + 100? = 125mm 
(c) Mean radius of the pinion, 
I'm = Rp —4b sin B= 75 — $(50X(75/125) = 60mm 
(d) Pinion torque M; 
= (6000 x 60)/(240 x 27) = 239Nm 
(e) Tangential force at the mean radius, F; 
= M¢/rm = 239/0.06 = 3983N 
(f) Pinion thrust force Fp 
= F; tan ¢ sin B = 3983 tan (143°) ( 


(g) Gear thrust force Fy 
=F, tan ¢ cos 8 


= 3983 tan (144) (2 


The forces are shown in the free body diagrams. 


Fig. 17-15 
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A pair of spiral tooth bevel gears has a 4/3 velocity ratio. 

The pitch diameter of the pinion is 150mm. The face width 

is SOmm. The pinion rotates at 240rev/min. The teeth are 

5 module with a pressure angle ¢, of 144° measured in a 

plane normal to a tooth. Six kW is transmitted from the 

pinion to the gear. The pinion has a right hand spiral and 
the rotation is clockwise (looking towards the apex of the 
pitch cone). The spiral angle is y =30°. This corresponds 
to Case I for spiral bevel gear forces. Determine (/) the 
tangential force F; at the mean radius, (2) the pinion thrust 
load Fp, (3) the gear thrust load Fy. 

Refer to Fig. 17-16. 

Solution: 

(a) The values found in Problem 5 that are applicable to ¥ r= 3983N- 
this problem are: diameter of gear = 200mm; slant 
height of pitch cone = 125mm; mean radius of pinion 
= 60mm; pinion torque 239N m; tangential force at M,=239N m 
the mean radius = 3983N; sin 6 = 75/125 = 3/5; cos B= 
100/125 = 4/5. 


i Fig. 17-16 
mr fesint _ tan cos8) ig. 
cos 


3983 [ anstnsis — (tan 30°45) =-1126N 


(6) Pinion thrust force F, = F; ( 


cos 30° 


tan $n cos 8 


(c) Gear thrust fore = Fe +tan sin) = 


(tan 144°)(4/5) . | ” 
3983 [ csesannar + (tan 30°)(3/5) | = +2331N 


The force components are shown in the correct directions in the free body diagrams of Fig. 17-16. 


A worm transmitting 6kW at 1200rev/min drives a worm gear rotating at 60rev/min. The pitch diameter 
of the worm is 71.26mm and the worm is triple threaded. The module of the worm gear is 20 (which is 
the same as the axial module of the worm). The worm gear has 60 teeth which are 20° stub. The 
coefficient of friction f is 0.10. The worm is right handed and rotates as shown in Fig. 17-17 below. 
(Note that the fiugre corresponds to Case I under Worm Gearing. Also note that the power output is 
not equal to the power input because of friction.) Calculate (1) the tangential force F worm) on the 
worm, (2) the tangential force F (gear) on the gear, (3) the separating force F,. 


Pitch Diameter = 71.26 


Feigear) = 3480N 


Fig. 17-17 


Solution: 
(a) Torque on the worm, M; = xo) 


T2002" *7 Nm 
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47.8 x2 


(6) Frewormy =M¢/r = FYI a 1340N 
ss 1 —f tan a/cos on _ 1 —0.1(0.268)/cos 20°\ _ 
©) Fecscar) = Form “an a+ floos 6, 14° \ 0.268 +0.1/008 20°) ~>#80N 
wits tan 0 leadNED UNE = 02686 = 15° 


71.260 


e sin dn = sin 20° 2 
@ = Fawn (saae sats —} 2480 (= 20° cos 15° — 0.1 sin 7) pase 


(e) Another method of calculating the tangential force on the gear is to employ the efficiency equation 
for worm gearing to find the output horsepower. The efficiency e for worm gearing is 


608 on — f tana cos 20° — 0.1 tan 15° 
=(t = 
: (an (2 fe—Liane) 0: ( aaa 


Gear torque = (output power)/N = (6000 x 0.695)(60)/(60 x 27) = 664N m 
Fy(gear) = M;/r = 664/0.191 = 3480N, as in (c). 


) = 69.5% 


A differential planetary gear system is 
shown in Fig. 17-18. Gear B rotates at a 
constant speed, while the speed of gear 
H is varied to permit variations in speed 
of gear 1. However, for this problem, con- 
sider that all gears rotate at a constant 
speed. Neglect friction. 

Power is applied to gear B and either 
applied to or taken from gears H and I. 
Determine how much power must be 
applied to or taken from gear H if 3kW 
is supplied to gear B at 1800rev/min, 
the direction of rotation of gear B being 
clockwise as viewed: from the right. Gear 
H is rotating at 700rev/min counterclock- 
wise as viewed from the right, Determine 
also the power supplied to or taken from 
gear I and the angular velocity of gear I. 

All gears have a pressure angle of 20°. 
The diameter of each gear in mm is as 
follows: 


gear A: 100 

gear B: 125 dies 
gear C: 175 

gear D: 225 (mean dia.) 

gear E: 150 (mean dia.) Power In 


gear F: 150 (mean dia.) 
gear G: 250 (mean dia.) 
gear H: 300 

gearl: 75 


Solution: 


(a) The forces shown in the free body diagrams are the tangential forces causing torque about the 
centerline axis of the corresponding gear. 


Fig. 17-18 
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3000 x 60 
1800 x 27 


Force exerted on gear F by gear E = M,/r = 15.9/0.075 = 212N 


Torque on gear B = torque on gear F: M; = =159Nm 


(b) The moment about the axis of gears D and E must be zero for constant speed: 
FepRp=FreRe, Fep(0.1125)=212(0.075), Fen =142N 


where Fp = tangential force exerted by gearGonD, Rp =radius of gear D 
Fre = tangential force exerted by gearFonE, Rg = radius of gear E. 


(c) Consider gears CandG: FpgR¢ =FucRc, 142(0.125) = Fx¢(0.0875), Fic = 202N 


The direction of rotation is opposite the direction of the torque exerted on gear H; hence 
power must be supplied to the shaft of gear H as shown. 

Power supplied to gear H = M,N = 202(0.150) x 700 x 22/60 = 2.22kW 

Since power is supplied to gear B and also supplied to gear H, the power that must be taken out 
through gear I is (3 + 2.22) = 5.22kW. 


(d) Since power is taken out through gear I, the direction of rotation must correspond to the direction 
of torque on gear I. The torque is counterclockwise, looking from right to left; hence the rotation is 
counterclockwise looking from right to left. 


Speed of gear I is N; = jada Seed 1980rev/min 
x 


where F47R4=FepRg+FrerRe, F4;=672N 
and =M;=672(0.0375)=25.2Nm 


Refer to Fig. 17-9 and Fig. 17-10. Gear N rotates at 1200rev/min clockwise looking from right to left. 
Five kilowatts is transmitted through the unit. Find the power for which gears K, E and D must be 
designed, assuming no power loss in friction. 

Solution: 

A solution can be obtained by a conventional force analysis, but this problem will be solved using 
the circulating power factor as discussed with planetary gearing forces. 

(a) A velocity analysis is made first: Gear K rotates at 1200(200/100) = 2400rev/min counterclockwise, 
and gear E also makes 2400rev/min counterclockwise; gear D rotates at 2400(200/100) =4800rev/min 
clockwise, and gear B also makes 4800 rev/min clockwise. 

() In the differential unit, the angular velocities can be obtained quickly by: 

Angular Velocity Calculations (rev/min) 
Element 3, gear C 


Angular velocity of arm + 1200 


Ang. vel. relative to arm | —3600(200/400)75/150) 


Angular velocity +300 


Thus gear C rotates at 300 rev/min in the same direction as the arm. 


(c) As defined, gear C is element 3 (w3 = +300rev/min); gear B is element 2 (w2 = +4800rev/min); the 


arm is element 1 (c2, = +1200rev/min). Then 
= 2 = = pA) UES 
@, +1200 300 eS T= epee 


where a + sign means that power is flowing from the differential unit through both elements 2 and 3. 


(d) Power through element 2, the circulating power, is Peis = YP3 = +4(5) = 20kW 


(e) Thus gears K, D and E must be designed for 20kW. Note that even though the power is larger than 
the input and output power, it cannot be tapped to give perpetual motion. 


10. 


1}; 


12. 


13. 


14. 


1s 


16. 


is 
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SUPPLEMENTARY PROBLEMS 


A spur pinion of 100mm pitch diameter drives a 300mm gear. The pinion shaft has 60N m of torque 
applied, and the pressure angle is 20°. Determine the tangential force, the separating or radial force, and 
the gear torque. 

Ans. F;=1200N, F,=4370N, Mr(gear) = 180Nm 


The helical gear train shown in Fig. 17-19 below transmits 10kW from gear C to gear A at 900rev/min 
of gear C. The overall velocity ratio is 2. Calculate the total radial load on the shaft of gear B, and the 
total thrust load in the shaft of gear B. What are the tangential and separating forces between A and B 
and between B and C? 
Ans. Total radial load on shaft of gear B= 764N 

Resultant thrust force = 0. 

Tangential force between A and B is the same as between B and C: 849N 

Separating force between A and B is the same as between B and C: 309N 


A helical pinion with 20° stub teeth, helix angle of 23°, pitch diameter of 100mm, and face width of 
40mm transmits 20kW at 10,000rev/min. If the pressure angle is measured in the plane of rotation, 
determine the tangential force, the separating force component, and the axial or thrust force. 

Ans, 382N, 139N, 162N 


Refer to Fig. 17-20 below. Gear A receives SkW at 500rev/min through its shaft and rotates counter- 
clockwise. Gear B is an idler and gear C is the driven gear. The teeth are 20° full depth form. (a) What is 
the torque on the shaft of each gear? (b) What is the tangential force for which each gear must be 
designed? (c) What force is applied to the idler shaft as a result of the gear tooth loads? 

Ans. (a) Mra =95.5N m, Mrg =0, Myc = 109N m, (5) 909N (same for each gear), (c) 818N. 


10 Teeth 


35 Teeth 
6 module 


Fig, 17-19 Fig. 17-20 
A 20° full depth straight tooth bevel gear has a module of 8, a face width of 100mm, a pitch diameter of 
300mm, and a cone pitch angle of 374°. If the torque on the gear is 700N m, what is the axial compon- 
ent, or thrust component, of the tooth force? What is the mean diameter of the gear? What is the tan- 
gential force at the mean radius? 
Ans. 1300N, 120mm, 5860N 


A 30 tooth bevel gear meshes with a 60 tooth bevel gear with straight teeth. The angle between shafts is 
90°. The torque on the pinion is SON m, and the mean radius of the pinion is 50mm. The pressure 
angle is 20°. Determine the pinion thrust force. Ans. 163N 


A pair of straight tooth bevel gears connects a pair of shafts at 90°. The velocity ratio is 3 to 1. What is 
the cone pitch angle of each gear? 
Ans. 18.4° for pinion, 71.6° for gear. 


A spiral bevel pinion with a left hand spiral rotates clockwise (looking toward the apex of the pitch cone) 
and transmits 3kW at 1200rev/min to a mating gear (Case III of spiral bevel gear forces). The mean 
diameter of the pinion is 75mm. The pressure angle ¢, measured in the plane perpendicular to a tooth is 
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20°, the spiral angle is 20°, and the velocity ratio is 2 to 1. Determine (a) the pitch angle of the pinion, 
(b) the tangential force F; at the mean radius, (c) the pinion thrust force Fp, (d) the gear thrust force Fg. 
Ans. (a) B=26.55° (c) Fp =318N (directed as shown in figure of Case III) 

(6) F;=637N (d) Fg =117N (directed as shown in figure of Case III) 


A worm rotating at 1150rev/min drives a worm gear. The velocity ratio is 15 to 1. The worm is double 
threaded and has a pitch diameter of 75mm. The circular pitch of the worm gear is 28mm (The axial 
module of the worm is also 28mm with the lead being 56mm, since the worm is double threaded.) The 
worm has left hand threads, as shown in Case III of worm gear forces, and rotates clockwise as indicated. 
The normal pressure angle is 143°, and the coefficient of friction is 0.2. If 7kW is supplied to the worm, 
determine (a) the tangential force on the worm, (5) the tangential force on the gear, (c) the separating 
force, (d) the efficiency, (The directions are as shown in Case III.) 

Ans. (a) 1550N, (6) 3317N, (c)927N, (d) 50.8% 


Referring to Fig. 17-21, find the 
torque on each of the two output 
shafts for an input torque of 160Nm 
applied to gear G. The gears rotate 
at a constant speed. The gear 
diameters are: 

B 200mm 

C 150mm 

D 300mm 

E 150mm oe 

F 75mm 5 ie 

G 150mm 
Ans. Torque on gear B= 213Nm 

Torque on gear arm A =320N m 


The induction motor of Fig. 17-22 
below, supplies 15kW at 1800rev/ 
min and drives shaft E through a 
planetary gear system, with the 
internal gear F held stationary. 
There are two planet gears D. 
Determine the tangential force on 
gear C and the velocity of engage- 
ment of the gear teeth between gears 
C and D. The velocity of engage- 
ment is the velocity of the pitch 
line of the gears relative to the arm; 
this is the velocity with which the 
teeth mesh. Assume the planet 
gears D share the load equally. 

Ans. 265N,17.7m/s 


Fig. 17-21 


Flexible Coupling 


21. 


22. 
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The gear train of Fig, 17-23 transmits 
35kW. Gear E is held stationary. The 
input shaft A rotates at 1000rev/min. 
The module of each gear is 4. The arm 
carrying gears B, D, and F has diameter 
5Omm. The gears are spaced 75mm 
apart and are 20° full depth. Consider 
the loads concentrated at the centers 
of the gears and neglect stress concen- 
tration. Calculate the torque applied 
to gear E and the maximum shear 
stress in the arm whose axis is the axis 
of gears B, D, and F. 
Ans. 1670Nm, 217MN/m? (maxi- 
mum bending moment = 5310N m) 


The input shaft of the gear train shown 
in Fig. 17-24 below drives gear 2 at 
10rev/min with an input torque of 
100N m. Gears 4 and 5 are integral. 
All gears have 20° involute form teeth. 
Determine the reactions at bearings G 
and H. Power is taken from the output 


shaft through a flexible coupling. 15 
Tapa | 


Fig. 17-23 


Ans. Rg =310N, Ry =133N 


Module = 2.5 for all gears 
All bearings are 
identified by letters. 
Refer to Fig. 17-25. A radial engine uses an epicyclic 
gear train of the form shown in Fig. 17-1 to convert the 
reciprocating motion of the pistons to the rotation of 
the crankshaft which is collinear with the stationary axis 
X-X. Gears B and E have 144 and 72 teeth respectively, 
and the module of all gears is 4. (a) If the angular velocity 
of each of the gears B and E is zero, how many teeth are 
on gears C and D? (6) Assuming the engine delivers 
1600kW when the crankshaft is rotating at 400rev/min, 
determine, by drawing a free body diagram for each 
element of the train, the tangential force acting at each 
mesh and the required tangential connecting rod force at 
G. (c) Determine the required crank pin force at G for 
part (b) by some method other than a force analysis as 
made in part (b) above. Fig. 17-25 
Ans. (a) Teeth on C =56, on D=28 
(b) Force between gears E and D = 325KN; force Between C and B = 149kN; force on G = 191kN 
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25. 


26. 


27. 


GEAR FORCES 


In Fig. 17-26 below, power is applied to shaft I and either taken off or applied to shafts II and III. If 
60N m of torque is applied to shaft I, what torque must be applied to shaft II and shaft III if each gear 
rotates at a constant velocity and if friction is neglected. 

Ans. Torque on shaft II = 26.3N m, on shaft III = 82N m 


Mean Dia. F = 175 


Fig. 17-26 Fig. 17-27 


Refer to Fig. 17-27 above. The drum of a concrete mixer has 4kW supplied to it and the drum rotates at 
200rev/min. The drum has fastened integrally to it two pins on which are located gears F. Gears C and E 
are integral. Gear B has 18 teeth, gear C has 75 teeth, gear E has 35 teeth, and the internal gear of A has 
65 teeth. The module of each gear is 5. Determine the tangential force between gears B and C and 
between gears E and F. Neglect friction and assume each planet gear takes its proportional part of the 
load. Ans. Force between B and C =357N, between E and F = 382N 


beret me Bevel Gear Differential 
Referring to Fig. 17-28, determine the power ee 
transmitted through gear C and through gear B. 
Assume no power loss in friction. 
Ans. Power through gear C = SOkW, through 
gear B =40kW (Power flows from gear C 
to gear D and from gear B to gear A.) 


In Fig. 17-29, power is transmitted from shaft 
A to shaft B through the differential shown. 
Assuming no power loss due to friction, deter- 
mine (a) the tangential force between gears 2 
and 3, (b) the tangential force between gears 2 
and 4, (c) the torque in the shaft between gears 
3 and 5, (d) the torque in C between gears 4 
and 7, (e) the power in the shaft between gears 
3 and S, (f) the power in C between gears 4 and 
ic 

Power in shaft A: 1OkW 

Speed of shaft A: 600rev/min 

Dia. of gear 2: 100mm 

Dia. of gear 3: 300mm 

Dia. of gear 4: 500mm 

Dia. of gear 5: 375mm 

Dia. of gear 6: 100mm (Gear 4 and 7 are internal gears) 
Dia. of gear 7: 575mm Fig. 17-29 
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‘Ans, (a) 39.8KN 
(6) 36.6kN 
(c) 5.97kNm 
(d) 9.15KNm 
(e) 125kW 
(f) 115kW 
(Note the presence of circulating power.) 


28. Repeat Problem 27, except that the gear diameters are as follows: 


Dia. of gear 2: 100mm __ Dia. of gear 5: 300mm Ans. (a) 36.6kN @ 114kNm 
Dia. of gear 3:375mm__ Dia. of gear 6: 100mm (b) 39.8kKN (e) 115kW 
Dia. of gear 4: 575mm _ Dia. of gear 7: 500mm (c) 68.6kN m (f) 125kW 


29. The data and figure for this problem are the same as for Problem 27. In designing a gear for strength, one 
must know the tangential force acting on the gear and the proper velocity at the pitch point. When a 
gear rotates about its axis (as gear 2 or 3), the velocity is obtained by V = rw, where r is the pitch radius 
and w is the angular velocity; when a gear is part of the planetary system (as gears 5, 6, and 7), the 
velocity to be used in the Lewis strength equation and Buckingham dynamic load equation is the velocity 
of the gear at the pitch point relative to the arm. This velocity relative to the arm can be obtained by 
V =rcga, where r is the pitch radius and wgq is the angular velocity of the gear with respect to the arm. 
Determine the force and velocity to be used in designing the following gears for strength; gear 3, gear 4, 
gear 5, gear 6, gear 7. 

‘Ans. Gear 3: 39.8kN, 3.14m/s, Gear 4: 36.6KN, 3.14m/s 
Each of gears 5, 6 and 7: 31.8kN, 3.80m/s 


30. Refer to Fig. 17-30 below. The pitch diameter of helical gear A is 200mm. The pressure angle measured 
in a plane normal to the tooth is 20°, and the helix angle is 30°. The teeth on gear A are left hand. The 
torque on the output shaft is 160N m. (a) Calculate the tangential, thrust, and separating forces on gear 
A. (b) What is the bending moment at section B-B? 

Ans. (a) 1600N, 924N, 672N, 276.2Nm 


Rotation 


SR VT a (a 


Power Out 
— 


Torque 
(160N m) 


Helical 
Gear A 


(Left Hand) 


Power In r aN 


Fig. 17-30 


Chapter 18 


Spur Gears 


SPUR GEARS provide a positive means of transmitting power between parallel shafts at a constant angular 
velocity ratio. The value of the velocity ratio is the same as would be obtained by two imaginary cylinders 


pressed together and rotating without slippage at their line of contact. 


GEAR TOOTH TERMINOLOGY 
The principal parts of gear teeth are denoted as shown in Fig. 18-1 below. 


Addendum Circle 


Pitch Circle 
Driver BaseCircle 


Dedendum Circle 


Line of Action 


Pressure Angle 


Circular Pitch 


Driven Gear Tooth Thickness 


Fig. 18-1 
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DEFINITIONS 


Circular pitch P, is the distance from a point on one tooth to the corresponding point on an adjacent 
tooth measured on the pitch circle. 


P,=aD/N 
where D = pitch diameter and N = number of teeth on the gear. 
Module m is the pitch circle diameter in mm divided by the number of teeth. 
m=D/N_ Note that P,/m=7 
Line of action is a line normal to a pair of mating tooth profiles at their point of contact. 
Pressure angle ¢ is the angle between the line of action and the common tangent to the pitch circles. 
Pitch point is the point of tangency of the pitch circles. 


Angular velocity ratio (or transmission ratio) is the ratio of the angular velocity of the pinion to the 
angular velocity of its mating gear. It is inversely proportional to the number of teeth on the two gears, and for 
spur gears it is also inversely proportional to the pitch diameters. 


Angular velocity ratio = N,/Np = Dg/Dp 


FUNDAMENTAL LAW OF GEARING. The common normal to the tooth profile at the point of contact must 
always pass through a fixed point called the pitch point in order to maintain a constant angular velocity ratio 
of the two gears. The involute curve satisfies the law of gearing and is most commonly used for gear teeth 
profiles. Frequently a combination of the involute and cycloid curves is used for a gear tooth profile in order 
to avoid interference. In this composite form, approximately the middle third of the profile has an involute 
shape while the remainder is cycloidal. 


INTERFERENCE. Under certain conditions involute profiles overlap or cut into the mating teeth. This 
interference can be avoided if the maximum addendum radius for each gear is equal to or less than 


V (radius of base circle)? + (center distance)?(sin ¢)? 


PROPORTIONS OF STANDARD GEAR TEETH 


20° 20° 
Full Depth Involute Stub Involute 


144° 143° 
Composite Full Depth Involute 


| Addendum m m | m 0.8m 
Minimum dedendum 1.157m 1.157m | m 
Whole depth 2.157m 2.157m | 

| Clearance 0.157m 0.157m | 


STANDARD MODULES. Standard modules taken from ISO/R54 are: 
Preferred 1, 1.25, 1.5, 2, 2.5,3, 4, 5, 6, 8, 10, 12, 16, 20, 25, 32, 40, 50 
Second Choice 1.125, 1.375, 1.75, 2.25, 2.75, 3.5, 4.5, 5.5, 7,9, 11, 14, 18, 22, 28, 36, 45 
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DESIGN OBJECTIVES. Gear tooth design involves primarily the determination of the proper pitch and face 
width for adequate strength, durability, and economy of manufacture. 


STRENGTH OF GEAR TEETH — Lewis Equation. 

At the beginning of action between a pair of gear 
teeth, the flank of the driver tooth makes contact with 
the tip of the driven tooth. Neglecting friction, the total 
load W, is normal to the tooth profile and the load is 
assumed to be carried by this one tooth. W, the load 
component of W,, perpendicular to the centerline of the 
tooth, produces a bending stress at the base of the tooth. 
The radial component W, is neglected. The parabola 
shown in Fig. 18-2 outlines a beam of uniform strength. 
Hence the weakest section of the gear tooth is at section 
A-A where the parabola is tangent to the tooth outline. 
The load is assumed to be uniformly distributed across 


the face of the gear. 
The induced bending stress s is 
pcr OM one 
ST be be 
and W = sb(t? /6h) = sb(° /6hP.)Pe 


where c=t/2, /=bt?/12, and M=Wh. 

The ratio t?/6hP. is a dimensionless quantity called the form factor y, values for which are tabulated in 
Table I on page 227. This form factor y is a function of the tooth shape, which depends primarily on the tooth 
system and the number of teeth on the gear. 

For convenience, W is approximated by the transmitted force F, which is defined as the torque divided 
by the pitch radius. Therefore, substituting F for W and y for 1? /6hP-, we have the usual form of the Lewis 
equation 

F=sbP.y 

For ordinary design conditions, the face width b is limited to a maximum of 4 times the circular pitch. 
Letting b = KP,, where k <4, 

F= sP2ky = sw kym? 

In the design of a gear for strength, the pitch diameter is either known or unknown. If the pitch diameter 
is known, the following form of the Lewis equation may be used: 


Saas) 
pee /F 


where s = allowable stress; kK = 4, upper limit; F = transmitted force, 2M;/D. Then the above expression gives 


an allowable numerical value for the ratio zs which controls the design, since it is based on an allowable 


stress. 
If the pitch diameter is unknown, the following form of the Lewis equation may be used: 
s= ae 
mk yN 


where s = stress < allowable stress; M; = torque on weaker gear; k =4, upper limit; V = number of teeth on 
weaker gear. This expression gives a value for the induced stress in terms of the module. The minimum number 
of teeth, N, is usually limited to 15. 
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In both of the above cases, the smallest possible module will provide the most economical design. In 
general, where the diameters are known, design for the largest number of teeth possible; where the diameters 
are unknown, design for the smallest pitch diameters possible. 


ALLOWABLE TOOTH STRESSES. The allowable stress for gear tooth design depends upon the selected 
material and pitch line velocity. For spur gears, Barth’s equation in SI units is, 


2 
Allowable s =s, eS for V less than 10m/s 


6 
=S0 (Sy) for V 10 to 20m/s 


5.6 
=% jon) for V greater than 20m/s 


where s, is the endurance strength for released loading corrected for average stress concentration values of the 
gear material, Pa, and V is the pitch line velocity, m/s. 


VALUES OF s,. The values of so for various gear materials are listed in publications of the American Gear 
Manufacturers Association, various engineering handbooks, and most design textbooks. The sg values for cast 
iron and bronze are 8000psi (SSMN/m?) and 12,000psi (83 MN/m?) respectively. Carbon steels range from 
about 70 to 350MN/m? depending upon their carbon content and degree of heat treatment. In general, sy 
may be taken as approximately one-third of the ultimate strength of the material. 


BASE DESIGN ON WEAKER GEAR. The amount of force that can be transmitted to a gear tooth is a function 
of the s,y product as shown by the Lewis equation. For two mating gears, the weaker will have the smaller s,y 
value. 

When two mating gears are to be made of the same material, the smaller gear (pinion) will be the weaker 
and control design. 


DYNAMIC TOOTH LOADS — Buckingham Equation. Inaccuracies of the tooth profiles, spacing, misalign- 
ments in mounting, and tooth deflection under load result in velocity changes which produce dynamic forces 
on the teeth greater than the transmitted force. The dynamic load Fg as generally used for average mass 
conditions approximates a more detailed dynamic analysis, as proposed by Buckingham. In SI units, 
Buckingham’s equation is 


_ 2V@Ct+F) 


ee 
Fa- a) 74+y6CTF *P 


where Fg = dynamic load, N 
V = pitch line velocity, m/s 
b = face width, m 
___geartorque 
= pitch radius of gear oe 
C=a constant, in N/m, which depends on the tooth form, material, and the degree of accuracy 
with which the tooth is cut. Some values for C have been tabulated in Table II on page 228. 
Curves showing the relation of errors in tooth profiles vs pitch line velocity and module are 
shown in Fig. 18-3 and Fig. 18-4. 
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Fg must be less than the allowable endurance load F,, where Fy = sobyP-. In this equation, sp is based 
on average stress concentration values. 


Permissible Error, mm 


Error(e), mm 


0-16) 


0-12) 


Pitch Line Velocity, m/s (Spur Gears) 
Fig. 18-3 


First Class Commercial Gears 


Carefully Cut Gears 


Precision Gears 
= ee 1 4 4 1 owe: 1 1 
0 4 8 12 16 20 24 
Module of Spur Gears, mm 


Fig. 18-4 


WEAR TOOTH LOADS — Buckingham Equation. To insure the durability of a gear pair, the tooth profiles 
must not have excessive contact stress as determined by the wear load F,,. 


Fy = DpbKQ 
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where =D, = pitch diameter of smaller gear (pinion), m Q=2Ng/(Np + Ng) 


b = face width of gear, m Ng = number of teeth on gear 
K =stress factor for fatigue, N/m? Np = number of teeth on pinion 
sd x =Ses(sin MI/Ep + 1/Eg) 
14 


where —_ ses = surface endurance limit of a gear pair, N/m” 
£p = modulus of elasticity of the pinion material, N/m? 
£g = modulus of elasticity of the gear material, N/m? 
¢ = pressure angle. 
The surface endurance limit may be estimated from 
Ses = (2.75 (BHN) — 70) MN/m? 
where BHN may be approximated by the average brinell hardness number of the gear and pinion up to a BHN 
of about 350 for steels. 
The wear load Fy, is an allowable load and must be greater than the dynamic load Fy. 
Several values of K for various materials and tooth forms have been tabulated in Table III on page 228 as 
tentative values recommended by Buckingham. 
The above procedures will establish preliminary or tentative gear design, but as is the case in most 
machine design work, final design is contingent upon laboratory tests and/or test runs under actual operating 
conditions. 


TABLE I — Form Factors y — for use in Lewis strength equation. 


Number of 14$° Full-Depth 20° Full-Depth 20° Stub 
Teeth Involute or Composite Involute Involute 
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TABLE II — Values of Deformation Factor C in kN/m — for dynamic load check 


Tooth Error — mm 


cast iron 
steel 
steel 

cast iron 


steel 


steel 


cast iron 
steel 


steel 


TABLE Il 


Values for ses as used in the wear load equation depend upon a combination of the gear and pinion 
materials. Some values for various materials for both se, and K are tabulated. 


Surface Stress Fatigue Factor 
Average Brinell Hardness Number Endurance 
of steel pinion and steel gear Limit 
Ses(MN/m?) 


Phosphor Bronze 
Phosphor Bronze 


CL Gear 
CL. Gear 


SOLVED PROBLEMS 


1. A pair of mating spur gears have 144° full depth teeth of 10 module. The pitch diameter of the smaller 
gear is 160mm. If the transmission ratio is 3 to 2, calculate: (@) number of teeth for each gear, (b) 
addendum, (c) whole depth, (d) clearance, (e) outside diameters, (f) root diameters, (g) dedendum, 
(A) base circle diameters and (i) check for interference. 
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Solution: 
(a) Dp = 160mm, Dg = 160(3/2) = 240mm, Np = 160(2.5) = 16 teeth, and Ng = 240(2.5) = 24 teeth. 
(b) Addendum = m= 10mm 
(c) Whole depth = 2.157(m) = 2.157 x 10 = 21.57mm 
(@) Clearance = 0.157(m) = 0.157 x 10 = 1.57mm 
(e) Outside diameter = pitch diameter + 2 x addendum 
Outside diameter of pinion = 160 + 2 x 10 = 180mm, of gear = 240 + 2x 10 = 260mm 
(f) Root diameter = outside diameter — 2 x whole depth 
Root diameter of pinion = 180 — 2 x 21.57 = 136.86mm of gear = 260 — 2 x 21.57 = 216.86mm 
(g) Dedendum = 1.157(m) = 1.157 x 10 = 11.57mm 
(h) Radius of base circle = pitch radius x cos 144°. 
For pinion: Rp = (160/2) cos 14.5° = 77.45mm, and diameter of base circle = 154.90mm 
For gear: Ry =(240/2) cos 14.5° = 116.18mm, and diameter of base circle = 232.36mm 
(i) Interference is avoided if the addendum radius of the gear is 
<-V(base circle radius)? + (center distance)?(sin $)? =/116.182 + [$160 + 240)] (sin 14.5°)? 
= 126.51mm 


Since the addendum radius of the gear = ce = 130mm interference will exist, and some modification 


to the design will be necessary. Decreasing the module to 8 and increasing the pinion pitch diameter to 
192 will be just sufficient to avoid interference. 
A bronze spur pinion (s, = 83 MN/m’) rotating at 600rev/min drives a cast steel spur gear 
(So = 103 MN/m?”) at a transmission ratio of 4 to 1. The pinion has 16 standard 20° full depth involute 
teeth of 8 module. The face width of both gears is 90mm. How much power can be transmitted from 
the standpoint of strength? 
Solution: 

It is first necessary to determine which is weaker, the gear or pinion. 


Namie 


[| | 
83 x 10° 7.8 x 10° 
[ee 
Since the load carrying capacity of the tooth is a function of the s,y product, the pinion is the weaker. 
The pitch line velocity V is next determined in order to select the correct velocity factor required 
for calculating the allowable stress: V = $0037) (5 x ad =4.02m/s. Since V is less than 
=35.5MN/m*. Hence the amount of force that can be 


10m/s allowable stress s = 83 x 10° 
m/s allowable stress s x1 (25) 
transmitted in accordance with the Lewis equation is 
F = sbyP, = (35.5 x 10°)(0.09)(0.094)(87/1000) = 7.54KN 
The power that can be transmitted = FV = 7542 x 4.02 = 30.3 kW 


A spur pinion of cast steel (sg = 140MN/m’) is to drive a spur gear of cast iron (so = 55MN/m?). The 
transmission ratio is to be 24 to 1. The diameter of the pinion is to be 105mm and 20kW will be trans- 
mitted at 900rev/min of the pinion. The teeth are to be 20° full depth involute form. Design for the 
greatest number of teeth. Determine the necessary module and face width of the gears for strength 
only. 

Solution: 

First determine the probable weaker of the two gears by assuming a set of arbitrary tooth numbers, 
such as 30 and 70, which satisfy 24 to 1 ratio. Then, for pinion say = 140 x 10° x 0.114 = 15.96 x 10° 
and for gear soy = 55 x 10° x 0.137 = 7.54 x 10° the gear is probably weaker since 7.54 x 10° < 15.96 x 
10°. 
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Dp = 105mm, Dz = 245mm. Since the diameters are known, use the following form of the Lewis equation: 
= = ska? /F 
20,000 x 60 
900 x 27 3 
Pitch line velocity V = 0.0525(900 x 21/60) = 4.95m/s. Allowable stress s = 55 x 10° (sa55) 
= 20.8MN/m? 
1/m?y = 20.8 x 10°(4)n?/4040 = 203 x 10° allowable 


Torque transmitted by pinion = = 212N m. Transmitted force = 212/0. 0525 = 4040N 


Assuming y ~ 0.1, m= 7.02. Try m=7: then N, = 7S = 35 teeth, y=0.119 (from table), and 
1/m?y = 171.5 x 10°; the gear is strong. 

A module of 6, 8 or 9 cannot be used due to the required velocity ratio. A module of 5 would give a 
gear too weak. Hence reduce k to k = 4(171.5)/(202.8) = 3.383. Then b = 3.383 x 77 = 74.4mm. 

Use b= 75mm, m =7, Np = 15, Ng =35. 

A final check to determine the weaker of the two gears based on the tooth numbers selected: pinion 
Soy =140x 10° x 0.092 = 12.88 x 10° » Bear Soy = 55 x 10° x 0.119 = 6.545 x 10° (weaker). 
A bronze spur gear (sy = 83MN/m’) is to drive a mild steel pinion (s, = 103MN/m?). The angular 
velocity ratio is to be 34 to 1. The pressure angle is to be 144°. Determine the smallest diameter gears 
that can be used and the necessary face width to transmit 5kW at 1800rev/min of the pinion. Design for 
strength only. No less than 15 teeth are to be used on either gear. 
Solution: 

Minimum N, = 16 teeth for an angular velocity ratio = 34. Then Ng = 16(34) = 56 teeth. 

For gear, oy = 83 x 10°(0.112) = 9.30 x 10°; for pinion, soy = 103 x 10°(0.081) = 8.34 x 10°. 

The pinion is weaker. 
5000 x 60 
1800 x 27 


$= 2M,/mi kn? yN =2 x 26.5/m? x 4n(0.081)16 = 1.037/m? 
Assume allowable stress s + $s, ~ $(103 x 10°) = 51.5MN/m?; this assumption permits the deter- 
mination of an approximate module. Then mm? = 1.037/51.5 x 10°, m= 2.72mm. 
1800 x 27 
60 
s= 103 x 10° ( are a) = 57.4MN/m’, and induced s = 1.037/(0.0025)* = 66.4MN/m?. The 


pinion is weak since 57.4 < 66.4. 


The torque M, = =26.5N m. Since the diameters are unknown, the induced stress is 


Try m = 2.5, then Dp = 16 x 2.5 = 40mm, V= o02( ) = 3.77m/s, allowable 


Try a stronger tooth, m =3: then D, = 16 x3 =48mm, V = 0.024 


(sr 
able s = 103 x 10° (; 


60 ) =4.52m/s, allow- 
) =41.1MN/m? and induced s = 1.038/(0.003) = 38.4MN/m?. Now the 


+452 

pinion is strong. 

Hence reduce k to 4(38.4/41.1) =3.74; then the face width b = mka =3 x 3.742 = 35.2mm. 
Use m = 3, b = 35mm, Dp = 48mm, Dy = 48 x 3.5 = 168mm 


A cast steel pinion (s, = 103 MN/m? ) rotating at 900rev/min i is to drive a cast iron gear (sy = 55MN/m*) 
at 144rev/min. The teeth are to have standard 20° stub involute profiles and the maximum power to be 
transmitted is 25kW. Determine the proper module, number of teeth, and the face width for these gears 
from the standpoint of strength, dynamic load, and wear. Pinion is surface hardened to BHN 250. 
Solution: 


The diameters of the gears are unknown. The number of teeth will be assumed, selecting not less 
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than 15 for the pinion. Note that the minimum number of teeth the pinion can have is 16 in order to 
satisfy the required transmission ratio; the gear would then have 16(900/144) = 100 teeth. 

For pinion, soy = 103 x 10°(0.115) = 11.85MN/m? for gear, soy = 55 x10 °(0.161) = 8.86MN/m?. 
The gear is the weaker since 8.86 < 11.85. As the diameters are unknown, the form of the Lewis equation 
in terms of moment will be used and design will be based on the gear. 
M,= ae ad = 1658N m. For the initial trial design, always let k = 4. Then the induced stress is 

x27 
5 = 2M;|m? kn? yNg = 2 x 1658/m*4n7(0.161)(100) = 5.217/m> 
217 

Assume allowable stress s ~ 45, =4(55) = 27.5MN/m?. Then m> = sor , m= 5,75. From the 
standpoint of economy, it is desirable to use the smallest module possible; hence we will try 6 and 
possibly 5S. 


2 
For m=6, Dy = 100 x6 = 600mm, V=03 ( = 


) =4.so4mss allowable stress 


s=55 x 10° { ———— 
344.524 


and induced stress s = 5.217/(0.006)° = 24.15MN/m*. The gear is too weak since 24.15 > 21.93. We 
will therefore have to try the next larger standard tooth having a module of 7. Proceeding as before, for 
m=, Dg= 700mm, V=5.278m]s, allowable stress s = 19.93MN/m? and induced s = 15.21MN/m*. 
Thus for m =7 the gear would be stronger than necessary. Reducing k to 4(15.21)/(19.93) = 3.053 the 
required face width b = kP, = 7(3.053)m = 67.13mm. Then from the standpoint of strength, use m = as 
b=68mm. 

Next check the tentative design from the standpoint of dynamic load and wear effects. The endur- 
ance load F, and the wear load Fy, are allowable values. 


Fo =SobyPc = 55 x 10°(0.068(0.161)(0.007n) = 13.24kN 
Fy = DpbKQ = (0.112)(0.068)(1310 x 10°)(1.724) = 17.20kN 


where Dy = 700(144/900) = 112mm, K = 1310kN/m? from table III, @ = 2Ng/(Ng + Np) = 
2(100)/(100 + 16) = 1.724. 
F, and Fy, must each be greater than Fg. 
__21VW(bC+F) 
4° 21V +VeC+F 

where V = 5.28m/s, b = 68mm, and F =M,/($D) = 1658/0.350 = 4737N. From Fig. 18-3 we find that 
for V = 5.28m/s, an error of 0.08mm could be tolerated from a noise standpoint. Referring to Fig. 18-4, 
try a first class commercial gear having an error of 0.07mm for m = 7. Then from Table II, C= S90kKN/m. 
Substituting values in the above equation, Fy = 20.15KN. Hence Fy = 17.20 < 20.15 and Fp = 13.24 < 
20.15, ie. the design will be unsatisfactory both from the standpoint of durability or wear and from the 
standpoint of strength. 

We must then select a carefully cut gear, say one having an error of action of 0.035mm as shown in 
Fig. 18-4; this gives a C value of 283kKN/m. Recalculating Fz for C= 283, we find Fg = 14.74kN. Now 
Fy = 17.20 > 14.74 and Fo = 13.24 ~ 14.74 (within 10%) and the design will probably be satisfactory 
without going to a precision cut gear. 


= 21.93MN/m? 


+F 


An 80mm diameter steel pinion (s. = 140MN/m?) drives a gray iron 240mm diameter gear (sp = 
85MN/m7). The pinion operates at 1200rev/min and transmits SkW. The teeth are 20° stub. Determine 
the greatest number of teeth (to provide the smoothest operation and cheapest machining) and the 
necessary face width. Base design on the Lewis strength equation. An alternate procedure for the solution 
will be followed. 
Solution: 

Not knowing which is the weaker, we will design for the gear and make a final check to see if it is 
weaker after a solution has been established. We will compare the allowable endurance load based on the 
Lewis equation to the approximate actual dynamic load using the Barth velocity factor. 
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Compare allowable load F, = sobaym = 85 x 10°(4nm)ymn =3.355x 10° ym? with 


If y is approximated as around 0.1, m = +/2663/(0.1)(3.355 x 10°) 


m=2.817mm 
Try m= 2.5: Ng = 96, y = 0.161, and Fy = 3.355 x 10°(0.161)(0.0025)* = 3376N (too strong). 
Try a weaker gear, m= 2, N, = 120, y = 0.162, and F, = 2174N (too weak). 
Using second choice m = 2.25 is not possible because the gear ratio will not be satisfied. We must 
therefore use m = 2.5 giving Fy = 3376N. 
Nowcheck say for pinion = 140 x 10°(0.148) = 20.72 x 10° 
Soy for gear = 85 x 10°(0.162) = 13.77 x 10° (weaker, as initially assumed). 


Reduce k to 4(2663)/(3376) = 3.155 
b =3.155n(2.5) = 24.78mm, use 25mm. 


An alternative application of the design equations will be used to solve the previous Problem 4. A bronze 
spur gear (so = 83MN/m?) is to drive a mild steel pinion (sg = 103 MN/m?). The angular velocity ratio is 
to be 34 to 1. The pressure angle is to be 144°. Determine the smallest diameter gears that can be used 
and the necessary face width to transmit SkW at 188rev/min of the pinion. Design for strength only. 
No less than 15 teeth are to be used on either gear. 
Solution: 
Minimum number of teeth on pinion = 16 for a velocity ratio of 34. The gear would then have 
16(3}) = 56 teeth. 
Check which gear is weaker: _ for the gear, s,y = 83 x 10°(0.112) = 9.30 x 10° 
for pinion, spy = 103 x 10°(0.81) = 8.34 x 10° (weaker) 
50,000 x 60 
1800 x 27 
The Lewis equation may be expressed in terms of the torque, FR = shayRm = M,. 
SobnyNpm* 
2 2 
= 103 x 10°(42m)n(0.081)(16) ms 2.635 x 109m? 
i a M Bee 2653, 
velocity factor velocity factor — velocity factor * 


Torque on the pinion = =26.53Nm 


Allowable torque, using endurance strength, is M, = sobnyRm = 


Actual dynamic torque Mg = 


If the velocity factor is approximated as 4, then 2.635 x 10°m? = outs >m=2.72mm 


1/2 


1800 x 2 
"sox2n) = 3.77m/s; then 


Try m=2.5: Dp = 16 x 2.5=40mm, V=0.02 ( 60 
26.53 

= 2.635 x 10°(0. >? =41. =~ = 59.87N 

Mo =2. x (0.0025)” = 41.17N m, and Mg 33 43.71) 59.87 


which indicates that m = 2.5 is weak. 
1800 x 27 


Try m=3: Dp =16 x3 =48mm, ¥=0.028 ( 0 


) =4.52m/s, then 
Mo = 2.635 x 10°(0.003)? = 71.15N m and Mg = Fries = 66.50N m 


which indicates that m = 3 is strong. 
66.50 


Reduce k toa ($32) = 3.74, b =knm = 3.74 x m x 3 = 35.23 mm, use 35mm. 


10. 
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SUPPLEMENTARY PROBLEMS 


A spur steel pinion (sg = 200MN/m?) is to drive a spur steel gear (so = 140MN/m*). The diameter of the 
pinion is to be 100mm and the center distance 200mm. The pinion is to transmit SkW at 900rev/min. 
The teeth are to be 20° full depth. Determine the necessary module and width of face to give the greatest 
number of teeth. Design for strength only, using the Lewis equation. 

Ans. m=2,b=21.2mm (use 22mm) 


Two spur gears are to be used for a rock crusher drive and are to be of minimum size. The gears are to be 
designed for the following requirements: power to be transmitted 18kW, speed of pinion 1200rev/min, 
angular velocity ratio 3.5 to 1, tooth profile 20° stub, sy value for pinion 100MN/m?, so value for gear 
7OMN/m?. Determine the necessary face width and module for strength requirements only, usirg the 
Lewis equation. 

Ans. m=5,b=S57mm 


A pair of spur gears transmitting power from a motor to a pump impeller shaft is to be designed with as 
small a center distance as possible. The forged steel pinion (s, = 160MN/m”) is to transmit 4kW at 
600rev/min to a cast steel gear (s, = 100MN/m?) with a transmission ratio of 44 to 1, and 20° full 
depth involute teeth are to be used. Determine the necessary face width and module for strength only, 
using the Lewis equation. Ans. m=3,b =30.9mm (use 31mm) 


A pair of spur gears for a crane hoist drive is to be made to the following specifications: 20° full depth 
teeth; so pinion = 80MN/m?, So gear = 55MN/m*, Np = 20 teeth, Nz =80 teeth. The pinion is to 
transmit 5kW at 200rev/min. 
(a) What standard module and width of face will satisfy these conditions with a minimum center 
distance? Use the Lewis equation. 
(b) If the dynamic load for this pair is computed to be 3.8KN, determine whether or not the design is 
safe from the standpoint of strength. 
(c) Check the design for wear or surface fatigue if the fatigue constant K = 1350kN/m?. 
Ans. (a) m=5,b =53.6mm (use 54mm) 
(b) Fo = 6485N (satisfactory) 
(c) Fw = 11,660N (satisfactory) 


A cast steel 24 tooth spur pinion operating at 1150rev/min transmits 3kW to a cast steel 56 tooth spur 
gear. The gears have the following specifications: module of 3, sg value of 100MN/m?, face width of 
35mm, 144° tooth profile, C factor of 350kN/m for dynamic load, K factor of 280KkN/m? for wear load. 
Determine (a) induced stress in weaker gear, (b) dynamic load, (c) wear load, (d) allowable static load. 
‘Ans. 22.0MN/m?, 6445N, 988N, 3150N 

Unsatisfactory from the standpoint of wear and dynamics effects. 


In the layout of the drive for a packaging machine, a pair of 20° full depth spur gears is to transmit 
3}kW at a transmission ratio of 2.5 to 1. The pinion operates at 1200rev/min. For initial design, a 
forged steel pinion (s, = 100MN/m?) and a semi-steel gear (sp = 60MN/m?) have been selected. The 
gears are to be carefully cut and from data tables the C factor for dynamic load is160kN/m and the K 
factor for wear is 1100kN/m?. 
(a) Determine diameters, face width and tooth numbers for minimum size gears of adequate strength, 
using the Lewis equation. 
(b) Solve for dynamic and wear loads, stating whether the gears are satisfactory or not. 
(c) If the gears are not satisfactory from the standpoint of wear and strength, state what changes should 
be made. 
Ans. (a) Dp = 48mm, Dg = 120mm, b = 33.2 (say 34mm), Np = 16, Ng = 40 
(6) Fa =4105N, Fy = 2565N, Fo = 2348N 
(c) Thegears are not satisfactory from the standpoint of strength and wear because Fg is greater 
than the allowable values F, and Fy. One or more of the following changes would be required: 
decrease the tooth error, decrease the module, increase the face width, or case harden. 


Chapter 19 


Helical Gears 


HELICAL GEARS differ from spur gears in that they have teeth that are cut in the form of a helix on their 
pitch cylinders instead of parallel to the axis of rotation. Helical gears may be used to connect either parallel 
or non-parallel shafts. The discussion in this chapter will be limited to helical gears connecting parallel shafts. 
In this case a right hand helix will always mesh with a left hand helix. A helical gear with a left hand helix is 
shown in Fig. 19-1 below. 


v = helix angle, degrees 
F = transmitted force (torque producing force), N 
F. = end thrust = F tan y, N 
P. = circumferential circular pitch, mm 
Pne = normal circular pitch, mm 
= face width, mm 
m = module in plane of rotation 
Mn = normal module in plane normal to tooth 


Note that: Pno=Pe cosy, mn=mcos¥, Pne/mn =n =P,/m 
In order that contact on the face of the tooth shall always contain at least one point on the pitch line, 
the minimum face width of the tooth is 
ete 
min tan 
THE PRESSURE ANGLE ¢,, in the normal plane is distinguished from the pressure angle ¢ in the transverse 
plane as shown in Fig. 19-2 below, the relationship being 
tan $y = tan ¢ cos p 
Fo= End Thrust 


F, = Normal Loa: F = Transmitted Force 


[a b mas! Section B-B 


Fig. 19-1 Fig. 19-2 
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THE VIRTUAL OR FORMATIVE number of teeth, Ny, on a helical gear is defined as the number of teeth 
that could be generated on the surface of a cylinder having a radius equal to the radius of curvature at a point 
at the tip of the minor axis of an ellipse obtained by taking a section of the gear in the normal plane. 
N 
cosy 


where N=actual number of teeth and y = helix angle. 
STRENGTH DEISGN for helical gears may be handled by employing design methods similar to those used for 


spur gears. Assuming that the load is distributed as for a spur gear, and looking at the tooth normal to the 
helix, the normal load F,, using the Lewis equation is 


b 
ae fe 3) ie 
Substituting the tangential force F=F,, cosy, and m,=mcosw 


2 2. 
F=my,sbyn = = (use where standard module is in normal plane) 
or F=msbyn cos ¥ =m?ksn*y cos ¥ (use where standard module is in diametral plane) 


where k =b/P, (limited to a maximum of about 6) 
m= module in the plane of rotation 
y =the form factor based on the virtual or formative number of teeth. If the pressure angle is 
standard in the normal plane, use y from the spur gear table. If the pressure angle in the diametral 
plane is standard, use y from the spur gear table as an approximation. A more accurate evalua- 
tion of y for the latter case could be obtained from a graphical solution. 


The allowable stress s may be taken as approximately equal to the endurance limit of the material in 
released loading, corrected for stress concentration effects and multiplied by a velocity factor: 


5.6 
S=So (sep) allowable stress, 
where s, =about one-third of the ultimate strength of the material. This allows for an average stress 
concentration correction. 
V = pitch line velocity, m/s 


A more accurate evaluation of s, could be made if data regarding « -durance limit and fatigue stress- 
concentration effects for the material are available. However, in view of other approximations, design based 
on the above expressions should, in general, be adequate since it must also be checked for dynamic load and 
wear load as explained later. 

In the design check for strength, the pitch diameter is either known or unknown. If the pitch diameter is 
known, the following form of the Lewis equation may be used: 


1 _ sok” cosy (__5.6 
my F 5.6+VV 
where k=5/P, 


F = tangential force = torque/(pitch radius), 
V = pitch line velocity, m/s 
Then the above expression gives an allowable numerical value for the ratio — which controls the strength 
check. cs 
If the pitch diameter is unknown, the following form of the Lewis equation may be used: 
2T 


a 
kyt?N cos w m> 
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where s =actual induced stress, Nm 
T = resisting torque of the weaker gear 
N =actual number of teeth on the weaker gear 


This expression gives a numerical value of the actual induced stress in terms of the module. 


The above procedures based on strength design should be considered only as a first approximation in 
arriving at a possible pitch and face width which must be checked for wear load and dynamic load. 


THE LIMITING ENDURANCE BEAM STRENGTH LOAD, F,, is based on the Lewis equation without a 
velocity factor. 


Fo =Sobym cos ym 
where the symbols are the same as above. 
The limiting endurance strength load, F,, must be equal to or greater than the dynamic load Fy. 


THE LIMITING WEAR LOAD, F,,, for helical gears may be determined by the Buckingham equation for 
wear. 
p,, -DebOK 
Ww Cos? y 
where Dp = pitch diameter of pinion, 


-_2Nz 
Dp +D, = NptN, (Np and Ng are actual numbers of teeth) 
K =52,(sin dn )(1/Ep + 1/Eg)/1.4 
Ses = Surface endurance limit. (See Table III of Chapter 18 on spur gears) 


The limiting wear load F,, must be equal to or greater than the dynamic load Fy. 


THE DYNAMIC LOAD, Fg, for helical gears is the sum of the transmitted load and an incremental load due to 
dynamic effects: 


21V(Cb cos” y +F) cos W 
21V +VCb cos? W+F 


where the symbols are the same as before. Values for C, which is a function of the amount of effective error in 
tooth profiles, may be obtained from Chapter 18 on spur gears. 


Fy mustbe>Fy and F, must be>Fy 
Note that F, and Fy are allowable values which cannot be exceeded. 


Fg=F+ 
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SOLVED PROBLEMS 


For a helical gear derive an expression for the virtual number of teeth Ny in terms of the helix angle y 
and the actual number of teeth NV. 
Solution: 

Fig. 19-3 below shows one tooth of a helical gear of pitch diameter D. Consider section A-A in the 
normal plane. This section will be that of an ellipse whose minor diameter is D, The radius of curvature 
at point B is 


D 
r= Deos? y (from analytical geometry) 


2 


Fig. 19-3 


The shape of the tooth at B would be that of one generated on the surface of a pitch cylinder of 
radius r, and the number of teeth on this surface is defined as the virtual or formative number of teeth 
Ny. 


2ar 2rm 2Dm N 
Np=— = 2rmp = = = 
f” Pas ™” cos ¥ 2cos p cos y 


A pair of helical gears are to transmit 15kW. The tteth are 20° stub in diametral plane and have a helix 
angle of 45°. The pinion has an 80mm pitch diameter and operates at 10,000rev/min. The gear has a 
320mm pitch diameter. If the gears are made of cast steel s, = 100MN/m?, determine a suitable module 
and face width. The pinion is heat treated to a brinell of 300 and the gear has a brinell hardness of 200. 


Solution: 
(a) For astrength check, sy = 100MN/m?. Since the diameters are known, we find 
1 Sokn? cos ¥ 5.6 6 
= Pelee ty Pee S| Se d) 
= F s6+WV 5.424 x 10° (allowed) 


where V = 41.9m/s, assumed k = 6, cos w = 0.707, and F = 15,000/41.9 = 358N 
The pinion is the weaker gear since the two gears are of the same material. 
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If y ~ 0.15, m = 1.11 mm, try m = 1.25. Now Np = 80/1.25 = 64, Ny = Nicos? = 64/0.707)° = 
181, y = 0.166 (approximated by using a 20° pressure angle), and = = 1/[(0.00125)?(0.166)] = 


3.855 x 10° which is satisfactory since the allowed value is 5.424 x 10°. 
The k value may be reduced to k = 6(3.855/5.424) = 4.264. Then b =knm = 16.75mm, use 
18mm face width. 


(6) For a dynamic check determine the wear load F,,, the endurance beam load F,, and compare with 


the dynamic load Fy. 


_DpbOK _ 
Fy= pots 3133 N (allowed) 


where tan ¢, = tan 20° cos 45°, ¢n = 14.43°; b = 18mm;Dp = 80mm;Q = 2Dg/(Dp + Dg) = 
2(320)/(80 + 320) = 1.6; ses = 618MN/m? since the average brinell number of the two gears is 250; 


and K = sas(sin Gn)(1/Ep + 1/Eg)/1.4 = (618 x 10°)?(sin 14.43°)(2/200 x 10°)/1.4 = 680kN/m? 
Fg = sobyn cos y m= 830N (allowed) 


= pg 21D cos? W + F) cosy _ 
MPS TVs NGheoty+F | 177% 


where s, = 100MN/m”, b = 18mm, y = 0.166, m = 1.25, F=358N, V =41.9m/s and C= 119kN/m 
for a precision cut gear having a profile error of 0.01mm. 


The preliminary design of 1.25 is not satisfactory since Fz is greater than Fy. However, the 
design is satisfactory from the standpoint of wear since the wear load is greater than the dynamic 
load. If the same materials are retained, it will be necessary to increase the module and/or the face 
width. Successive trials establish that a module of 2mm and a face width of 20mm give a satisfactory 
design with Np = 40, Ny = 113, y = 162, Fy =3482N, Fp = 1439N and Fy = 1406N. 


A pair of helical gears with a 23° helix angle is to transmit 24 kW at 10,000 rev/min of the pinion. The 
velocity ratio is 4 to 1. Both gears are to be made of hardened steel, with an allowable s, = 100MN/m2 
for each gear. The gears are 20° stub and the pinionis to have 24 teeth. Determine the minimum diameter 
gears that may be used, and the required BHN. 
Solution: 
(a) Check for strength first. The pinion is the weaker of the two mating gears. 

Since the diameters are unknown, use the following form of the Lewis equation and find 


page _ 0.0263 
ky N cos vm om 
2500 x 60 


where the torque on the pinion is M, = = 2.39N m, assumed k = 6,N = 24, Nr = N/cos? y 


10,000 x 2 
= 31, y = 0.139 (approximated by using a 20° pressure angle), and y = 23°. 

Assuming a velocity factor +4, 0.0263/m> = 50 x10°, m=0.807mm. Try a standard module 
of Imm. Then Dp = 24mm, and V = (0.012)(10,000 x 21/60) = 12.57m/s. 


5.6 0.0263 
Satlowable = 100 x 10° (eae) = 61.2MN/m”, sinduced = (oon? 263 MN/m? 


The design is satisfactory from the standpoint of strength. 
The k value may be reduced to k = 6(26.3/61.2) = 2.58. Now b = 2.58 x 1 =8.10mm, use b = 10mm. 
(6) Check for wear load and endurance beam load. Assume average brinell hardness of 200 for first trial. 


_ DpbOK _(0.024)(0.01)(1.6(0.522 x 10°) 
cos? y cos*(23°) 


Fy = 237N (allowed) 
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Fo = Sobyn cos w m= (100 x 10°)(0.01)(0.139) cos 23°(0.001) = 402N allowed 


where tan $, = tan 20° cos 23°, @n =18.5°, Q=(2 x96)/(96 + 24) = 1.6, ses =480MN/m” (from 
Table II of Chapter 18) and hence K = 0.522 x 10°N/m?. 
(c) Check for dynamic load. C=119,000N/m (assuming precision cut gears and using Table II of 
Chapter 18) 
21V(Cb cos” y +F) cos p 
nS 
a= Ft Gb asl VIF UtF 1181N 
where F = 2M,/Dp = 2 x 2.387/0.024 = 199N. 


The design is unsatisfactory from the standpoint of wear, since the dynamic load is greater than 
the wear load and the endurance strength beam load. It will be necessary to consider increasing the 
size of the gears (both teeth and face width), and changing to a harder material having a higher 
surface endurance limit. 


By successive trials a satisfactory solution is found to be: 

m= 3mm giving Dp = 72mm and V = 37.7m/s 

b = 30mm giving k = 30/37 = 3.18 

BHN = 250 giving se; = 618MN/m? and hence K = 0.866MN/m? 
Thus F,, = 3533N, Fp =3618N and Fz =2968N. 


4. A pair of precision cut helical steel gears on parallel shafts with a center distance of 380mm transmits 
power with a velocity ratio of 4 to 1. The pinion rotates at 10,000rev/min. Both gears are made from 
the same material, having s, = 100MN/m*. The teeth are 20° stub, with a 45° helix angle. The face 
width is 20mm, and the module is 1. Determine the maximum power that can be transmitted safely, 
considering wear and strength. Both gears have a brinell hardness of 400. 


Solution: 

(a) Determine the wear load. 

_DpbOK _(0.076)(0.020)(1.6)(1.89 x 10°) 
cos? cos? 45° 


where Dy = 76mm, Q = 1.6, tan ¢, = tan 20° cos 45°, $n = 14.43°, and ses = 1030MN/m? 
(from Table III of Chapter 18), 
giving K =52,(sin ¢n(1/Ep + 1/Eg)/1.4 = (1030 x 10°)? sin 14.43° (2/200 x 10°)/1.4 = 1.89MN/m? 


Fy =9182N 


(b) Determine the endurance load. 
Fo =sobym cos  m=(100 x 10°)(0.02)(0.166)z cos 43°(0.001) = 737N 
where Ny = 215 giving y = 0.166. 
(c) The dynamic load may not exceed 737N 
Fears 21(39.8)(119,000 x 0.02 cos? 45° + F) cos 45° 
2 21(39.8) + 119,000 x 0.02 cos? 45° + F 
where C =119kN/m? (from Table II of Chap. 18) and V = 39.8m/s. 
Putting F = 0 in this equation, we obtain Fz = 808N which is greater than Fy. 
Buckingham equations indicate that the above design will not be satisfactory from the stand- 
point of endurance even with zero power. Based on average mass conditions, the gear life would be 
limited. 
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SUPPLEMENTARY PROBLEMS 


Prove: $n = tan” | [tan ¢ cos vj. 


Two precision cut forged steel helical gears have the following specifications: 
So = 70MN/m”, ses = 630MN/m*, m=3, b=30mm 


The pinion makes 600rev/min, the transmission ratio is 25/9, ¢ = 20° (full depth teeth), and helix angle 
w = 23°. Determine the transmitted load F, the wear load Fy, the dynamic load Fy, and the end thrust 
Fe. Ans. F=1480N, Fw =2530N, Fa =2890N, Fe =629N 


Two helical steel gears, having a 14}°normal pressure angle and a helix angle of 23°, connect two parallel 
shafts. The pinion has 48 teeth, the gear has 240 teeth, and the module is 3. The pinion has a brinell 
hardness of 250 and the gear has a brinell hardness of 200. The face width is 250mm. Determine the 
wear load. Ans. K=539kN/m?, Q= 1.67, Fy =38.2kN 


Two parallel shafts are connected by a pair of steel helical gears. The pinion transmits 10kW at 
4000rev/min of the pinion. Both gears are made of the same material, hardened steel with an allowable 
So = 100MN/m?. If the velocity ratio is 44 to 1, determine the smallest diameter gears that may be used 
having sufficient strength. No less than 30 teeth are to be used on either gear, the teeth are of 20° stub 
in diametral plane, and the helix angle is 45°. Use the Lewis equation. 

Ans. m=1.5, b=26mm 


For Problem 8, determine the required average brinell hardness of the two gears to provide a satisfactory 
design from the standpoint of wear. Assume a precision cut gear. C= 119kN/m? 
Ans. K=660kN/m*, Fy =2530N, average BHN = 214 


For Problem 8, determine if the gears are designed satisfactorily to withstand dynamic effects. 
Ans. Fo =1380N, Fo < Fa, therefore unsatisfactory 


Chapter 20 


Bevel Gears 


BEVEL GEARS are usually used to connect intersecting shafts, and may be classified according to the magni- 
tude of their pitch angle. Those having a pitch angle a less than 90° are external bevels as shown in Fig. 20-1 
below. Those having a pitch angle of 90° are called crown gears as shown in Fig. 20-2 below. Those having a 
pitch angle a greater than 90° are internal bevels as shown in Fig. 20-3 below. The sum of the pitch angles of 
two mating bevel gears is equal to the angle between the intersecting shafts. The Hypoid bevel gear is used to 
connect non-intersecting shafts. The teeth may be either straight or spiraled with respect to the cone element. 
The discussion in this chapter will be limited to straight tooth bevel gears connecting shafts intersecting at 90° 
as shown in Fig. 20-4 below. 


Pitch Diameter 


s 
pack Cone < 
\ : 
Fal way 


\ 


VY 


Fig. 20-4 


Fig. 20-3 


As is true in the design of most other machine elements, there are numerous approaches to gear design. 
No firm rules can be established since there are so many variables. Most engineers follow procedures by 
Buckingham, Gleason, or those recommended by the AGMA (American Gear Manufacturers Association). 
Any procedure for gear design should be considered as preliminary until proved by experiment to satisfy 
specific requirements. 

As for the case of spur and helical gears, design of bevel gears is based on beam strength, dynamic load, 
and wear. 
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STRENGTH DESIGN of a straight tooth bevel gear may be based on the Lewis equation. It should be noted 
that the tooth tapers and becomes smaller in cross section as it converges to the apex of the cone. The Lewis 
equation is modified as follows to correct for this situation. 
The permissible force F that may be transmitted is 
L-b 
F=sbyn ( L ) m 

where s = allowable bending stress, N/m? 

y = form factor based on the formative number of teeth and the type of tooth profile 

L =the cone distance, m, and is equal to the square root of the sum of the squares of the pitch radii 

of the mating gears (for shafts intersecting at 90°) 
b = the face width of the gear, m 
m = the module based on the largest tooth cross section. 


For ease of manufacture and satisfactory operation of bevel gears, it is recommended that the face 
width be limited to between L/3 and L/4, where L is the cone distance. In general we will design the face 
width close to, but never greater than, L/3. When designing for strength the diameter of the gear may be either 
known or unknown. When the diameter is known, it is convenient to use the modified Lewis equation in this 
form: 


4-+) = an allowed value 


Note that all the terms on the right side of the above equation can be determined after the material has been 
specified. The transmitted force F is determined by dividing the torque on the weaker gear by its pitch radius. 
The face width b may be taken as L/3 rounded down to a convenient value. The allowable stress s is evaluated 
as explained in the following section. The above equation then yields an allowable value of 1/my which must 
be satisfied by selecting a suitable value for m. 

When the diameter is unknown, it is convenient to use the following form of the Lewis equation: 


_ My; le 
s mm bayN (; = >) = actual stress < allowed stress 
This equation will yield a value for the actual stress in terms of m? after making the following substitutions: 


mNp | ne 
— +R2 (———— == 
6 vV1+R2 and Leys 3 


where N = actual number of teeth on the weaker gear 
Np = number of teeth on the pinion 
R = ratio of the angular velocity of the pinion to the angular velocity of the gear. 


Design from a standpoint of strength may be considered as a first approximation which must be checked 
for wear and dynamic effects as explained later. 


THE ALLOWABLE STRESSES, s, for the average conditions may be taken as 


6 5.6 
S=Sq ( ) forcutteeth or s=5so (2p) for generated teeth 


where 5, is the endurance limit of the gear material for released loading, corrected for average stress concentra- 
tion. An approximate value for s, is 1/3 of the ultimate strength, based on an average value for stress concen- 
tration. V is the pitch line velocity, in m/s. 
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THE FORMATIVE OR VIRTUAL number of teeth, Ny, for a bevel gear is the number of teeth, having the 
same pitch as the actual gear, that could be cut on a gear having a pitch radius equal to the radius of the back 
cone. 


Ny= N/cos 
where | N=actual number of teeth on the gear and = pitch angle or half of the cone angle. 


THE LIMITING WEAR LOAD, Fy, may be approximated from 


_0.75DpbKQ 


F, 
| cos & 


(an allowed value) 


where Dp, b, K, and Q are the same as for spur gears, except that Q is based on the formative number of teeth, 
and a is the pitch angle of the pinion. 


THE LIMITING ENDURANCE LOAD, F,, may be approximated from 


Fg =Sobyt (+) m (an allowed value) 


THE DYNAMIC LOAD, F;, which is the transmitted load plus an incremental load due to dynamic effects, 
may be approximated from 


|, 21M(bC+F) 
21V+VbC+F 


where the symbols are the same as for spur gears. Fz must be <F,,, Fy must be < Fo. 
Note that Fy and Fy are allowed values which must not be exceeded by the dynamic load. 


Fy =F 


THE PEAK LOAD POWER RATING recommended by the American Gear Manufacturers Association (AGMA) 
Standards, for both straight and spiral bevel gears, expressed in SI units is 


msnDpbyn (: =022) ( 5.6 ) 
19,100 L 5.6+/V. 
where s=1.7 times the Brinell hardness number of the weaker gear for gears hardened and also not 
hardened after cutting, (MN/m?) 
s=2 times the Brinell hardness number of the weaker gear if the gear is case hardened, (MN/m?) 
n= speed of pinion, rev/min 
m = module in meters. 
All other symbols are the same as before. 


power, in kW = 


THE WEAR (DURABILITY) POWER RATING recommended by the AGMA Standards, expressed in SI units is 
power in kW=0.8C,,Cgb _for straight bevel gears 
power in kW =C,,Cgb for spiral bevel gears 
where —C,,, =a material factor as listed on page 244. 
1.5 
s ics (257) 
n= speed of the pinion in rev/min 
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PARTIAL LIST, MATERIAL FACTOR C,, 


210-245 
245-280 285-325 
285-325 335-360 
210-245 500 
285-325 550 
500 550 
500 550 
I= Annealed steel III = Oil or surface-hardened steel 
Il = Heat-treated steel IV = Case-hardened steel 


It has been found by experience that generally, if cast iron teeth are strong enough they will not fail by 


wear, and that if steel teeth satisfy the wear requirements they will be strong enough. 


SOLVED PROBLEMS 
A cast iron bevel gear has a pitch diameter Dp of 600mm and a pitch angle a of 30°. The module is 2.5. 
Determine the permissible endurance load F,. The teeth are 20° full depth. 


Solution: 
0.6 — 0. 
0.6 


Fo =msobyn ( 4;4) = (0.0025)(55 x 10°)(0.2(0.149)r ( 


where 5, = 55MN/m? for cast iron, L = D/(2 sin 30°) = 600mm, b = L/3 = 200mm 


2. 
y =0.149 (irom factor based on Ny = oa = 002s =277 teeth) : 


Two steel bevel gears, both having a brinell hardness of 250, connect shafts at 90°. The teeth are 144° 
full depth and the module is 4. The number of teeth on the pinion and gear are 30 and 48. The face 
width is 40mm. Determine the wear load F,,. 


Solution: 
0.75DpbK .75(0.120)(0.04)(673,000)(1 « 
Fy =07SDpbKQ _(0.75)(0.120(0.04)(673,000)(1.44) _ 
cos @ 0.848 
where D, =m x Np =4 x 30 = 120mm, Dg =m x Ng = 4 x 48 = 192mm 
For a BHN of 250, K = 673kN/m?* (Table III, Chap. 18) 
o= 2N;(gear) ~_ 200.6) _ 144 
N,(pinion) + N/(gear) 3544906 ~ 
N, 48 N, 30 
N; ee a | inion ee oe 
et) = eects ee cosa(pinion) 0.848 >>"* 
_Rp. Pee ee eee =F ah 
cos a (gear) i ie” 0.53, cos a (pinion) = L 12” 0.84, L = VRZ + RZ = 113.2mm 


Two cast iron bevel gears transmit 2kW, with a pitch line velocity of 4.5m/s. The face width of the gears 
is 20mm. Determine the dynamic load Fg. The teeth are 144° involute and precision cut. 
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Solution: 
2V(CH+F) _ yyy, 21 x 4.5(55,000 x 0.02 + 444) 
21V+VCb+F 21 x 4.5+./55,000 x 0.02 + 444 
where F = Power/V = 2000/4.5 = 444N 
C= 55kN/m for precision cut gears (same as for spur gears—Table II Chap. 18) 


Fa=F+ = 1535N 


Two cast iron bevel gears having pitch diameters of 80 and 100mm respectively are to transmit 23kW 
at 1100rev/min of the pinion. The tooth profiles are of 144° composite form. Take so = SSMN/m?. 
(a) Determine the face width b and the required module from the standpoint of strength using the 
Lewis equation. 
(b) Check design from the standpoint of dynamic load and wear. C = 110kN/m. 
Solution: 
The pinion is the weaker since both gear and pinion are of the same material. 


(a) Design for strength. 


1 _sbn (L—b _ 1.1 x 10°)(0.022)m (64 — 22 
io Fe 597 64 


) = 2363 


Shy a oi ane oe 2 10.08 (1100 x 2m) _ 
where s=0(gop) =55%10 (Sar) -3.1MNIe?, v= ae gor =4.61 m/s 


b =L/3 = 64/3 = 21.3 say 22mm = L= VR? +R? =4,/802 + 100? = 64.0mm 
F = Power/V = 2750/4.61 = 597N 


Then if y ~ 0.1 sep ple =2363, m=4.23mm. 
my 
Try m= 4: Np = 80/4 = 20, N¢(pinion) = 20/cos ay = 20/0.781 = 25.6 (formative teeth), y = 0.098 
Now _ = 1/(0.004 x 0.098) = 2551 (too weak since 2551 > 2363). 
Next try m = 5: Np = 80/5 = 16, N¢(pinion) = 16/cos ap = 20.5, Ng = 100/5 = 20 
N¢(gear) = 20/cos ag = 20/0.625 = 32, y = 0.091 for 20.5 teeth. 


1 1 


—= —______—_= i i < 2363). 
my ~ (0.005\(0.091) 2198 (satisfactory since 2198 < 2363), 


Now 


(b) Check for wear and dynamic effects using m = 5. 
_ 0.75DpbKQ _ (075)(0.08)(0.022)(1330,000)(1.22) - 


wae (pinion) 0781 2742N (allowed) 
where K = 1330KN/m? for cast iron on cast iron (Table III, Chap. 18), and 
2N (gear) = 2*32__ 122 


O- NApinion) +Nylgear) | 32 +205 


—b 64 — 22 
Fo =Sobyt (42)m = (55 x 10°)(0.022)(0.091)m(0.005) (5) =1135N 
Both F, and Fy must be equal to or greater than Fy. 


21V(Cbh+F) _ 507+ 21 x 4.61(110,000 x 0.022 + 597) 
21V+VCh+F 21 x 4.61 +V110,000 x 0.022 + 597 


The design is satisfactory from the standpoint of wear, but the dynamic load is greater than the 


Fy=F+ =2522N 
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endurance load. Better material should be specified for the pinion in order to increase the endurance 
load to at least 2522N. 


A pair of bevel gears is to be used to transmit 9kW. Determine the required module and gear diameters 
for the following specifications: 
Pinion Gear 

No. of teeth . 21 60 

Material . 3 steel Cast iron 

Sp Taher : 85MN/m? SSMN/m? 

Brinell Hardness . . 200 160 

Speedinait. @ 1200rev/min 420rev/min 

Tooth Profile........ 14}° composite Same 
Solution: 


(@ Design for strength using the Lewis equation. 


First determine which of the mating gears is weaker. The strength of the gears is a function of 
the product of sg and y. 


OV 21? + 602 21212 + 602 
“a 182, y = 0.120. Pinloa Nia = eg 


Soy (geat) = 55 x 10°(0.12) = 6.6 x 10°, soy (pinion) = 85 x 10°(0.093) = 7.9 x 10° 
Base design on the gear since it is the weaker. 


Since the diameters are unknown, we will use the following form of the Lewis equation: 


Gear Ny = = 22.2, y= 0.093, 


arn: ae 
stl pay (Eb) Steamed 
where M, = “0 *S0 - 205N m for gear, and L =" VN +NZ = 217 + 60? = 31.8(m) 
gh Dingess pee 220505 /3)\al 2956, 
eel gt li GS ree Then $= pore (3) 5- mm 


Assuming a velocity factor ~ 4, Sanowea ~ $(55 x 10°) = 27.5MN/m?, m=4.53mm 


Try m= 5: Then D, = 300mm, V= (2) (S27) =6.60m/s 


2 60 
2.56 
« J — 2 = = 
Sallowed = 55 x 10' (g cz) = 26.2MN/m*, Sactual acy 3 = 20.5MN/m? 


m= 5 is therefore satisfactory. b = 10.6 x 5 =53mm. 


(5) Check for wear and dynamic effects. 
(0.75)(0.105)(600,000)(1.78)(0.053) 
0.944 


N; 
where = (2)(182)/(22.2 + 182) = 1.78, Dp =21 x 5= 105 == —=0: d 
re QO =(2)(182)/( ) lp = 21x mM, COS Gp Yuta ht 0.944, an 
K = 600KN/m? for a cast iron gear and pinion with a hardness of 200 BHN (Table III, Chap. 18) 


Fy =0.7SDpbKQ/cos a = =4722N 


L-b 
Fy = msobyn (4) = (0.005)(55 x 10°)(0.053)(0.12)m(2/3) = 3663N 


21V(Cb+F) _ na68 


7 = 21 x 6.6(76,000 x 0.053 + 1364) 
21V+VCb+F 


+ = 4889N 
21 x 6.6 + /76,000 x 0.053 + 1364 ss 


Fq=F 
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9000 
where rg 1364N 


and C=76KN/m (Table II, Chap. 18) 

The design is satisfactory from the standpoint of wear since Fy, > Fg, but Fo will have to be increased 
to equal Fz. This may be accomplished by using a larger module or better materials. 
Check Problem 5 by means of the procedure recommended by AGMA using mm = 5. 
Solution: 


(a) The power rating from the standpoint of strength for the values calculated in Problem 5 may be 
determined by the AGMA equation. 


_msnDpbyn(L — 0.5b) 5.6 

Porgy 191,000L ie se) 
_ (0.005)(55 x 10°(1200)(0.105)(0.053)(0.12)m (159 — 26.5 5.6 IE 
a 191,000 159 5.64+257) ~~ 


(b) For durability the AGMA power rating is 
Power = 0.8(CyCpb) = (0.8)(0.3)(875)(0.053) = 11.12kW 


Dein (56 (0.105)'-5(1200) 5.6 
= =875 
0.032 \5.6+/V 0.032 5.6 + 2.57 


The above equations indicate that an m of 5 and a face width of 0.053mm is more than safe for 
9kW according to AGMA. 


where C,,=0.3, Cp= 


Two steel bevel gears with a 144° full depth tooth profile have been cenened for strength to transmit 
20kW at 1250rev/min of the pinion. For the pinion s, = 17SMN/m? and N= 23; for the gear so = 
140MN/m? and N =32. The module is 6 and the face width is 40mm. Find their required hardness to 
satisfy the AGMA durability recommendations. 
Solution: 

The required material is a function of C,,. 


m= 0 8Cab ~ (0.81304)(0.04) 0.4793 (needed) 


pt 5.6 ) es a0 ( 5.6 
0.032 } \5.6+/V 0.032 


Dp, =23 x6=138mm and ys (Eos 


This material indicates a required brinell hardness of 285 for the gear and 335 for the pinion. These 
values correspond to a C,,, = 0.5 from the material factor table (Page 244). 


where Cp= ( 


) =9.03m/s 


Two 144° composite tooth, steel bevel gears are to transmit 15kW with a transmission ratio of 3. The 
speed of the pinion is 1800rev/min. If the gears are to be hardened to give a material factor of 0.4, 
determine the probable minimum pinion diameter starting with the AGMA durability equation. 


Solution: 


1.5 
Power = 0.8(Ci: C82) = (0.8)(0.4) (cece (v.Fx105270,)) =15 


where baba evi + DEIR = Vi +32 =0.527D, 


248 


10. 


11. 


12. 


13. 


14. 


15. 


BEVEL GEARS 


Assume a V.F. (velocity factor) ~ 4 and solve for Dp ~ 100.0mm 


0.1 (1800x2n) _ aNieiSb a Nea OF 
Then V 5 (nea ) 9.43 m/s, and V.F. (= - a) 0.646 instead of the assumed 4, 
which is on the safe side. 


SUPPLEMENTARY PROBLEMS 


A cast steel (sp = 100MN/m7”) bevel gear pinion has a pitch diameter of 225mm and a pitch angle of 30°. 
The module is 4. The gear rotates at 600rev/min. From the standpoint of strength only, using the 
AGMA recommendations, how much power should this gear be capable of transmitting? Also calculate 
the endurance load F,. The tooth is 144° composite. Ans. 48.1kW based on AGMA, F, =6911N 


Two steel bevel gears connect shafts at 90°. The pinion has a brinell hardness of 300 and the gear has a 
hardness of 200. The teeth are 144° full depth and the module is 3. The number of teeth on the pinion 
is 40 and the gear has 64 teeth. The face width is 40mm. Determine the wear load Fy. 

Ans. Fy =2476N 


Two cast iron bevel gears connect shafts at right angles and transmit a tangential force of 1350N. The 
teeth are of 20° full depth and are carefully cut with an error of 0.02mm. Their pitch line velocity is 
3m/s, and their face width is 50mm. Calculate the dynamic load Fy. Ans. Fg =4372N 


A right angle speed reducer uses hardened alloy steel precision cut bevel gears. The transmission ratio is 
5 to 1 and the pinion rotates at 900rev/min while transmitting 40kW. If the teeth are of 20° full depth 
form and the pinion has a diameter of 115mm, what must be the module and width of the face of the 
gears, using the Lewis equation? s, = 200MN/m?” for both gears. What brinell hardness is required for 
satisfactory wear? 

Ans. m=2.5, b= 100mm, average BHN = 253 using Fy = Fy = 15.9kN 


Two shafts at right angles are to be connected with a pair of bevel gears having 20° full depth teeth. The 
velocity ratio is to be 44 to 1. The pinion is to be made of steel (s, = 100MN/m?) and the gear is to be 
made of semi-steel (sj = 85MN/m*). The pinion is to transmit 4kW at 900rev/min. Determine the 
minimum diameters, module, and face width that should be used based on strength only. Then using the 
AGMA durability equation estimate the minimum diameter that would be required for wear, assuming a 
material factor of 0.4. 

Ans. For strength: m =3, Dp = 48mm, Dg = 216mm, b = 36.9mm (use 35mm). For wear Dp = 65mm 


A pair of straight tooth bevel gears at right angles is to transmit 14 kW at 1200rev/min of the pinion. The 
diameter of the pinion is 75mm and the velocity ratio is 3} to 1. The tooth form is 144° composite 
type. Both pinion and gear are cast iron (SSMN/m7). Determine the module and face width from the 
standpoint of strength only, using the Lewis equation. Ans. m=1,b =45.5mm (use 45mm) 


A pair of straight tooth bevel gears have 20° full depth teeth and are generated from SAE 1030 steel 
blanks. SixkW at 100rev/min of the pinion is transmitted through shafts at right angles with a velocity 
ratio of 5 to 3. If the pinion diameter is 150mm, what is the greatest number of teeth that can be used, 
based on AGMA strength? What power can be transmitted using AGMA wear criterion? The gears are 
heat treated to a brinell hardness of 225. Use C,, =0.3. 

Ans. Np = 75, Ng = 125, 1.7kW 


Chapter 21 | 


Worm Gears 


WORM GEARING is widely used to transmit power at high velocity ratios between non-intersecting shafts 
that are usually, but not necessarily, at right angles. The worm drive consists of a threaded worm in mesh with 
a gear, sometimes called the worm wheel, as shown in Fig. 21-1 below. The worm may have a single, double, 
triple or more threads. The axial pitch P, of the worm is equal to the circular pitch P. of the gear. The lead 
is the distance the worm helix advances along the axis per revolution. 

If we develop one turn of the worm thread, it forms the hypotenuse of a right triangle whose base is 
equal to the pitch circumference of the worm and whose altitude is equal to the lead of the worm, as shown in 
Fig. 21-2 below. 


Lead = N,,P, 


Fig. 21-1 Fig. 21-2 
The following relationships are noted: 


tan = 2d Pew _ maw Bid Mp Ng _ Dg 


7™Dy TDy Dy tg Ny Dy tana 


where n is the speed, V, is the number of starts on the worm, and mr, is the axial module. 
The subscript g applies to the worm-gear, and the subscript w applies to the worm. 


STRENGTH DESIGN of the worm wheel is based on the Lewis equation, 
F=sbyPn¢ = sbynmy 
where | N=permissible tangential load, _s MN/m? =allowable stress = sp () 
g 


So(MN/m?) = about 4 of the ultimate strength, based on an average value for stress concentration 
V (m/s) = pitch line velocity of the gear 

Pre = normal circular pitch 

mM, = normal module 


249 


250 WORM GEARS 


DYNAMIC LOAD, F;, for the worm gear may be estimated by 


where § F =actual transmitted tangential load. 


ENDURANCE LOAD, F,,, for the gear, based on the Lewis equation is 


Fy =Sobynmy 


WEAR LOAD, F,,, for the worm gear may be estimated by 
Fy = DgbB 
where =D, = pitch diameter of the gear, m 
b = gear face width, m 
B=a constant depending upon the combination of the materials used for the worm and gear, as 


listed below. 

Worm Gear B(KN/m?) 
Hardened steel Cast iron 345 
Steel, 250 BHN Phosphor bronze 415 
Hardened steel Phosphor bronze 550 
Hardened steel Chilled phosphor bronze 830 
Hardened steel Antimony bronze 830 
Cast iron Phosphor bronze 1035 


The above values for B are suitable for lead angles up to 10°. For angles between 10° and 25°, increase B 
by 25%. For lead angles greater than 25°, increase B by 50%. 

As for spur, helical and bevel gears, F, and Fy are allowable values which must not be exceeded by the 
dynamic load Fy. 


AGMA POWER RATING EQUATIONS are based on wear and the heat dissipation capacity of the worm gear 
unit. From the standpoint of wear, 


= 5 Kor (wear check) 
where P= input power in kW 
n= speed of worm in rev/min 
R = transmission ratio = ny/ng 
K =a pressure constant depending upon center distances, as listed below 
Q=R({(R + 2.5) 
v=velocity factor depending upon the center distance, transmission ratio, and worm speed: may 
be estimated by 
oe 2.3 
234+V,+3V,/R 


where V,, = pitch line velocity of worm, in m/s 
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Center Distance K Center Distance K 
C(mm) kw kW 
(Sec) a ( *) 
25 0.0092 250 0.881 
50 0.0184 375 2.94 
75 0.0294 500 5.87 
100 0.0661 750 21.3 
125 0.125 1000 48.5 
150 0.213 1250 88.1 
175 0.330 1500 147 
200 0.485 1750 235 
225 0.727 2000 235 


The AGMA recommendations further include the following design equations: 


875 


Dy * er 3P-, b 0.73 x worm pitch diameter, L~P, (4s 2 *) 


where Dy = pitch diameter of the worm, in meters 
C= center distance between axis of worm and axis of gear, in meters 
b = face width of gear, m 
P. = circular pitch of gear, m 
L = axial length of worm, m 
These equations are for estimating the approximate proper proportions of the gear unit. 
Based on AGMA recommendations, the limiting input power rating of a plain worm gear unit from the 
standpoint of heat dissipation, for worm gear speeds up to 2000rev/min, may be estimated by 


_3650C'” 


ob R+5 


(heat check) 


where P= permissible power input in kW 
C= center distance, in meters 
R = transmission ratio. 
The efficiency of a worm gear unit, assuming square threads, may be approximated by 
P 1—ftana 
Effi a hd 
ciency = 7 afte 


where Sf = coefficeint of friction 
a = lead angle. 


If the efficiency is less than 50% then the device will be self locking. That is, it cannot be driven by 
applying a torque to the wheel. This characteristic can be a useful safety feature in some applications. 


SOLVED PROBLEMS 


1. A triple threaded worm has a pitch diameter of 100mm and an axial pitch of 20mm. Determine the lead 
angle a. 


Solution: fa MON ee a= 10.81 
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2. A worm gear reducer unit is to have a 400mm center distance. What should be the approximate worm 
diameter and axial pitch of the worm in accordance with AGMA recommendations? 


Solution: 
2-875 9,49-875 


Rog a 
w< 348 3.48 


=0.129m=3P,. Then P, =P, = 0.043m; use 45mm 


3. A worm gear speed reducer unit has a gear center distance of 250mm and a transmission ratio of 14. 
Estimate the power input without the gear overheating, assuming that the strength and wear capacity 
are not exceeded. 

Solution: 
3650C'-? _3650(0.25)'-7 


i 5 ee Aes. . = a 
From standpoint of heat dissipation, permissible power input Ris 1445 


= 18.2kW 


4. A hardened steel worm and phosphor bronze gear reducer unit has a transmission ratio of 40 to 1 anda 
center distance of 300mm. The worm speed is 1500rev/min and its diameter is 125mm. What is the safe 
power input based on AGMA from the standpoint of wear? 


Solution: 
P =2KOm = 10.8kW 


where n= 1500rev/min, R = 40, K = 1.71 (by interpolation in table) 
Q=R((R +2.5)=0.94 
2.3 


0.125\ (1500 x 27 
Bee Se ai = pi i ity of See 
v 2340, +3V0IR 0.179, and Vy = pitch line velocity of worm ( ) ( ) 


2 60 
=9.82m/s 


5. Complete the design and determine the input power capacity of a worm gear speed reducer unit com- 
posed of a hardened steel worm and a phosphor bronze gear having 20° stub involute teeth. The center 
distance C is to be 200mm, the transmission ratio R is to be 10, and the worm speed is to be 1750 rev/min. 


Solution: 

(a) Determine D,,, Dg, ma, Nw, Ng, &, b, and L. 
Dy ~C°-875 /3.48 = 0.0703m. Axial module mg = 32/Dy = 7.45mm; use mg = 8mm. 
Dg = 2C — Dy =2 x 200 — 70.3 = 330mm based on first estimate of D,,. 


Now Ng/Nw = 10=D,/maNw. Then for various values of Nw, the exact value of Dg can be 
determined. 


Thus the diameter of the gear will be taken as 320mm (closest to 330mm) and the worm diameter 
will be 2C — Dz = 80mm, which are close to desired proportions. 


Since the worm will have a quadruple thread, tan a Finis = ie 0.4, a=21.8° 
we 
The face width b = 0.73D,, = (0.73)(80) = 58.4mm; use 60mm. 
(b) We can estimate the capacity of the gear as follows: 
F = sbynm,, = 8765N (safe transmitted load) 


where so = 55MN/m? for phosphor bronze, Vg= os ( 2) = 2.93 m/s giving s =s, (%) 
zg 
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=37MN/m’, @=20° stub and Ny = 10Nw =40 giving y=0.146 (from Table I, Chap. 18), and 
™a 
= 8.62 


mn cosa cos 21.8 


6+V, 
For a transmitted load F =8765N the dynamic load will be approximately (5%) & 


13.05KN. However, the allowable wear load is Fy, = DgbB = 13.2kKN where B = (1.25)(550) kn/m? 
for hardened steel on phosphor bronze and a lead angle between 10° and 25°, Since the dynamic 
load does not exceed the allowable wear load, the safe transmitted load calculated above governs. 
Hence the allowable power, from the standpoint of gear tooth strength and wear, is 


FV, = (8765)(2.93) = 25.7kW 
(c) According to the AGMA formula for wear, the input capacity of the unit is 
P= 7kom = 13.2kW 


where n=1750rev/min, R = 10, K =0.485 (from table, for C= 200mm), 0 =R/(R + 2.5) =0.8; 


z 23 ee _ 0,08 (1750 x2m\ _ 
v 23+ Vg +3Vg/Rin Which Vw = 2 (ne ) =733m8 


(d) The input power from the standpoint of heat dissipation may be estimated: 
ae ————————— = 1 SW 


The above analysis indicates the input power should be limited to 13.2kW in accordance with 
AGMA wear recommendations. 


A speed reducer unit is to be designed for an input of 3kW with a transmission ratio of 27. The speed of 
the hardened steel worm is 175Orev/min. The worm wheel is to be made of phosphor bronze. The tooth 
form is to be 144° involute. Determine the salient dimensions from the point of view of strength and 
wear. Check the design using the AGMA wear and heat dissipation criteria. 


Solution: 
(a) It is necessary to choose a center distance for trial. Assume that from previous experience the center 
distance for this size unit should be about 100mm. 
Dy = C°875 /3.48 = 38.3mm 
Po = mgt = Dy/3, ma = 0.00407, say 4mm 
Dg = 2C — Dw = 162mm. These are desired proportions. 
R =Ng/Nw = 27 = Dg/maNw, Dg = 108Nw 
For Ny = 1, Dg = 108mm which is significantly different from the required valve and gives a dis- 
proportionately large D,,. 
For Ny = 2, Dg = 216mm which is too large since (Dz + Dy) must be less than 2C. 
Try mg =3mm. Now for Ny = 2, Ng = 54, Dg = 162mm, Dy = 38mm, P, = D/4, which is satisfac- 
tory. 
Face width b = 0.73Dy = 27.7 say 30mm. 
(b) Check design for gear tooth strength and wear. Permissible transmitted load F is 
F=sbynm, = 1582N 
.111 (from form factor table, for 54 144° involute teeth), b = 30mm 


where m, = 3mm (above), y 
6 
(above); and s ol ee in which so =SSMN/m? (for phosphor bronze) and Vg = Ng = 
g 


0.55m/s. 
Required transmitted load, F = Transmitted power/V, = 750/0.55 = 1364N 


Estimated dynamic load = F ails = 1364(6.55/6) = 1489N 
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Allowable wear load, F,, = DgbB = (0.162)(0.03)(550,000) = 2673N 


Since the allowable wear load is greater than the estimated dynamic load, and since the allow- 
able transmitted load is greater than the required transmitted load, the design is satisfactory from 
the standpoint of strength and wear of the gear teeth. In fact, the permissible power is 


FVg = 1582 x 0.55 = 0.87kW 

(c) Check AGMA rating for wear. 
li =" xom= 1750 
put power = R Om cm 


where n = 1750rev/min, R = 27, K =0.0661 (from table, for 100mm center distance), Q = R/(R + 
2.5) = 0.915; and 


) (0.0661)(0.915)(0.373) = 1.46kW 


23 Feet, Dw 0.038 (1750 x 27 
ee et a y 
v 2340, +3V0IR 0.373 in which Vy 7 Nw 5) ( 0 ) 3.48m/s 
3650C'"7 _3650(0.1)'"7 

(d) Check for heat dissipation. Permissible input power = ae ae =2.28kW 

(e) In summary: Safe Power Based on 
0.87 Gear tooth strength and wear 
1.46 AGMA wear rating 
2.28 Heat dissipation capacity 


The unit as designed is good for 0.87kW according to our estimates. It could be redesigned for a 
slightly smaller center distance. 


SUPPLEMENTARY PROBLEMS 


A double threaded worm has a lead angle of 20°. For a pitch of 30mm, what is the diameter of the 
worm? Ans. Dy =52.5mm 


A worm gear reducer unit is to have a 250mm center distance. What should be the worm diameter and 
axial module of the worm in accordance with AGMA recommendations? 
Ans. Dy = 85.4mm, mg =9mm 


A worm gear speed reducer unit has a gear center distance of 220mm, and a transmission ratio of 20. 
What is its approximate power input rating in order to prevent overheating? Ans. 11.1kW 


A hardened steel worm and phosphor bronze gear reducer unit has a transmission ratio of 20 to 1. The 
speed of the worm is 1200rev/min and its diameter is 68mm. What is the approximate permissible power 
input from the standpoint of the AGMA wear equation? Ans. 7.54kW 


A hardened steel worm transmits power to a phosphor bronze gear with a velocity ratio of 20 to 1. The 
center distance is 400mm. Determine the axial module and the lead angle, for proportions as close as 
possible to AGMA recommendations. 


Ans. mg = 14mm, a= 15.6° 


A hardened steel worm rotating at 1250 rev/min transmits power to a phosphor bronze gear with a trans- 
mission ratio of 15 to 1. The center distance is 225mm. Determine the remaining design and give estimated 
power input ratings from the standpoint of strength, endurance, and heat dissipation. The teeth are of 
144° involute, full depth, form. Ans. D, = 360mm b=65mm 


Dy =90mm 12.9kW (strength) 
Ny =3 12.8kW (endurance) 
Ng =45 14.5kW (heat dissipation) 


mz = 8mm 


| Chapter 22 


Rolling Bearings 


INTRODUCTION. Rolling bearing application involves the proper selection, mounting, lubrication, and 
possibly shielding in order that the bearings function satisfactorily under specified operating conditions. 

The selection of a rolling bearing is made from a manufacturer's catalog. Unfortunately, the catalogs of 
different manufacturers do not necessarily use the same methods of arriving at a bearing selection, principally 
because of differences in interpretation of test data and service conditions. However, the rating of bearings is 
based upon certain general theory as outlined in this chapter and modified by various companies according to 
their experiences. 

The mounting of bearings may be based on one of several recommended procedures, the arrangement 
used quite often being controlled by the economics. 

Rolling bearings are also called anti-friction bearings, although the friction in rolling bearings is compar- 
able to that in well designed journal bearings operating under thick film conditions. The decision as to the kind 
of bearing to use, that is, whether to use a rolling bearing or journal bearing, can be influenced by one or several 
of the following: 


(J) Rolling bearings have an advantage where starting torques are high because of the rolling action of the 
balls, or rollers. 

(2) Rolling bearings, especially at high speeds, are not as quiet in operation as journal bearings. 

(3) Where space limitations are present, rolling bearings are preferable if the axial dimension is limited; and 
journal bearings are preferable if the radial dimension is limited, although the use of a ring or collar oiled 
bearing with the oil reservoir might require a large radial dimension. 

(4) Where electrical insulation is desirable, the oil film in perfect lubrication will help provide insulation. 

(5) Rolling bearings give warning (by becoming noisy) when failure is imminent; whereas, when failure 
occurs in journal bearings, the failure is sudden with more disastrous results. 

(6) Rolling bearings can take a combination of radial and thrust loads (except for straight roller bearings). 

(7) Rolling bearings can be preloaded, when desirable, to reduce deflections in the bearing and to provide 
for more accuracy, as in machine tools. 

(8) Clearances in rolling bearings need be much less than in journal bearings, providing for accurate position- 
ing of machine parts such as gears. 

(9) Rolling bearings can be prepacked with grease to provide for a maintenance-free installation. Where oil 
is used for lubrication in rolling bearings, the lubrication problem is usually much simpler than for 
journal bearings. Failure of the lubricating system with rolling bearings is not calamitous, as it might be 
with journal bearings. 


(10) Rolling bearings can take high overloads for short periods. 
COEFFICIENT OF FRICTION in rolling bearings varies with speed, load, amount of lubrication, assembly, 


temperature of operation. A constant coefficient can be used for approximate calculations under favorable 
lubrication and what might be called normal operating conditions. The values listed are as given in the SKF 
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General Catalogue (1978). 


f=0.0010 for self aligning bearings (radial load) 

f=0.0011 for cylindrical roller bearings with flange-guided short rollers (radial load) 
f= 0.0013 for thrust ball bearings (thrust load) 

f=0.0015 for single row ball bearings (radial load) 

f= 0.0018 for spherical roller bearings (radial load) 

f= 0.0018 for tapered roller bearings 


The coefficients of friction due to use of oils of high viscosity, more than the optimum amount of 
lubrication, or new bearings will be greater than those listed. Seal frictions should not be ignored. The values 
of coefficient of friction, as found by tests by New Departure, have been found to vary from 0.0005 to 0.003, 
with a general average of about 0.001. 

It should be pointed out that improper assembly, as might occur with an interference between the shaft 
and inner race greater than recommended by the bearing manufacturers, can cause excessive binding and 
excessive friction. 

The friction torque is given by 

M, = Ff(D/2) 


where M, = friction torque, N m; F = radial or axial load as specified, N; f= coefficient of friction; D = diam- 
eter of the bore of the bearing, m. (It is usual practice to refer the frictional force to the bore of the bearing, 
or shaft diameter.) 


STATIC CAPACITY OF BEARINGS depends on the conditions subsequent to static loading as well as the 
various physical dimensions. The static capacity of a bearing which is not rotated subsequently to static loading 
will be much higher than one which is rotated; very small loads will cause permanent deformations in the 
rolling element and raceways which may prevent quiet operation at high speed even though friction is not 
affected appreciably and the bearing is not damaged. 

A light, medium, and heavy series bearing of the same 
bore is shown in Fig. 22-1. 

The initial work done by Stribeck on static capacity 
of bearings served for many years as the basis of rating 
bearings. Later experience and test data gave added informa- 
tion as to the proper rating of bearings, and modifications 
were made by Palmgren with subsequent modifications 
made by the Anti-Friction Bearing Manufacturers Assoc- 
iation (AFBMA) to suit dynamic conditions. Stribeck’s 
work still serves as a basis for static rating of bearings. 

Stribeck’s equation for the static capacity C, for ball bearings is Fig. 22-1 

_KzD? 
a iil 
where K is a constant depending upon ball diameter, Z = number of balls, D = diameter of the balls; and for 
the static capacity of a straight roller bearing the equation is 


he ph 
where K =a constant, Z = numbers of rollers, D = diameter of rollers, L = length of rollers. 

The following definitions and data for method of evaluating static load ratings of radial ball bearings is 
taken from the AFBMA Standards — Methods of Evaluating Load Ratings of Ball Bearings published by the 
Anti-Friction Bearing Manufacturers Association, Inc. and reproduced with permission. Conversions to SI 
equivalents have been made by the authors. 


I. METHOD OF EVALUATING STATIC LOAD RATINGS FOR RADIAL BALL BEARINGS 
A. Definitions 
(2) The static load is defined as a load acting on a non-rotating bearing. 


(2) 


@) 
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Permanent deformations appear in balls and raceways under static load of moderate magnitude 
and increase gradually with increasing load. The permissible static load is therefore dependent 
upon the permissible magnitude of permanent deformation. 

Experience shows that a total permanent deformation of 0.0001 of the ball diameter, 
occurring at the most heavily loaded ball and race contact, can be tolerated in most bearing 
applications without impairment of bearing operation. 

In certain applications where subsequent rotation of the bearing is slow and where smooth- 
ness and friction requirements are not too exacting, a much greater total permanent deformation 
can be permitted. Likewise, where extreme smoothness is required or friction requirements are 
critical, less total permanent deformation may be tolerated. 

For purposes of establishing comparative ratings, the basic static load rating therefore is 
defined as that static radial load which corresponds to a total permanent deformation of ball 
and race at the most heavily stressed contact of 0.0001 of the ball diameter. 

In single row angular contact ball bearings the basic static load rating relates to the radial 
component of that load, which causes a purely radial displacement of the bearing rings in 
relation to each other. 


The static equivalent load is defined as that static, radial load which, if applied, would cause the 
same total permanent deformation at the most heavily stressed ball and race contact as that 
which occurs under the actual condition of loading. 


Calculation of Basic Static Load Rating and Static Equivalent Load 


13) 


(2) 


Basic Static Load Rating: The magnitude of the basic static load rating Cy is 
Co = foiZD* cos a 
where i=number of rows of balls in any one bearing 


a = nominal angle of contact = the nominal angle between the line of action of the ball 
load and a plane perpendicular to the bearing axis 


Z = number of balls per row 
D = ball diameter. 
Values of the factor f, for different kinds of bearings as commonly designed and manufac- 
tured and made of hardened steel are given in Table I-1. 


Table I-1 
Factor fy 


3.34 x 10° 


Radial and angular contact 
groove ball bearings : 12.26 x 10° 


The ‘kg, mm’ column is included since many bearing catalogues still refer to bearing properties 
in these units. They are not, however, SI units. 


Static Equivalent Load: The magnitude of the static equivalent load P,, for radial bearings 
under combined radial and thrust loads, is the greater of 
Po =XoF,+ YoFa 
Po=Fr 
where X, =a radial factor F, = the radial load 
Y, =a thrust factor F = the thrust load. 
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Values of X, and Yo are given in Table I-2. 


Table 1-2 


Factors X, and Yo, 


Radial Contact Groove Ball Bearings‘ yy 


Angular Contact Groove a@=20° 
Ball Bearings‘) a=25° 
a =30° 
@=35° 
a=40° 


Self-aligning Ball Bearings 


Notes: (1) Po is always > F, 

(2) For two similar single row angular contact ball bearings mounted “face-to-face” or “back- 
to-back”, use the values of X¥, and Y, which apply to a double row angular contact ball 
bearing. For two or more similar single row angular contact ball bearings mounted “in 
tandem”, use the values of X, and Y, which apply to a single row angular contact ball 
bearing. 

(3) Double row bearings are presumed to be symmetrical. 


(4) Permissible maximum value of F,/C. depends on the bearing design (groove depth and 
internal clearance). 


DYNAMIC CAPACITY OF A BEARING is based on the fatigue life of the material, contrasted with the static 
capacity which is based on permanent deformation or brinelling. /t is significant to note that, in general, a 
bearing rotating at low speed has a higher rating than the static rating since the brinelling that takes place is 
more evenly distributed; consequently, a greater amount of permanent deformation may be tolerated with 
rotation. 

Life of a bearing can be defined either in terms of hours of rotation at a certain speed, or life can be 
defined in terms of number of revolutions. It is necessary to define life in terms of the performance of a group 
of bearings, since the life of a single bearing cannot be predicted. Bearings are rated on either of two bases, 
depending upon the manufacturer: 

(1) the average life of a group of bearings 

(2) the life which 90% of the bearings will reach or exceed. The ratings as given by the AFBMA are 

based upon a life which 90% of the bearings in a group will reach or exceed. 


The longest life of a single bearing is seldom longer than 4 times the average life. The life which 50% of a 
group of bearings will complete or exceed is approximately 5 times the life which 90% of the bearings will 
complete or exceed. The maximum life of a single bearing is about 30 to 50 times the minimum life. Thus, 
where dependability and reliability are essential for a single bearing, larger factors of safety must be used, since 
there is no way of predicting beforehand how far away from average a given bearing may be. 

The specific dynamic capacity C of a bearing is defined as the constant radial load in a radial bearing (or 
constant thrust load in a thrust bearing) that can be carried for a minimum life of 1,000,000 revolutions 
(which is equivalent to 500 hours of operation at 33.3 rev/min); the minimum life in the definition is that life 
which 90% of the bearings of a group will reach or exceed. Specific dynamic capacity is based upon the inner 
ring rotating and the outer ring stationary. (Note that the average life would then correspond to about 5 times 
as much, or 5,000,000 revolutions, which would correspond to 2500 hours at 33.3rev/min.) 
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The following information on the method of evaluating dynamic load ratings of radial ball bearings, 
furnished by the Anti-Friction Bearing Manufacturers Association, Inc. and reproduced with their permission 
gives the definitions, methods of calculations of the basic load ratings, rating life, and equivalent load, and 
necessary constants for radial ball bearings, which have been selected to serve as illustration of the procedures 
used in rating all bearings. Similar information for other bearings has been prepared by the AFBMA, but is not 
given here. Note that the information can be used to determine the basic load rating for a given bearing, but 
the selection of a bearing requires the tabulation of the results for a series of bearings since the ball diameter 
and number of balls is variable. 


Il. METHOD OF EVALUATING DYNAMIC LOAD RATINGS FOR RADIAL BALL BEARINGS 
A. Definitions 


(J) The life of an individual ball bearing is defined as the number of revolutions (or hours at some 
given constant speed) which the bearing runs before the first evidence of fatigue develops in the 
material of either ring or of any of the rolling elements. 

(2) The rating life of a group of apparently identical ball bearings is defined as the number of 
revolutions (or hours at some given constant speed) that 90 percent of a group of bearings will 
complete or exceed before the first evidence of fatigue develops. As presently determined, the 
life which 50 percent of the group of ball bearings will complete or exceed is approximately 
five times this rating life. 

(3) The basic load rating is that constant stationary radial load which a group of apparently identical 
ball bearings with stationary outer ring can endure for a rating life of one million revolutions of 
the inner ring. In single row angular contact ball bearings, the basic load rating relates to the 
radial component of the load, which results in a purely radial displacement of the bearing rings 
in relation to each other. 

(4) Load ratings, if given for specific speeds, are to be based on a rating life of 500 hours. 

(5) The equivalent load is defined as that constant stationary radial load which, if applied to a 
bearing with rotating inner ring and stationary outer ring, would give the same life as that which 
the bearing will attain under the actual conditions of load and rotation. 


B. Calculation of Basic Load Rating, Rating Life and Equivalent Load 
(1) It is recognized that revisions of this recommendation may be required from time to time as the 
result of improvements or new developments. 


(2) Basic Load Rating: The magnitude of the basic load rating C, for radial and angular contact ball 
bearings, except filling slot bearings, with balls not larger than 25.4mm in diameter, is 


C= fi cos a)°-7 27/38; 

with balls larger than 25.4mm in dia. When N and m units are used, 
C= f(i cos «)°*7 Z7/30.23D' * 

with balls larger than 25.4mm in diameter when kg and mm units are used, 
C= f.(i cos «)°-7 Z*!? 3.647D'*; 


where i =number of rows of balls in any one bearing 
a =nominal angle of contact = nominal angle between the line of action of the ball 
load and a plane perpendicular to the bearing axis 
Z = number of balls per row 
D = ball diameter 
fe =a factor which depends on the units used, the geometry of the bearing components, 
the accuracy to which the various bearing parts are made and the material. 


Values of f, are obtained by multiplying the value of f,/f from the appropriate column of 
Table II-1 by a factor f, covered in Appendix 1 (page 262). 
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D cosa 


Notes: (1) d, denotes the pitch diameter of the ball set. For values of other than given in 


im 
the table, f/f is obtained by linear interpolation. 

(2) a. When calculating the basic load rating for a unit consisting of two similar single row 
radial contact ball bearings in a duplex mounting, the pair is considered as one 
double row radial contact ball bearing. 

b. When calculating the basic load rating for a unit consisting of two similar single row 
angular contact ball bearings in a duplex mounting. “face-to-face” or “back-to-back”, 
the pair is considered as one double row angular contact ball bearing. 

c. When calculating the basic load rating for a unit consisting of two or more similar 
single row angular contact ball bearings mounted “in tandem”, properly manufac- 
tured and mounted for equal load distribution, the rating of the combination is the 
number of bearings to the 0.7 power times the rating of a single row ball bearing. 
If for some technical reason the unit may be treated as a number of individually 
interchangeable single row bearings, this footnote (2)c does not apply. 


(3) Rating Life: The approximate magnitude of the rating life L for ball bearings, except filling slot 
bearings, is 
L=(C/P)° million revolutions 
where P= the equivalent load. 
(4) Equivalent Load: The magnitude of the equivalent load P for radial and angular contact ball 


bearings of conventional types, except filling slot bearings, under combined constant radial and 
constant thrust loads, is 


P=XVF,+YFq 
where X =a radial factor Y =a thrust factor F,, = the thrust load 
V =a rotation factor F;, = the radial load 


Values of X, Vand Y are given in Table II-2. The factor V, due to lack of sufficient experi- 
mental evidence, is used as a matter of precaution. 
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Table 1-2 
Factors X, Vand Y 


0.42 cota 


she [sme] 
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Notes: (1) Cy is the static basic load rating. 
(2) For single row bearings, when j<e, use X = 1 and Y=0. 
r 
Two similar single row angular contact ball bearings mounted “face-to-face” or “‘back- 
to-back” are considered as one double row angular contact bearing. 
For two or more similar single row ball bearings mounted “in tandem”, use the values 
of X, Y and e which apply to one single row ball bearing. When a is smaller than 20°, F- 
and F, are not the total loads but the loads per single row bearing. Cy and i also refer to 
one single row bearing. 
(3) Double row bearings are presumed to be symmetrical. 
(4) Permissible maximum value of F,/Co depends on the bearing design. 
(5) Values of X, Y ande for aload or contact angle other than shown in Table II-2 are obtained 
by linear interpolation. 
(5) This standard is limited to bearings whose ring raceways have a cross sectional radius not larger than: 
In deep groove and angular contact ball bearing inner rings: 52% of the ball diameter. 
In deep groove and angular contact ball bearing outer rings: 53% of the ball diameter. 
In self-aligning ball bearing inner rings: 53% of the ball diameter. 
The basic load rating is not increased by the use of smaller groove radii, but reduced by the 
use of larger radii than those given above. 
Appendix 1. A recommended value of the factor f based on current tests of ball bearings of good quality, 
hardened ball bearing steel is 
= 10 when kg and mm units are used 


f= 24.64 x 10° when N and m units are used. 


Il. METHOD OF EVALUATING DYNAMIC LOAD RATINGS FOR BALL BEARINGS HAVING 
CROSS SECTION RADII OF THE RING RACEWAYS 57% OF THE BALL DIAMETER 

A. Definitions are as given in IIA above. Table rs 

B. Calculation of Basic Load Rating, Life and Equivalent Load Factor‘¢ 


(J) It is recognized that revisions of this recommendation may a te 
be required from time to time as the result of improvements | 2 cos i 
or new developments. 


: 
(2) Basic Load Rating: The magnitude of the basic load rating groove ball bearings(?) 


C, for radial and angular contact ball bearings, is 
C= fe(i cos a)°-7Z7/3p! 8 
where i, a, Z, D and f, are as defined in IIB above. 
Values of f, are obtained by multiplying the value of 
f/f ftom the appropriate column of Table IIl-1 by a factor 
f, covered in Appendix 1 of Section II. 
(3) Rating Life: The approximate magnitude of the rating life 
L, for ball bearings, is 
L=(C/P)° million revolutions 
where P = the equivalent load. 
(4) Equivalent Load: The magnitude of the equivalent load P, 
for radial and angular contact ball bearings of conventional 
types, under combined constant radial and constant thrust 


loads, is P=XVF,+ YF, 


"= Notes (1) and (2) under Table II-1 
where X =a radial factor apply also to Table III-1. 


V =a rotation factor= 1.0 for inner ring rotating in relation to load 
= 1.2 for inner ring stationary in relation to load 
Y =a thrust factor, F,=the radialload, F, = the thrust load. 
Values of X and Y are given in Table III-2. The factor V, due to lack of sufficient experi- 
mental evidence, is used as a matter of precaution. 
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Table I1-2 
Factors X, Y and e 


Single Row Bearings (1) | Double Row Bearings «@) 


3 Fa F, 
Bearing Type Vr.” e Vr. e 
a r 
x ¥ 


Radial 
Contact 
Groove 
Ball 
Bearings 


Angular For this type 
Contact use the X, ¥ 
Groove and e values 
Ball i applicable to 
Bearings single row 
with lence = radial contact 
Contact bearings 
Angle: 


5° 


BR 


bibwewapoin| bo 
ACHRRONaHH 
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F, 
Notes: (1) For single row bearings, when Pr <e, use X= 1 and Y=0. 
r 


Two similar single row angular contact ball bearings mounted “face-to-face” or ‘back- 
to-back” are considered as one double row angular contact bearing. 
For two or more similar single row ball bearings mounted “in tandem”, use the values 
of X, Y and e which apply to one single row ball bearing. When @ is smaller than 20°, F, 
and F, are not the total loads but the loads per single row bearing. 
(2) Maximum permissible thrust load depends on bearing geometry. 
(3) Double row bearings are presumed to be symmetrical. 
(4) Values of X, ¥ and e for a load or contact angle other than shown in Table III-2 are 
obtained by linear interpolation. 
(5) This standard is limited to bearings whose ring raceways have a cross section radius of 57%. 


EQUIVALENT LOAD under conditions of varying loads is given by the constant cubic mean load, or mean 
effective load Fy, which gives the same life as the variable loads. The various forms given below are alternate 
expressions for the mean cubic load F,,. 

If the loads are constant for periods, 


bg Sc SITE PRS 
Be Wt. = i 


where Fm = mean cubic load, N 
F; = force acting, N, for N; revolutions 
Ly, = total revolutions for the mean cubic load Fy, 
F, F2, F3 = loads acting respectively for N;,. V2, N3 revolutions. 


sL, 

{| "aN 

° 
Ln 

F = the load at any arbitrary number of revolutions 

variable number of revolutions 

Ly = life, in revolutions, for the mean cubic load Fj». 


If the loads are variable, 


where 


If the speed of rotation is constant, the load varying with time, 


3eT 
FP dt 

Nae I, 
Fm WN 


where = the force at any instance of time ¢ 
T = time for one cycle of the load variation. 


If the load is constant and the speed varies, the average speed may be used, since fatigue occurs in 
bearings after a certain number of stress repetitions. 

Dynamic effect is an additional quantity that has to be taken into account. Factors which SKF recom- 
mend be used to multiply the equivalent load based on steady loads vary from 1 to 3.5, depending upon the 
application. 


BEARING SELECTION. A general word of caution is in order regarding bearing selection. While each bearing 
manufacturer may interpret its test data differently and use different bases of rating, it is necessary that a 
designer, in selecting bearings, be thoroughly familiar with the procedures as outlined in the particular catalog 
being used. Individual variations occur, as interpretation of life of a group of bearings. [Vew Departure bases 
its ratings on the expected average life of a bearing of 3800 hours and uses a base speed of 1000rev/min. 
Conversion from the catalog rating of 3800 hours at 1000rev/min to another life (in hours) and another speed 
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(rev/min) is given by 
Desired life, in hours = (3800 hr) ( 


where JV is in rev/min and F is the actual load in N.] 


1000re/nis (ste rating, N, at Toovseein* 
N F 


INSTALLATIONS OF ROLLING BEARINGS occur with many variations. The designer is usually confronted 
with the problem of selecting one of many possible variations, taking into account cost, ease of assembly, 
reliability, ease of disassembly, machining. No exact rules can be laid down as to the specific type of bearing to 
be used in a given application or to the type of assembly. 

Several arrangements for securing the inner race to the shaft, where the shaft is to rotate with the inner 
race, are shown. Usually the bearing is press fitted on the shaft, with shaft machining dimensions given in the 
bearing catalogs for different applications. 


(c) 


IE ZOO 
CLD 
(g) 


Courtesy SKF Industries, Inc. 


Fig. 22-2 


Fig. 22-2 above, furnished through the courtesy of SKF and reproduced with their permission, gives the 
following details: 


(a) shows a lock nut and washer. 
(b) shows a plate fastened with screws, a modification of (a). 
(c) shows use of a snap ring and shoulder obtained with an auxiliary piece. 


(d) shows details of fillets and good contact of the bearing with shoulders. See bearing catalogs for 
recommended machining dimensions. 

(e) shows the use of a spacer ring to obtain the necessary shoulder for the bearing. The spacer is fitted 
with a loose fit on the shaft. 

(f) shows the use of an adapter sleeve for use on long shafts (cold rolled with no machining) where it is 
impractical to apply bearings with an interference fit. Friction developed by the press fit is sufficient 
to prevent displacement of the sleeve axially on the shaft. 

(g) shows a removable sleeve used in applications where the bearing must be applied with some inter- 
ference fit, yet must be removed at intervals for inspection or adjustment of machine parts. 
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The standard bearing mounting provides for bearings to be held rigidly on the shaft by lock nuts and 
washers. See Fig. 22-3 below. One bearing is held in the housing and the other is free to move in the housing in 
an axial direction to provide for variations in dimensions and thermal expansion. The left bearing can take 
thrust in either direction. Figures 22-3 to 22-8 inclusive are furnished through the courtesy of New Departure 
and reproduced with their permission. 

An alternate arrangement, where axial movement need not be restricted, is shown in Fig. 224 below. 
Lock nuts and washers are not necessary. The total movement for the bearings is from 0.38mm to 0.51mm. 
Thrust to the right is taken by the right bearing and thrust to the left is taken by the left bearing. Note that 
shims can be used with this arrangement if axial movement is to be restricted. Care should be taken with this 
arrangement if differential thermal expansion occurs. 

An arrangement using a snap ring in the housing is shown in Fig. 22-5 below. 

A bearing with a shield and seal on one side, shown in Fig. 226 below, is used where protection against 
dirt is required on one side and where oil is available, usually by splash feed, on the other. 


| hha 


Courtesy New Departure 


A bearing with a shield and seal on both sides, shown in Fig. 22-7 above, protects the bearing from 
contamination and grease leakage. The bearing is packed with grease by the manufacturer. 

A bearing with a shield only, shown in Fig. 22-8 above, protects the bearing from dirt or metal particles 
that might come from within the machine, except for that fine enough to be carried in by the splash oil. 

Artificial cooling is required in applications where the heat generated cannot be readily dissipated for 
reasonable temperatures of operation. A high bearing temperature (generally above 90 °C, with most industrial 
applications running at 40—85 °C) would in general require special bearing design, or a shortened life of the 
bearing would result. A determination of heat generated and heat dissipation capacity should be made in 
critical designs. 


i 
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SOLVED PROBLEMS 


What is the approxiraate friction power loss in a single radial ball bearing having a bore diameter of 55mm 
and subjected to a radial load of 22kN? The shaft rotates at 600rev/min. 


Solution: 
Friction torque M, = Ff(D/2) = (22 x 10°)(0.0015)(55 x 10~ 3)/2 = 0.9075Nm 
Friction power loss = M,N(2m/60) = 0.9075(600)(27/60) = 57W 


Determine the approximate friction torque M; expected in a radial deep groove bearing under a radial 
load of 2KN. The bearing is SKF6002, with a bore of 15.000 — 14.992mm. 


Solution: 
Friction torque M, = Ff(D/2) = (2 x 10°(0.0015)(15 x 10~3)/2 = 0.0225N m 


Derive Stribeck’s equation for the static capacity of a single row radial deep groove ball bearing, assuming 
rigid races and equally spaced balls. Also, determine the maximum load on a ball. (Express the result in 
terms of the diameter D of the balls and the number of balls, Z.) 


Solution: 

(a) The radial load C, is balanced by the vertical components of the 
forces acting on the race through the balls in the lower half of the 
bearing: 

Cy =F; +2F2 cos 6 + 2F3 cos 260+... 

() A second consideration to permit solution of the above is obtained 
from deflection relations. The radial deflection at load F, is 5;, 
that at load F2 is 52, etc., with 

52=65;,cos@, 63=6;cos26, etc. 
if the races are assumed to remain circular in shape. 

(c) Also, the relation of deflections and loads is given by the following, 

which are verified from the Hertz stress equations: 


F,_ 83/2? Fy _ 8%!” 


Fai?” Fs 537° etc. 


3 
(d) Substitution of (b) and (c) into (a) gives 
Co = Fi [1 + 2(cos 6)°/? + 2(cos 26)°/? +. . .]. 

(e) The angle @ depends upon the number of balls Z: 6 = 360°/Z. 

(f) Rewrite (d)asC,=F,;M, where M= [1 +2(cos 0)°/? + 2(cos 20)°/? +.. J. 

(g) Stribeck found that Z/M was practically a constant quantity regardless of the number of balls, the 
average value being about 4.37. He suggested using a value of 5 for practical conditions to account for 
internal clearance and out-of-round deformations that occurred. Later experimental work confirmed 
his conclusion. Thus the maximum load on a ball can be expressed, for a radial bearing under radial 
loading, as 

—Co% _Col(5) 
MZ 
(A) Stribeck found from experimental work that the load F; to produce a given permanent deformation 
between two balls of the same diameter could be given by 
F, =KD* 
where K is a proportionality constant. Thus KD? = 5C,/Z, or the static radial capacity of a bearing is 
Cy = KZD*|5 
Hence the static capacity C, = KZD*/S, and the maximum load on a ball is F; = SCo/Z. 
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Using the constant K = 60.8 x 10° in Stribeck’s equation, compute the static capacity of a single row 

deep groove ball bearing series 208 with 9 balls having a diameter of 12mm, and compare with: 

(a) SKF static rating for a deep groove single row bearing series 6208 having 9 balls of diameter 12mm. 

(b) RHP static rating for a deep groove bearing 6208 having 9 balls of diameter 12mm. 

(c) Using the AFBMA rating, determine the static rating for a single row radial contact groove ball 
bearing having 9 balls of diameter 12mm. 

Solution: 

Co = KZD*/5 = 60.8 x 10°(9\(12 x 10~*)/5 = 15,760N 

(a) From SKF Catalog, the static rating of a 6208 bearing is 16,600N. 

(b) From RHP catalogue, the quiet running limiting rating for a stationary 6208 bearing is given as 
15,613N. For the particular bearing chosen, for the same size balls and number of balls, the discrep- 
ancy is small and is due to a difference of interpretation and different constants used by the manu- 
facturers. 

(c) The AFBMA rating is determined from 

Co = foiZD* cos a = 12.26 x 10°(1(9(12 x 10~3)?(cos 0°) = 15,890N 
where f, is found in Table I-1. 
It is of interest to note that if the bearing is not to operate at high speed after static loading, the 


loading may be increased to perhaps 4 times as much as computed above (4 x 15,890 = 63.6kN) and 
the load to fracture is about 8 times as much as computed above (8 x 15,890 = 127kN). 


Using the AFBMA rating, determine the equivalent radial static load for a radial deep groove ball bearing 
subjected to a radial load F, = 13.2kN and a thrust load F, = 4.4KkN. (Xp = 0.6 and Yo =0.5, Table I-2.) 
Solution: 
Po = XoF + YoFa = (0.6\(13.2) + (0.5)(4.4) = 10.1kN 
But P, must be equal to or greater than F,; hence the equivalent radial load = 13.2kN. 


Using the AFBMA rating, determine the equivalent radial static load for an angular contact ball bearing 
subjected to a radial load of 9kN and a thrust load of 16KN. (XY, = 0.5, Yo = 0.33 for a contact angle = 
30°, Table 1-2.) 
Solution: 
Po =XoF, + YoFs = (0.5)(9) + (0.3316) = 9.78kN 
Since P, must be equal to or greater than F,, the equivalent radial load = 9.78kN. 


Same as Problem 6, except that the thrust load F, = 5.34kN. 
Solution: 

Po =XoFy + YoFa = (0.5)(9) + (0.33)(5.34) = 6.26kN 
which is less than F,; therefore the equivalent radial load is 9kN. 


Although bearing catalogs tabulate the basic static load rating for bearings, determine the AFBMA static 
rating for a single row deep groove bearing 6309 which has 8 balls of diameter 17.5mm.; 


Solution: 
The basic static load rating C, = fyiZD* cos a = (12.26 x 10°)(1)(8)(0.0175)* cos 0° = 30KN. 
(The SKF catalog using the AFBMA standards lists C, = 30kN for a 6309 bearing.) 


9. 


10. 


ll, 


12. 


13. 


ROLLING BEARINGS 269 


An SKF self-aligning ball bearing No. 1310 has a specific dynamic capacity C = 33.5KN, (that is, a rating 
of 33.5KN such that 90% of a group of bearings will last 500 hours at 33.3 rev/min). If the equivalent 
radial load actually applied to the bearing is P= 44.5KN, determine: 
(a) The life in millions of revolutions expected (such that 90% of a group of bearings of the same 
number will survive), the speed of rotation being 1800rev/min. 
(b) The life in hours for 90% of the bearings. 
(c) The average life in hours that can be expected. 
Solution: 
@ Life in millions of revolutions = (C/P)? = (33,500/44,500)° = 0.427 million revolutions. 
Note that the speed does not enter into the above calculation. 
: 0.427 x 10°rev_ 1 hr 
(b) isle amen 
Thus the life expected for 90% of the bearings is 3.95 hrs. 


(c) The average life expectancy is 5 times as much, or 19.75 hrs. 


Same as Problem 9, except that the equivalent radial load P is 4450N. 

Solution: 

(@ Life in millions of revolutions = (C/P)> = (33,500/4450)° = 427 million revolutions. 
ae _427x 10° rev hr _ 

(6) Life in hours = 1800 rev/min Xtomin> 3950 hrs. 

(c) The average life expectancy is 5 times as much, or 19,750 hrs. 


A bearing has a specific dynamic radial capacity of 40kN. What equivalent radial load P can the bearing 
carry at 400rev/min, if the desired life H is 5000 hours for 90% of the bearings? 


Solution: 
Desired life in revolutions = (5000 x 60) min x 400rev/min = 120 x 10° rev. 
Life in millions of revolutions = (C/P)> or 120 = (40,000/P)°, from which P = 8.11kN. 


What specific dynamic capacity C is necessary for a desired life of H = 10,000 hours (for 90% of the 
bearings) for a speed of 650rev/min and radial load P= 3kKN? 


Solution: 
Desired life in revolutions = (10,000 x 60) min x 650rev/min = 390 x 10° rev. 


Life in millions of revolutions = (C/P)? or 390 =(C/3000)°, from which C = 21.9kN 


Select a deep groove ball bearing for the lower bearing of 
the vertical shaft, shown in Fig. 22-10, driven by a V-belt. 
It has been determined that the resultant force (7, + T2) 
acting on the pulley is 5.4kN. Base the selection on steady 
loading and a life of 4000 hours (for 90% of a group of T,+T, = 5400N 
bearings). The minimum shaft diameter, based on strength, 
at the lower bearing is 25mm. The shaft rotates at 300rev/ 
min. An SKF bearing catalog will be used for the selection 
of the bearing in this problem. 

Solution: 


(a) Even though the load is steady, SKF recommends a 
factor to take into account both the dynamic effect of 


LeZPZZZ ek 


power out 


belt vibration and the additional force necessary to Bitindsed welghsce 
maintain the proper tension in the belt. The factor shaft and pulley = 1500N 
recommended is 2 to 2.5 for a V-belt. Arbitrarily use 2. Fig. 22-10 
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(5) The steady radial load on the lower bearing is 1.8kN, and with a shock factor of 2 we will use 
F,=3.6KN. 
(c) The thrust load in the vertical direction taken by the lower bearing is F, = 1500N. No dynamic 
factor will be applied to this load since the weight is constant. 
(d) The equivalent radial load is 
P=XVF,+ YF, 
where, for a single row, deep groove bearing: 
X =a radial factor given below 
V =a rotation factor = 1.0 for inner ring rotating in relation to load 
= 1.2 for outer ring rotating in relation to load 
Y =a thrust factor given below 
e =a reference value given in the table below. 
When F,/VF, is smaller than or equal to e, use X = 1 and Y=0. 
When F,/VF, is greater than e, use X = 0.56 and Y from the table below. 


fe Toms [om [ oor [ous [ oas [as] 

0.22 0.24 0.27 0.31 0.37 0.44 

1.8 1.6 14 £2) 1.0 

= basic static load rating (tabulated for convenience in the bearing catalog). The values for 
ao eand Y are as given in the SKF Catalog. 

(e) Since the bearing is unknown at this point, a trial and error solution is indicated to obtain the 

necessary constant. Since the shaft size is known to be ¢25mm from a strength consideration, let 


us find a single row bearing which has the proper bore and check the capacity. The following sizes 
are found: 


Bearing 6005 6006 6205 6206 6305 6306 6405 | 6406 
Bore 25 30 25 30 25 30 25 30 


(f) Let usarbitrarily check a 6205 bearing. The values given for the bearing are: C, =6.95kN, C = 10.8kN. 
Then F/C, = 1500/6950 = 0.215, which (by interpolation) corresponds to e = 0.36 and Y = 1.25. 
Since a = pagan 70415> 6 use X = 0.56 and Y = 1.25. Hence 
P=XVF, + YFq = 0.56(1)(3600) + 1.25(1500) = 3891N 
Life expectancy L = (C/P)° = (10,800/3891)° = 21.4 million revolutions. 
Desired life in revolutions = (4000 x 60 min)(300 rev/min) = 72 x 10° revolutions. 
Thus a 6205 bearing does not have sufficient capacity in this application. 
(g) Try a 6305 bearing, which has the bore desired. Then C, = 11.4kN, C= 17.3KN; Fa/Cy = 0.132; 
and e=0.31, Y=14. 


. ee ss a 
Since VF, Cinaaon) ene ae 0.56 and Y = 1.4. Hence 


P=XVF, + YFq = 0.56(1)(3600) + 1.4(1500) = 4116N 
Life expectancy L = (C/P)° =(17,300/4116)° = 74.3 million revolutions, and the desired life is 
72 million revolutions. 
A 6305 bearing has a larger capacity than necessary, but with the bore limited to 25mm the 
stock 6305 bearing is closest to the requirements. The preferred shaft shoulder diameter is 31.5mm 
for the 6305 bearing. 


14. Select a ball bearing for the upper mounting of the arrangement shown with problem 13. Radial load 
F, = 3.6KN; desired life = 4000 hr at 300rev/min, or 72 x 10° revolutions. No thrust load is present, 
ie. Fag = 


15. 


16. 
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Solution: 


(a) The required shaft size is determined by the minimum bearing bore or by the shaft strength require- 
ment. From the standpoint of the strength requirement, bending is zero at the upper bearing but 
there is a transverse load causing transverse shear stresses. We will select the minimum bearing bore 
which will be consistent with strength. 

(b) The radial load F,, taking into account the dynamic factor of 2, is 3.6(2) = 7.2kN. 

(c) The necessary specific dynamic capacity C can be found from L = (C/P)*, where P= XVF, + YFq = 
(1)(1(7200) + ¥(0) = 7200. Then 72 = (C/7200)? and C= 29,950N. 

(d) Examination of the bearing catalog gives the following bearings with the corresponding specific 
dynamic capacity, bore, and outside diameter. 


(The values of C for the bearings above are greater than the desired value of C = 29.95kN, but 
are closest to the desired rating.) 
(e) If the allowable shear stress in the shaft is taken arbitrarily as 83 MPa, the size of shaft based on 
stress is found from 
iA « _ 4(7200) 
Ss=39> 83 x 10 = 3nd?) ) 
We find by comparing (d) and (e) that the bearing size dictates the size of shaft. If the smallest 
bore is desired, a 6406 bearing should be used. If the smallest O.D. is desired, either a 6308 or 6406 
bearing can be used. (If the preferred shaft shoulder diameter is considered, the value for a 6308 bearing 
is 48mm and the value for a 6406 bearing is 38mm.) 
Thus the use of a 6406 bearing with a smaller shaft size or a 6308 bearing with a larger shaft size are 
possible. The final choice depends upon actual cost figures of machining and bearings, as well as rigidity 
and critical speed considerations. 


One of the bearings that could be selected in the previous problem is an SKF 6406 which has Z = 7 balls 
of diameter D = 16.669mm. The bearing has a specific dynamic capacity C = 33.5KN. as listed in the 
SKF catalog. Determine (a) the AFBMA rating for basic static load rating C, and (5) the basic rating C, 
with fo = 12.26 x 10° (Table I-1) and f- = 14.37 x 10° (found below). 
Solution: 
(@) Co =foiZD? cos «= 12.26 x 10°(1)(7(0.016669)* cos 0° = 23.85KN (SKF rating is 24kN) 
(b) C= f.(i cos a)°°7 Z?/3p' 8 = 14.37 x 10°(1 cos 0°)°-7(7)7/3 (0.016669)!-8 = 33.14kN 
(SKF rating is 33.5kN) 
The value of f, is found as follows, using Table II-1 and Appendix 1. 
D 
gq, se wee cos 0° + 0.278. The approximate relation is used since the pitch diameter 
im 
dm of the ball set is assumed to be the average of the inner and outer race diameters, in the absence 
of specific dimensions. The outer race diameter of a 6406 bearing is 90mm and the bore is 30mm. 
The average pitch diameter d,, of the ball set is approximately $(60 + 30) or 60mm. 


From Table II-1, for ze a = 0.278, as 0.583. From Appendix 1, f= 24.64 x 10°. Hence 


fe = 0.583(24.64 x 10°) = 14.37 x 10°. 
Note that the catalog values of the basic rating should be taken from the manufacturer’s catalog 
in actual selection of a bearing. 


d=12mm 


A radial load F', = 4.6KN acts for two hours on a rolling bearing and then reduces to F = 2.3kN for one 
hour. The cycle then repeats itself. The shaft rotates at 300rev/min. Determine the mean cubic load F,, 
shich should be used in rating the bearing for a life of 12,000 hours. 
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Solution: 
ap rim +FIN2 _ — x 60 x 300) + (2.3)°(4000 x 60 x 300) _ ES 
s 3 (12,000 x 60 x 300) ‘ 


where N, = revolutions for F; , V2 = revolutions for F2, Ly, = total revolutions. 


A load varies continuously from 0 to 10KN in a sinusoidal manner. For a total life of 20,000,000 revolu- 
tions at a speed of 400rev/min, determine the mean cubic load Fy. 
Solution: 

Since the load variation is repetitive, the mean cubic load for one cycle will be the same as for every 
cycle. Therefore consider one cycle, or 1 revolution. 

The load after any part of a revolution is given by F = +5 — 5 cos 27N, where N is the fraction of a 
revolution (when NV = 0, F = 0; when N = 1/2 rev, F = +10; when N = | rev, F = 0). 


ae Fan Tt (5 —5 cos 2nN)? dN 


i: i: 1 
bor [va +2 ( es * avs] 
0 


scabs = 6.79KN 


Bearing catalogs state that for the case where the load varies as a sine curve, the cubic mean load is 
obtained by the approximate formula of F,,, = 0.68 Fmax, which agrees with the above calculation. 


A shaft rotating at constant speed has variable load applied to it. The radial load on a bearing is F, = 
2.5KN for t; = 1 second, F2 = 1.2KN for t2 = 2 seconds, F3 = 450N for t3 = seconds. The load variation 
then repeats itself. What is the equivalent load F,,,? 


Solution: 


ae ‘fs = a +i +P _ COMO) +02 +045)°3) _ geen 


3 3 

Note. The equation F», = (pete in + FIN, +FINs 
final result. The revolutions for loads F;, Fz and F3, for H hours of operation, are respectively 
N, =4(60H\(rev/min), N2 = 3(60H)(rev/min), N3 = 3(60H)(rev/min); and the total revolutions 
L,, = (60H)(rev/min). Substituting the values in the above equation, we obtain F,, = 1.48kN. 


could also be used here with the same 


The shaft shown in Fig. 22-11 below has mounted on it a spur gear G and a pulley P. Power is supplied to 
the pulley by means of a flat belt; power is taken from the shaft through the gear. The shaft is supported 
by two deep groove bearings. The following information has been established: 

Power = 7.5kW (steady load conditions) 

Speed of shaft = 900rev/min 

Shaft to be machined from hot rolled steel, (s,, = 590MN/m?, Sy = 380MN/m?) 

Diameter of the pulley = 250mm 

Pitch diameter of the gear = 250mm 

Weight of the pulley is approximately 120N 

Weight of the gear is approximately 120N 

Ratio of belt tensions T;/T) = 2.5 

Gear pressure angle = 20° 

The pulley and gear are assembled with light press fits and keyed to the shaft. 

The belt forces are perpendicular to the paper with the tight side being 7, and the slack side being 

Tz. The tangential force on the gear is F; and the separating force is F,. F; is perpendicular to the paper. 
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The design of the shaft for strength, critical speed, and rigidity is discussed in the chapters on variable 
stresses, shaft design, and deflections. The selection of proper single row, deep groove ball bearings is to 
be made now. 


Proposed 
Shaft and 
Bearing 
Assembly 
Weight = 1 
150 
Vertical Forces (N) __ fsa * BJ 120 
Horizontal Forces (N) 637 x fies 
572 
Effective Vertical Forces ts 120 
®) om = 226) | (Rpy = 466) 
Effective Horizontal Forces jie i 3710 
below) H t 
eater) HR, = 1234) 1 (Rpg = 6186) 
Solution: Fig, 22-11 


Preliminary information that has to be specified is the application and particulars of operation. A 
bearing suitable for, say, 500 hours need be much smaller than one, say, for 50,000 hours of operation. 
SKF recommends a life of 20,000 to 30,000 hours for machines in general in the mechanical industries, 
where machines are fully utilized for 8-hour service. Let us assume that our application is of such a type, 
with a desired life of 25,000 hours. 

The dynamic effect in gear drives is due to two dynamic effects: 

(1) the vibration introduced by inaccuracies in the gear tooth form, f, 
(2) the dynamic effect of the driven machine, fz. 

The gear force is found from Fete = Frifa 
where F is the theoretical load calculated from the torque and geometry. Values of f, recommended by 
SKF range from 1.0 to 1.3, and values of fz recommended by SKF range from 1.0 to 3.0. Let us arbit- 
rarily use fj, = 1.3 and fg = 1.5. Thus, Fete = F(1.3(1.5) = 1.95F-. 

For flat belt drives a factor f; to take care of both the dynamic effect of belt vibration and the 
additional force necessary to maintain the proper tension in the belt varies from 2.5 to 3. Let us use 
fx = 2.5 for the belt. Thus the effective belt force is 2.5F. 

The forces to be used in the calculations are: 

Effective tangential force on the gear F; = 1.95(637) = 1242N 
Effective radial force on the gear F, = 1.95(232) =452N 

Effective belt force T; = 2.5(1060) = 2650N 
Effective belt force Tz = 2.5(424) =1060N 
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The effective sum of the belt tensions, T, + 72, with the belt strands horizontal, is 2650 + 1060 = 
3710. Note that the dynamic effects are not considered applied to the weight of the pulley or gear. 


The reactions for the effective forces are shown on the figure in dashed lines. 
Resultant radial load on the left bearing is Ry, =./2262 + 1234? = 1255N 
Resultant radial load on the right bearing isRp = V/4662 + 61862 = 6204N 
Revolutions L,, required for 90% of the bearings = (25,000)(60)(900) = 1350 x 106 revolutions. 
Specific dynamic capacity C required for each bearing is: 

Left bearing: L=(C/P)? whereP=Rz. Then 1350=(C/1255)> or C=13,870N 

Right bearing: L =(C/P)° where P=Rr. Then 1350 =(C/6204)? or C=68,570N 
Investigation of the SKF bearing catalog reveals the following minimum sizes of single row deep 

groove bearings which have a basic dynamic capacity closest to C = 13,870: 


Since the diameter D of the shaft, based on deflections, is 32.9mm, the minimum shoulder diameter 
can be used as a basis of selection, the 6207 and 6206 bearings requiring shaft shoulder diameters which 
are too large and the 6403 bearing requiring one which is too small. Further investigation of the catalog 
shows that the shoulder diameter coming closest to 32.9mm in various bearings having greater load 
capacities than required are: 


Considering the economics and size requirements, it appears that a 6305 bearing would be best for 
the application. 

A similar analysis for the right bearing, with a shaft diameter of 2D = 65.8mm, determined from a 
rigidity analysis, and a minimum specific dynamic capacity requirement of 68,750N, gives the following 
minimum sizes in the various series of single row deep groove bearings, based upon load capacity only: 


Examination of the catalog gives the minimum 
size bearing, shown in the adjacent table, coming 
closest to the required shaft shoulder diameter of 
2D=65.8mm, (and having a specific dynamic 
capacity larger than 68,570N). From an economic 
and size requirement, the 6411 bearing is suitable. * Slightly larger than 65.8mm: increase shaft dia. to 


3 A 66mm. 
The diameters as calculated for the different 4+ -Rollen besning tequliine Clisping of toner race/-whieh 


considerations are: would entail significant design change. 
Strength: Soderberg equation (design factor 1.5) Diameter D “Diameter 2D 
ASME shafting code os es 
Critical Speed (not considering transverse shear deflection) 26 $2 
Maximum slope of 1° at either bearing bi i 


Maximum deflection of 0.025 mm at the gear 32.9 65.8 
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SUPPLEMENTARY PROBLEMS 


Determine the approximate friction torque expected in a single row deep groove ball bearing under a 
radial load of 30KN. The bore of the bearing is SOmm. 
Ans. With a coefficient of friction taken as 0.0015, the friction torque is 1.125N m 


Using the AFBMA, determine the equivalent radial static load P, for a radial contact groove bearing 
subjected to a radial load of F, = 9kN and an axial load of Fz = 9KN. 
Ans. Po =9.9KN (with X¥q = 0.6 and Y, =0.5) 


Same as Problem 21, except that F, = 9kN and F, =2.25kN. Ans. P. =9kN 


Determine the AFBMA basic static load rating of a single row, deep groove ball bearing having 10 balls 
of 15.875mm diameter. Ans. C, =30.9kN 


A single row, deep groove ball bearing has a specific dynamic capacity of 46.3KN (for 1,000,000 revolu- 
tions or 500 hours at 33.3rev/min, that 90% of a group of bearings will complete or exceed). (a) If the 
speed of rotation is 1800rev/min and the actual radial load applied to the bearing is 9kN, what is the life 
in revolutions? (b) How many hours of operation can be expected for the above? (c) What is the average 
life that can be expected? Ans. (a) 136 x 10° rev, (b) 1260 hr, (c) 6300 hr 


A bearing has a specific dynamic radial capacity of C = 24,500N. What radial load can the bearing carry 
at 1200rev/min if the desired life is 2000 hours (for 90% of a group of bearings)? Ans. 4670N 


A radial load of 9KN acts for 5 revolutions and reduces to 4.5KN for 10 revolutions. The load variation 
then repeats itself. What is the mean cubic load? Ams. 6.72kN 


Determine the 6200 series bearing which will be suitable for a radial load of 1.8KN with operation at 
1200rev/min for 2000 hours. Loading is steady. Basic dynamic capacities C of various 6200 series 


bearings are: 
Bearing 6200 6201 6202 6203 6204 
C,N 3900 5300 6000 7350 9800 


Ans. C=9430N; 6204 bearing is suitable. 


‘A 6203 single row, deep groove bearing has a basic static load rating of C, = 4500N and a basic dynamic 

capacity of C= 7350N. What is the life expectancy (that 90% of the bearings will reach or exceed) for a 

radial load of F, = 1350N and a thrust load of F, = 1260N? The outer ring is stationary. 

Ans. Fy/Co = 1260/4500 = 0.28, e= 0.38, Y= 1.15, and the equivalent load is P= 2205N. The life 
expectancy is 37.0 x 10° revolutions. 


Same as Problem 28, except that F, = 250N. 
Ans, Fa/Co = 250/4500 = 0.56, e = 0.26, Fa/VF, = 250/(1)(1350) = 0.185, X= 1 and ¥=0, and the 
equivalent load is 1350N. The life expectancy is 161 x 10° revolutions. 


A certain ball bearing has dimensions to be taken as shown in Fig. Case 
22-12. If the outer race rotates at 1000rev/min and the inner race is 
held stationary, what will be the rev/min of the cage (spacer)? 660 12 balls 
Assume no slip between the balls and races. Ans. 600rev/min 630 

090) 


Chapter 23 


Lubrication and Bearing Design 


LUBRICATION involves the use of a lubricant between the rubbing surfaces of certain machine elements in 
order to prevent or reduce the actual surface contact, which results in less wear and a lower coefficient of 
friction. Oils and greases are the most common lubricants, although any substance having the required viscosity 
properties may be used. The lubricant is usually a liquid. However, some solids, such as graphite, soapstone 
and other greasy nonabrasive solids, may be used. Even gases, under some circumstances, make good lubricants. 


VISCOSITY is one very important property of a lubricant. The fundamental meaning of viscosity may be 
illustrated by considering a flat plate moving under a force P parallel to a stationary plate, the two plates being 
separated by a thin film of a fluid lubricant of thickness f, as shown in Fig. 23-1 below. 


Fig. 23-1 


The particles of the lubricant adhere strongly to the moving and stationary plates. Motion is accompanied 
by a linear slip or shear between the particles throughout the entire height of the film thickness. 
If A is the area of the plate in contact with the fluid, the unit shearing stress s, is 


Ss=P/A 


Newton determined that the magnitude of this shearing stress varies directly with the velocity gradient, 
dV/dy. It is assumed that the fluid completely fills the space between the two surfaces, that the velocity of the 
fluid at each surface is the same as that of the surface, and that any flow of the fluid perepndicular to the 
velocity of the plate is negligible. Thus 


P_ av dv 
S=>a— or Hak 


where yz is the constant of proportionality and is defined as the viscosity (or sometimes absolute viscosity) of 
the fluid. When the film thickness is small, which is generally the case for bearings, the velocity gradient is very 
nearly constant, as shown in Fig. 23-1, so that dV/dy = V/y and w= Ssh/V. 
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The units of viscosity are (N/m?)(m)/(m/s) = Ns/m?, However it is common practice to express viscosity 
in mass units so that Ns/m? becomes kg/ms. 

Two other ways of reporting viscosity which are commonly employed in lubrication work are Saybolt 
Universal viscosity and Kinematic viscosity, as defined by the following equations, 


b= (c.o022 =: me kg/ms 


Kinematic Viscosity = 5 m/s 


where = absolute viscosity, kg/ms 
7 = Saybolt Universal viscosity, seconds 
p = density of the lubricant, kg/m* 
For oils, an average value of p=900kg/m* is usually satisfactory for design calculations. For a more 
accurate evaluation of p at any Celsius temperature f, use, for petroleum oils, 
P= P15 —0.000657¢ 
where ps is the density at 15 °C. 


Also, the viscosity of crankcase oils is reported by an SAE viscosity number, related to Saybolt Universal 
as listed below. 


Saybolt viscosity Saybolt viscosity 
Tange, sec, range, sec, 
at 54°C ni at 100 °C 


90-120 80 


120-185 80—105 
185—255 105—125 
255 125-150 


when the oil film is thin and the stationary plate is parallel 
to the moving plate as shown in Fig. 23-1 above, the velo- 
cities of the various laminae of fluid are proportional to 
their distances from the stationary plate, and the area of 
the velocity gradient triangle OAB is proportional to the 
volume of fluid per unit time passing a section having unit 
width. In this case the moving plate will not support a 
vertical load. If the stationary plate is inclined so that the 
film thickness varies from A, where the oil enters to hz 
where it leaves, the velocity gradient cannot be the same at 
both positions. The velocity curve is concave at the entrance 
and convex at the exit as shown in Fig. 23-2. The figures 
thus formed by the velocity curves in the converging film 
are not triangular but do have equal areas if no end leakage is Fig. 23-2 

assumed. The moving plate will now support a load W due to the velocity-pressure relations, which cause a 
pressure buildup in the oil film from zero to a maximum and back to zero as shown. 
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JOURNAL BEARINGS make use of the basic theory of the converging film in order to support loads on a film 
of lubricant. Fig. 23-3 below shows the end view of a journal bearing for the three positions of “rest”, “start”, 
and “run”. Note that in the “rest” and “start” positions there is contact between the journal (shaft) and the 


Rest 


Fig. 23-4 


bearing (outer member). However, if the required conditions, as explained later, for perfect or thick-film 
lubrication are met, the shaft will be separated from the bearing by a film of lubricant as indicated in the 
“run” position, and the load will be supported by the film pressure. The terms thin-film or imperfect lubrication 
apply to the situation where bearing design and selection of lubricant have not met all the requirements for 
thick-film or perfect lubrication, and contact between journal and bearing is not completely prevented. Due to 
leakage of the lubricant from the ends of the bearing, there is a distribution of pressure in the axial direction as 
shown in Fig. 234 above. The load carrying capacity of a journal bearing with perfect lubrication is a function 
of many variables, but essentially it involves the selection of the proper lubricant to provide perfect lubrication 
for specified operating conditions, and at the same time to provide for the proper heat balance between the 
heat generated within the bearing and the heat dissipated in order that the bearing will not exceed a safe 
specified operating temperature. 


HEAT GENERATED, Hg, within a journal bearing is a function of the journal coefficient of friction f, 
7™DN 
H, = fw—— 
lg =fW 60 watts 
where H, = heat generated, watts N= journal speed, rev/min 
f= journal coefficient of friction W = total radial bearing load, newtons 
D = journal diameter, m 


The main problem at this point is to be able to determine as closely as possible the value of the coefficient 
of journal friction. It is difficult to obtain a precise value for f, since it varies widely with operating conditions. 
The discussion in this chapter will be limited to full (360°) journal bearings. 

Various investigators, employing dimensional analysis, have shown that the journal coefficient of friction 
is a function of at least three dimensionless parameters, 


uN/p, D/C, and L/D 


where u = absolute viscosity of lubricant at its operating temperature, kg/ms 
N = speed of journal, rev/min; V' = speed of journal in rev/s 
p = bearing pressure based on projected area, W/LD N/m? 
W = radial bearing load, newtons 
D = journal diameter, m 
C = diametral clearance between journal and bearing, m 
L = length of bearing, m 


In fact (“*) is not truly dimensionless since N is in rev/min, and later in the charts N’ is in rev/s but 


hoth of these are common practice. 
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The relationship between the coefficient of friction and the | 
parameter wN/p, called the bearing modulus, is of particular 
interest. The curve of Fig. 23-5 is typical, but the slope and inter- 
cept of the straight line portion in the thick-film region depend f 
upon variables such as the clearance ratio C/D, and the L/D ratio. | 


‘Transition Region 


Experimental data on small journal bearings by McKee established 
the following approximate equation for the coefficient of friction, 


\\Thin Film Region 


S BN\D 
f 0326 (# \Bex Pe 


This equation, which is that of the straight line portion of the 0.015 
curve in the thick-film region, may be used for estimating the 
coefficient of friction. 

Experimental data indicate that the value of k may be taken 0.010 
as 0.002 for L/D ratios from 0.75 to 2.8. Fig. 23-6 shows how k 
varies, in general, with the L/D ratio. A practical average value for 
D/C is 1000, and practical values of L/D range from 1 to 2 when 0.005 
space requirements permit using along bearing. Practical operating 
values of uN/p have been determined for a number of typical 
applications as listed below. The operating value of wN/p must be (act ea le ee Coe 
sufficiently large to avoid entering the transition or thin-film L/D 
regions. 


Fig. 23-6 


TYPICAL JOURNAL BEARING PRACTICE 


Max Pressure 
p(MN/m*) 
Automobile and i S—12 
Aircraft engines 10-23 


14-35 


Gas and Oil 
Engines 


Stationary 
Steam Engines 


0.015—0.06 
0.03—-0.08 
0.025—0.06 


Reciprocating 
pumps and 
compressors 


Rotary motors —_ 
and pumps 


0.002—0.016 


Sa 
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OTHER METHODS for determining the coefficient of journal friction are based on Petroff’s equation or on 
hydrodynamic theory. 


PETROFF’S EQUATION, which was developed back in 1883, gives an expression for the coefficient of journal 
friction based on a journal concentric with the bearing (no radial load) and neglects end leakage. 


2 , 
yf sd) a ff Oh Ve 
# aie e a (2 c 
Since this equation was derived for an unloaded bearing, it is only an approximation for lightly loaded 
bearings. 


THE SOMMERFELD NUMBER, S, is another dimensionless parameter used extensively in lubrication analysis. 
Based on hydrodynamic theory, it can be shown that the Sommerfeld number is a function of attitude only, as 
defined below. It may then be plotted against the quantity (D/C) which is also a function of attitude only, 
and the coefficient of journal friction may be determined. The Sommerfeld number is 
iN (3) 
p \c 
One of the main factors that Petroff’s equation 
fails to take into account is the eccentricity of the 
bearing when under load. The Sommerfeld number 
when plotted against f(D/C) in accordance with 
hydrodynamic theory takes this eccentricity into 
account. The center of the journal when under load 


is not concentric with the bearing, but moves approx- Oil in 
imately along a semicircular arc of diameter C/2. This 

results in the establishment of a minimum film thick- 

ness, ig, as shown in Fig. 23-7 (shown greatly exag- 

gerated). The distance between the bearing center and 

the shaft center is called the eccentricity and is 

denoted by e. The ratio of this eccentricity to the 

radial clearance is called the attitude or eccentricity ho = Minimum Film Thickness 
ratio. 


5 =2€_,  2o Fig. 23-7 
Attitude € roi i= C 
It should be noted that both the Petroff equation and early plots of (D/C) versus the Sommerfeld 
number were based on ideal bearings (no end leakage). Several design methods have proposed the use of end 
leakage and eccentricity correction factors in conjunction with these equations. In the past most of these 
methods have been rather inaccurate and not entirely satisfactory. 


DESIGN CURVES corrected for end leakage and for various L/D ratios in which performance variables are 
plotted versus the Sommerfeld number have been prepared by A. A. Raimondi and John Boyd of the Westing- 
house Research Laboratories. (ASLE Transactions Volume 1, No. 1, April 1958). Their latest curves were 
developed on a completely rational basis and the results were obtained by the use of computers. These curves 
supersede previous curves published by the same authors in 1951. Their previous curves required correction 
factors for end leakage. The use of these latest curves eliminates completely the need for applying end leakage 
factors and thus greatly simplifies the taks of calculating bearing performance. A portion of these charts 
arbitrarily chosen for a full journal bearing (360°) having an L/D ratio of one has been approximately repro- 
duced to demonstrate their use. These curves are also based on the possibility that rupture of the film may 
occur. 
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The reader should refer to the original article for partial bearings and other L/D ratios, as well as design of a 
bearing for optimum performance. The original article also covers the case of submerged bearings operating 
under pressure where film rupture is not likely to occur. Note use of a linear plot in the corner block of the 


following curves. 


COEFFICIENT OF FRICTION may be determined from Fig. 23-8 below, where the coefficient of friction 
variable f(D/C) is plotted against the Sommerfeld number. 


Based on Raimondi and Boyd Data for L/D = 1 


(Full bearing ambient pressure = 0) 


Coefficient of Friction Variable, /(D/C) 


0 01 02 0 .06 08 10 20 40.60.80 1.0 
i 4 
Sommerfeld number, S = Sf @) 


Fig. 23-8 


MINIMUM FILM THICKNESS may be determined from Fig. 23-9 below, where the minimum film thickness 


variable 2h,/C is plotted against the Sommerfeld number. 


Based on Raimondi and Boyd Data for L/D = 1 
(Full bearing ambient pressure = 0) 


2.0 


4.0 6.0 8.010 


2 


e = 


0 Ol 02 OF 06.08.10 .20 


Minimum Film Thickness Variable, 2h, /C, 


‘ 
2 
Sommerfeld number, 5 = = @) 


Fig. 23-9 


fl soar 


* 
6 
2 
5 
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The permissible minimum film thickness depends mainly upon the size and surface finish of the bearing; 
the rougher the surface, the thicker the film required. For ordinary babbitt lined bearings the film thickness 
should not be less than 0.02mm. On larger power machinery the minimum film thickness may be limited to 
0,025 to 0.15mm. One rule of thumb is to limit the minimum film thickness to 0.00025D. 


OIL FLOW, Qm*/s, through the bearing due to pumping action of the shaft may be determined from Fig. 23-10 
below, where the flow variable 4Q/DCN'L is plotted against the Sommerfeld number. 


Based on Raimondi and Boyd Data for L/D = 1 
(Full bearing ambient pressure = 0) 


Pe! 
os 
a 
gz 
a 
ci 
a 
= 
2 
& 
0 Ol 02k 06 08.10.2000. 204.0 6.08.00 
tae 
Sommerfeld number, S ae) 
Fig. 23-10 


END LEAKAGE, Q,m*/s, from both ends of the bearing may be determined from Fig. 23-11 below, where 
the Qs/Q ratio is plotted against the Sommerfeld number. Q, is the amount of lubricant that must be supplied 
to a bearing operating under atmospheric pressure to compensate for the loss due to end leakage. 


Based on Raimondi and Boyd Data for L/D = 1 
(Fall bearing ambient pressure = 0) 


&s 
Q 


Flow Ratio, 


f \2 
Sommerfeld number, 5 - ee 2) 


Fig. 23-11 
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TEMPERATURE RISE of the lubricant as it passes through the bearing may be determined from Fig. 23-12 
below, where the temperature rise variable pcAT/p is plotted against the Sommerfeld number. It is assumed 
that all of the heat generated by friction is effective in raising the temperature of the lubricant as it flows 
through the bearing. 

p = density of lubricant, kg/m? 

c= specific heat of lubricant, Nm/kg°C (1675 Nm/kg°C for oil) 

AT = temperature rise of the lubricant as it passes through the bearing, °C. It may be considered as the 
temperature rise of the film between the leading and trailing edges of the wedge. 


Based on Raimondi and Boyd Data for L/D = 1 
(Full bearing ambient pressure = 0) 


P 


pcaT 


Temperature Rise Variable, 


° 1 02 OF 06 .08 .10 2» 40.60 .80 1.0 2.0 4.0 6.0 80 10 


, 
Sommerfeld number, S = BN Py 
Pe 


Fig. 23-12 


COMPARISON OF THE RAIMONDI-BOYD data with McKee data, and with Petroff’s equation when plotting 
f(D/C) against the Sommerfeld number for a 360° journal bearing having an L/D ratio of one is shown in the 
following table. 


284 LUBRICATION AND BEARING DESIGN 


f(D/C) for a 360° journal bearing, L/D = 1 


McKee equation assuming 
Sommerfeld Raimondi-Boyd Petroff's D/C = 1000 and using 


f= 0.002 + 0.326 (2) 1000 


number data for equation 
ambient pressure = 0 


Note that the values for f(D/C) are in close agreement for lightly loaded bearings, i.e. for high Sommer- 
feld numbers. 


HEAT DISSIPATED, Hz, from a 360° journal bearing by heat transfer may be estimated by the following 
equation based on the work of Lasche, 
_ (aT +18) 


A, 
- K 


(LD) watts 


where AT=(Tg —T4)=the difference between the bearing surface temperature Tg and the temperature 
T of the surrounding air, °C 
K = 0.273 for bearing of heavy construction that is well ventilated °C m?/W 
K = 0.484 for bearing of light or medium construction in still air °C m?/W 
L = length of journal, m 
D = diameter of journal, m 
The relationship for the operating temperature Ty of the oil, the air temperature 74 and the bearing 
temperature Tg may be approximated by 
AT = (Tg — Ta) =4(To — Ta) 
Average absolute viscosities for typical SAE number oils are plotted vs temperature in Fig. 23-13 below. 
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Typical SAE Number Oils 
Average Absolute Viscosities vs Temperature 


Absolute Viscosity, : (kg/ms) 


SAE 


SOLVED PROBLEMS 


A 75mm long full journal bearing of diameter 75mm supports a load of 12kN on a journal turning at 
1800rev/min. Assuming a D/C ratio of 1000, and an oil having viscosity 0.01 kg/ms at the operating 
temperature, determine the coefficient of friction by using (a) the McKee equation, (b) the Raimondi 
and Boyd curve of Fig. 23-8. (Note: L/D=1.) 


Solution: 
(a) Using the McKee equation, f = 0.002 + 0.326 (*) 2- 0.002 + 0.326 (Sees) 1000 = 0.00475 
where k= 0.002 from Fig. 23.6 at L/D = 1, and p= W/LD= eae 2.13MN/m? 


(b) To use the Raimondi and Boyd curve of Fig. 23-8, first calculate the Sommerfeld number S. 


aH! (DY? _ 0.01930) go 9)2 = 
Ss B (2) 213 x 10° (1000)* = 0.141 


where N'= me 30rev/s 


From Fig. 23-8, S = 0.141 gives f(D/C) = 3.7; then f(1000)=3.7 or f=0.0037 
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2. Referring to Problem 1, determine the amount of heat generated using the coefficient of friction as 
calculated by the McKee equation. 


Solution: 
Setting the heat dissipated Hy equal to the heat generated H,, we have 
mDN _ (0.00475)(12,000)7(0.075)(1800) 
pe da Aer i 60 = 


3. For Problems 1 and 2, determine the probable surface temperature of the bearing, using the Lasche 
equation and assuming that the heat generated is all dissipated in still air at 20°C. 


403 watts 


Solution: % 5 
_(AT+18)7 | (AT + 18) - = 
Ha= 0.484 LD=H;, 0.484 (0.075)(0.075) = 403. AT = 168°C 
Then Tg = AT + T, = 168 + 20 = 188°C, too high since even with SAE 70 the viscosity at operating 
temperatures will be inadequate. 


4. A journal bearing 75mm long supports a load of 7.3kN on a SOmm diameter journal turning at 750 
rev/min. The diametral clearance is 0.07mm. What should be the viscosity of the oil if the operating 
temperature of the bearing surface is to be limited to 75°C when in still air at 20°C? 


Solution: 
Use the McKee and Lasche equations and assume the heat generated equals the heat dissipated. 


p)\e 1.95 x 10° \0.07 


H, =fW a = (0.002 + 0.0897) 200) 250750) 


50 
f= 0.002 + 0.326 (2) (2) = 0.002 + 0.326 en ( ) = 0.002 + 0.0897n 


= 28.7 + 1290p 


_ (AT +18)? ae (75 — 20+ 18)? 
a” 0.484 0.484 


Then assuming Hy = Ha, we have 28.7 + 1290y = 41.3, u = 0.00981 kg/ms 


(0.075)(0.05) = 41.3 watts 


5. A journal bearing 150mm in diameter and 225mm long is supporting a load of 9000N at 1200rev/min. 
If the radial clearance is 0.075mm and the bearing dissipates 14 kW in friction, what is the oil viscosity at 
the operating temperature? 

Solution: Based on the McKee equation. 


DN ux 1200 ) (2 )] (9000)n(0.15)(1200) 


1500 = fw a [e002 +0326( 


0.267 x 10° ) \0.15 60 or = 0.0107kg/ms 


6. A full journal bearing of 100mm diameter by 150mm long supports a radial load of SOOON. The speed 
of the shaft is 500rev/min. The room temperature is 30°C and the surface of the bearing is to be limited 
to 60°C. Select a suitable oil to satisfy the above requirements, if the bearing is well ventilated and no 
artificial cooling is to be used. Assume D/C = 1000. 

Solution: 
Equate heat generated to heat dissipated, using the McKee and Lasche equations. 


_ aDN _ 4500 5000n(0.1)(500) _ 

He = {Wr - | 0002 +0326( ssoaiarisxon )'% | 7 = 26.18 + 6401p 
_(AT+18) (30 +18)? - 
= 0273 LD= 0.273 (0.15 x 0.1) = 127 watts 


where AT=Tg—T,4 =60—30=30°C. Also, AT=4(To — Ta) or 30=4To + 15, To = 90°C 


Now equate H, = Hq and obtain 4 =0.0172kg/ms at 90°C. This corresponds to an oil having an 
SAE number between 40 and 50 using Fig. 23-13. 
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A tentative design for a full journal bearing calls for a diameter of 75mm and a length of 125mm to 
Support a load of 20KN. The shaft is to operate at 1000rev/min. It is desired to operate at a bearing 
surface temperature not to exceed 75°C in a room temperature of 35°C. The oil used has a viscosity of 
0.01kg/ms at 115°C. Determine the amount of artificial cooling required, by means of an external oil 
cooler. 
Solution: 

AT= Tg — T4 =4(To — Ta) = 75 —30=40° *. To = 115°C and p= 0.01 kg/ms 

p= W/LD = 20,000/(0.075 x 0.125) = 2.13MN/m?. Assume D/C = 1000. 

uN\(D 0.01 x 1000 
= 0.002 + 0.. —)(=)=0. =0. 

f= 0.002 0326 (4 c 0.002 + 0.326 313 x10" 1000 = 0.00353 
mDN _(0.00353)(20,000)m(0.075)(1000) _ 
60 60 

_(AT+18)? (40 +18)? e &T_areote 
Ha = 0484 DL= 0.484 (0.075)(0.125) = 65.2 watts assuming still air 
Amount of heat to be dissipated by oil cooler = 277 — 65 = 212 watts. 


Hy =fW 277 watts 


A shaft running at 900rev/min is supported by bearings S0mm in diameter by 75mm in length. The 
bearings operate in still air at a room temperature of 30°C. The oil used has a viscosity of 0.013kg/ms at 
the operating temperature of 130°C, and the diametral clearance is 0.05mm. No artificial cooling is to 
be used. Determine the permissible load W per bearing and the power loss per bearing. 

Solution: 


Tg -T4=4(To—Ta), Tg —30=4(130—30), Tg = 80°C 


py TDN _ 0.013 x 900 50_\ ] Wn(0.05)900 _ 
UI [oo02 +0.326 (2a : — (as ) | os 0.00471 W + 33.7 


_(AT+18)? (80-30 +18)? 
~ 0.484 "0.484 
Equate Hg to Hg to obtain W = 451. Power loss per bearing = 35.8 watts 


Ha (0.05)(0.075) = 35.83 watts 


A gear is so mounted on a shaft that the total radial load on one bearing is 14KN, and the total radial 
load on the other supporting bearing is 18kN. Each bearing is 150mm long. The bearings are machined 
to 90.05/90.00 and the journals are machined to 89.92/89.87. The viscosity of the oil at various temper- 
atures is given in the table. 


Temperature, °C 


SUV, sec 


Kinematic Viscosity, m? Isx 10° 


Ambient temperature is 20°C. 
Which bearing will run hotter? What combination of journal and bearing diameters will produce highest 
operating temperature? Also determine the probable bearing surface temperature of the hotter bearing, 
using the McKee equation for estimating the coefficient of friction. Assume specific gravity of oil is 0.9 
at its operating temperature. The shaft operates at 500 rev/min. 
Solution: 

The heavier loaded bearing with its minimum clearance will run hotter. 


18,000 
(0.15)(0.09) 


uN\(D ux 500 90 
= 0.002 + 0.326{— }|=—) = + pirate fl [PEA 
f= 0.00: ( ) (2) 0.002 + 0.326 (2 Fe 7) (=) 0.002 + 0.1379n 


Minimum clearance = 90.00 — 89.92 = 0.08mm, p = = 1.33MN/m? 
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10. 


11. 


LUBRICATION AND BEARING DESIGN 


Assuming that all the heat generated leaves the bearing by heat transfer and that the bearing is in 
still air. 
mDN _(AT +18)? 

60 0.484 
18,000n x 500 x 0.09 (Tp — 20 + 18)” 
60 0.484 
84.83 + 5849p = 0.0278%(Tp — 2)? 

The last equation may be balanced by trial and error. 


Try: temperature of oil, Tg = 130°C, then kinematic viscosity = 13 x 107° m?/s, u=13x 107° x 
0.9 x 1000 = 0.0117kg/ms, and temperature of bearing surface Tg = (Tg — Ta) + Ta = 75°C, then 


84.83 + 5849(0.0117)=15.3 and 0.02789(75 — 2)? = 148.6 
a close enough balance. This indicates that the bearing surface temperature will be about 75°C. 


fw DL 


(0.002 + 0.1379) (0.15)(0.09) 


A 75mm diameter full journal bearing supports a radial load of 3500N. The bearing is 75mm long and 
the shaft operates at 400rev/min. Assume a permissible minimum film thickness of 0.02m and a normal 
running fit for the bearing bore. Using Raimondi and Boyd curves, determine (a) the viscosity u of a 
suitable oil, (b) the coefficient of friction f, (c) the heat generated H,, (d) the amount of oil Q pumped 
through the bearing, (e) the amount of end leakage Q, (the amount of oil to be supplied to the bearing), 
(f) the temperature rise of the oil flowing through the bearing. 

Solution: 

(a) Fora normal running fit use H8, £7. (See Chapter 3), giving a maximum clearance of 0.106mm. 


The value of the Sommerfeld number S can be determined from Fig. 23-9 by entering with the 
value 2h,/C = 2(0.02)/0.106 = 0.377 which corresponds to S = 0.105. 


uN’ (2)’ __4(400/60) ( 15 


Then $=0.105="— |G) ~0.622x 108 \0.106 
(6) From Fig. 23-8, S = 0.105 gives f(D/C) = 3.0. Then f = 3(0.106)/75 = 0.00424 


(©) Hz =fWnDN/60 = (0.00826) 8-00 n(0.075)400 = 23.3 watts 


2 
) from which p = 0.0205kg/ms 


40 | 40 
pen'L ~ ** Ten (.9750.106\400/60)(0.075) 


Q=437 x 10° m/s 


(d) From Fig. 23-10, S=0.105 gives =4.4 and 


(e) From Fig. 23-11, S = 0.105 gives Q,/Q = 0.7. Then Q, = (0.74.37 x 10~®) = 3.06 x 10~® m/s 
pcAT 


(f) From Fig. 23-12, S = 0.105 corresponds to = 13.5. Taking p = 830kg/m? and c = 1675 Nm/kg°C 


ie 
(see page 283), then AT = 6.04°C is the temperature rise in the oil film between the leading and 
trailing edges of the wedge. 


SUPPLEMENTARY PROBLEMS 


A 100mm diameter shaft operating at 2000rev/min is supported by means of a 150mm long full journal 
bearing which is subjected to a radial load of 43kN. Operating temperature of the oil is to be limited to 
80°C and the surrounding air temperature is 38°C. Assume yN/p = 30 x 10~® and use the McKee and 


12, 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 
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Lasche equations. Determine the coefficient of friction, bearing pressure, heat generated, heat dissipated, 
oil to use. Is artificial cooling required? Ans. 0.01178, 2.87 MN/m?, 5.3kW, 47.1 watts, SAE 60—70, 
Yes 

A 50mm medium weight full journal bearing has a length of 100mm and supports a load of 2.5kKN when 
the shaft rotates at 800rev/min. Assuming a temperature difference of 40°C between the operating 
temperature of the bearing surface and the surrounding still air, which coefficient of friction 0.00432, 
0.00615, 0.00715, 0.00816, or 0.00256 will be required in order to eliminate the need for artificial 
cooling? Use the McKee and Lasche equations. Ans. f=0.00615 

A 60mm journal bearing, 100mm long, supports a load of 2200N at 600rev/min. If the room temper- 
ature is 24°C, what viscosity oil should be used to limit the bearing surface temperature to 60°C? Use 
the McKee and Lasche equations. Ans. u=0.01261kg/ms 

A 5500N rotor is supported midway between two journal bearings on a 50mm shaft which rotates at 
800rev/min. An oil has been selected which has a viscosity of 0.0072kg/ms at an operating temperature 
of 110°C. What must be the length of the bearing, if it is necessary to operate in an atmosphere of 32°C 
without artificial cooling? Use the McKee and Lasche equations. Ans. L = 82.7mm 

A 2.8KN load is supported by a journal bearing 75mm long on a 65mm shaft. The bearing has clearance 
0,05mm and is lubricated with an oil of viscosity 0.0207kg/ms at its operating temperature. Determine 
the maximum speed of rotation if the bearing is capable of dissipating 80 watts by means of heat transfer. 
Use the McKee equation. Ans. 679rev/min 

A journal bearing 150mm in diameter and 300mm long carries a radial load of 9kN at 1200rev/min. The 
diametral clearance is 0.075mm. If 6kW is being wasted in friction, what is the viscosity of the oil being 
used at the operating temperature? Use the McKee equation. Ans. p= 0.018kg/ms 

A full journal bearing is 90mm diameter by 150mm long and has a radial load of 2MN/m? of projected 
area. The shaft speed is 500rev/min and an H9 e9 fit is to be used. The surrounding air temperature is 
20°C and the oil used has viscosity 0.099kg/ms at its operating temperature. Determine the probable 
temperature of the bearing surface, assuming all of the heat generated is dissipated by heat transfer 
_(Tp — Ta +18)" 
"0.484 

A 75mm diameter journal bearing, 125mm long, has a minimum diametral clearance of 0.08mm and 
supports a load of 18KN. The journal rotates at 500rev/min. The oil used has the following viscosity- 
temperature characteristics: 


Temperature, °C 110 120 130 140 
Viscosity, kg/ms 0.0247 0.0171 0.0118 0.0082 


Using the McKee equation, determine the approximate oil temperature, assuming a room temperature of 

25°C and assuming that all the heat generated is dissipated by heat transfer. 

Ans. To = 130°C approx. 

A water lubricated 100mm diameter by 100mm long full bearing supports a load of 1300N. The shaft 

rotates at 1000rev/min. The diametral clearance is 0.1mm and the water has viscosity 0.0003 kg/ms. 

Assume ¢ = 4200Nm/kg°C and p= 1000kg/m?. Using Raimondi and Boyd curves, determine the 

coefficient of friction, the minimum film thickness, the flow of lubricant into bearing, the end leakage 

of lubricant, the temperature rise of oil, and the power loss due to friction. 

Ans. f=0.0016, h = 8.5um, Q = 19.2 x 107 © m3/s, Qs = 16.7 x 10” ©m3/s, AT = 0.23°C, 10.9 watts 

A full journal bearing, 200mm diameter by 200mm long, supports a radial load of 45kN. The journal 

rotates at 1200rev/min and the D/C ratio is 1000. The viscosity of the oil at its operating temperature 

(80°C) is 0.018kg/ms. Ambient temperature is 20°C. Using Raimondi and Boyd curves, determine the 

minimum film ees the heat generated in the bearing, the natural heat loss from the bearing assuming 
ly = ae (projected area), the amount of oil leaking out of both ends, and the heat removed from 

the bearing due to end leakage. 

Ans. ho = 0.065mm, Hy = 3.85kW, Ha = 338 watts, Q, = 70.2 x 10-°m*/s, 2.22kW 


according to Hg x LD. Use the McKee and Lasche equations. Ans. Tg = 80°C 


Chapter 24 


Belt Drives 


FLAT BELTS AND V-BELTS may be employed to transmit power from one shaft to another where it is not 
necessary to maintain an exact speed ratio between the two shafts. Power losses due to slip and creep amount 
to from 3 to 5 percent for most belt drives. In the following discussion it will be assumed that the shafts are 
parallel. However, both flat and V-belts may be used between non-parallel shafts to meet special requirements. 
In this case, in order for the belt to stay on the pulleys, it must approach each pulley in a central plane perpen- 
dicular to the pulley’s axis of rotation. 


BELT DESIGN INVOLVES either the proper belt selection to transmit a required power or the determination 

of the power that may be transmitted by a given flat belt or by one V-belt. In the first case the width of the 

belt is unknown, while in the second case the width is known. The belt thickness is assumed for both cases. 
The power transmitted by a belt drive is a function of the belt tensions and belt speed. 


Power =(T; — T2)v, W 


where T, = belt tension in tight side, N 
T2 = belt tension in loose side, N 
v = belt speed, m/s 
The following formula for determining the stress, s2, for flat belts applies when the thickness of the belt 
is given but the width is unknown. 
2 
S;—m'v" _ ty 
Sq —m'v? é 
where 1 = maximum allowable stress, N/m 
52 = stress in slack side of belt N/m? 
m! = mass of 1 m of belt 1m? in cross section 
v = belt velocity, m/s 
= coefficient of friction between belt and pulley 
a = angle of wrap of belt on pulley, rad. 
The required cross section area of the belt for the case of the width unknown may be determined by 
T, -T; 
4 2 required cross section area 
1752 


The required belt width b is therefore b = area/thickness. The value of (T, — T2) may be determined from the 
power requirement, P=(T, — T2)v, W. 
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The maximum tension in the tight side of the belt depends on the allowable stress of the belt material. 
Leather and cotton duck impregnated with rubber built up in plies are generally used. The allowable tensile 
stress for leather belting is usually 2 to 3.45MPa and the allowable stress for rubber belting will run from 1 to 
1.7MPa, depending on the quality of the material. Leather belting can be obtained in various single ply thick- 
nesses. Double and triple ply belts are also available. The density of leather is about 970kg/m. Rubber belting 
can also be obtained in various ply thicknesses and has a density of about 1250kg/m?. 

The following formula for determining the value of T2 for both flat and V-belts applies when the width 
and thickness of the belt are known. 


Ty — mv = falsin 46 


here m = bt 
T, — mv —_ is 


where m=the mass of 1m of belt; v = belt velocity, m/s; b = belt width, m; t = belt thickness, m; p = belt 
density, kg/m?; f= coefficient of friction between belt and pulley; « = angle of wrap, rad; @ = groove angle for 
the V-belt (6 is 180° fora flat belt). 

The quantity my? is due to centrifugal force, which tends to cause the belt to leave the pulley and 
reduces the power that may be transmitted. 


THE LOAD CARRYING CAPACITY of a pair of pulleys is determined by the one which has the smaller 
2lsin 49 1+ is for this reason that a V-belt may be used with one grooved pulley and one flat pulley, saving 
the expense of unnecessary machining. 

Excessive flexing of a belt will result in a shortened life. A minimum ratio of the diameter of a pulley to 
the thickness of the belt is about 30 for reasonable life. 


SELECTION OF BELTS can be made on the basis of application of the appropriate equations or by use of 
tables and catalogues supplied by the various belt manufacturers. In this book, the application of the equations 
will be used, although the recommendations of the belt manufacturers will generally give safer designs incorp- 
orating suitable application factors. 


ANGLES OF WRAP. The angles of wrap for an open belt may be determined by: 


R-r 
c 


sin B= 


=F 
Cc 


‘ teats eR : Sore ind 
ay = 180° — 26 = 180° — 2 sin bee ay = 180° + 28= 180° +2 sin-! 


Fig. 24-1 
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The angles of wrap for a crossed belt drive 
may be determined by: 


= 180° +2sin-1 R47 
Fig. 24-2 
SOLVED PROBLEMS 
1. Derive Tam ad for a flat belt. 


Solution: 


(a) Consider a differential element of belt. 
The forces acting on the differential 
element are (/) tensions T and (T + d7), 
(2) centrifugal force (mv*)d@, (3) nor- 
mal force dN, (4) frictional force f dN. 

Note that there is no bending mom- 
ment and no shear force acting on the 
belt. The belt is a flexible member and 
cannot sustain shear and bending of any 
appreciable magnitude compared to the 
other forces. Fig. 24-3 


‘Centrifugal force = (mass) (acceleration) 
= (mrdo)(22) 


=mvde 


T, 


(6) Setting up an arbitrary x and y direction 
for the element of belt and considering 
the element in equilibrium since the 
inertia force is included, 
ZF,=0 or (T+dT)cos4d —fdN —T cos}ds=0 
EFy=0 or (T+d7)sin}d¢ +T sin $d — (mv?)dg — dN=0 
(c) Since cos $d@ = 1 and sin $d > 4d¢ in the limit. 
I) (T+dT\1)—fdN-T=0 or dN=dT/f 
2) (T+ dT\4d¢) + Thdd) — dN — (mv) = 0 
Substituting dN = d7/f from (J) into (2), and dropping out differentials of the second order, 
T do — dT/f — (mv?)do = 0 
Cine 1 aT. _if* T;—mv" _ fm 
(@ Then FR ehdds | ort fd0, and finally +" = 
(See Page 291 for proper units.) 


2: 
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Modify the equation in Prob. 1 to take care of a V-belt. 8 
Solution: 
(a) Comparing Fig. 244 with Fig. 24-3, the forces which 
can be shown as in the flat belt are: 7, T+dT, 
mv*d@. The difference occurs in the normal and 
frictional forces. The normal forces on the sides of 
the V-belt are assumed equal on both sides: 3d. The 
resultant normal force in the x-y plane is dN sin $6, 
where @ is the V-belt angle. Note that the sum of 
the frictional forces is not dependent on the angle 0, 
but is 2[fGaN)] =faN. 
(6) ZF, =0 or 
(T+ dT) cos $dd — fdN — T cos $dp=0 
ZFy=0 or 
(T+dT) sin }dp + Tsin}d@ — dN sin}@ — mv?d¢=0 
(c) Since cos $d@ = 1 and sin dé = 46 in the limit, 
1) (T+dT)—fdN-T=0 or dN=dT7/f 
2) (T+ dT\4de) + Tdd) — dN sin }0 — mv?d¢=0 
Substituting dN = dT/f into (2) and dropping out differentials of the second order, 


T do —(dT/f) sin} — mv? do=0 


Ty a _ 2 * 
(@) Then u —— \ J 46, and finally Poa = gielnin he 
2 


diam ; 7 
T— my? sin}@ , | o sin}@ ee 


7 my 
Note that if 6 is taken as 180° for a flat belt, this equation reduces to that derived in Problem 1 


9400 Pulley 


A shaft transmits maximum power from a pulley to a 
flexible coupling. The shaft rotates at 900rev/min, the 
pulley is 400mm in diameter, the belt strands are hori- 
zontal, and the leather belt is 50mm wide and 6mm thick. 
Maximum stress in the belt is 2MPa, and the coefficient 
of friction is 0.3. If the shaft is to be checked for strength 
at section A-A, what bending moment and what torque 
should be used? Leather has a density p = 970kg/m?*. 


Solution: 


A 
Flexible Coupling | 


2 2 
om Ty = mv" _ ja 600= JOR SUS.) 038 
T; — 103.4(18.85) 


T, - my? 
where m=0.05 x 0.006 x 970 = 103.4kg/m. a =7 radians 
v = DN = n(0.2m)(900/60rps) = 18.85m/s, 7, =(50 x 6 x 107 °)(2 x 10°) = 600N 
(b) Bending moment at section A-A is 
(7, + T2(0.25) = (600 + 296.9)(0.25) = 224N m 
(c) Torque at section A-A is 
(T; — T2(R) = (600 — 296.9)(0.2) = 60.6N m 


Tz = 296.9N 
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4. A fan is driven by a belt from a motor which runs at 
880rev/min. A medium double ply leather belt 8mm 
thick and 250mm wide is used. The diameters of the 
motor pulley and driven pulley are respectively 350mm 
and 1370mm. The center distance is 1370mm, and 
both pulleys are made of cast iron. Coefficient of 
friction of leather on cast iron is 0.35. The allowable 
stress for the belt is 2.4MPa, which allows for the 
factor of safety and also for the fact that a double 
ply belt does not have double the capacity of a single 
ply belt. (A double ply belt has approximately 85% 
the capacity of a single ply belt of the same thickness.) 
The belt mass is 970kg/m*>. What is the power cap- 
acity of the belt? 


Solution: 
Angles of wrap of smaller and larger pulleys are respectively 
a, = 180° — 2 sin~*(R — r)/C = 180° — 2 sin! [(685 — 175)/1370] = 136.3° 
a = 180° +2 sin” '(R — A/C = 223.7° 


The pulley which governs the design is the one with the smaller ef Here the smaller pulley governs, 
ie. the smaller pulley is transmitting its maximum power with the belt on the point of slip while the 
larger pulley is not developing its maximum capacity. Then 


Ty — mv _ fa, 4800 — 1.94(16.13)? __0.35(1362/180) 
= =e =2.299, 1, =2373N 
T; — mv > “T,-19406.13"  ° 2 


where m=8 x 250x 10~® x 970 =1.94kg/m 
» = DN = n(0.175m)(880/60rps) = 16.13m/s, 7; =(250 x 8 x 10~°)(2.4 x 10°) = 4800N 


Power capacity =(T, — T>)v = (4.8 — 2.373)(16.13) = 39.1kW 


5. A compressor is driven by a 900rev/min motor by means of a 10mm by 250mm flat belt. The motor 
pulley is 300mm diameter and the compressor pulley is 1500mm diameter. The shaft center distance is 
1.5m and an idler is used to make the angle of wrap on the smaller pulley 220° and on the larger pulley 
270°. The coefficient of friction between the belt and the small pulley is 0.3, and between the belt and 
the large pulley is 0.25. The maximum allowable belt stress is 2MPa and the belt density is 970kg/m?. 
(a) What is the power capacity of this drive? (6) Would changing the small pulley to a multiple V-pulley 
(groove angle 6 = 34° and coefficient of friction 0.25) using the same compressor pulley, and eliminating 
the idler pulley, provide a more effective drive with greater power capacity? Assume that the pitch 
diameter of the V-belt and the pitch diameter of the large pulley remain the same as for the flat belt 
arrangement: 300 and 150mm. Assume also that the total of the maximum force in each belt is the same 
as for the flat belt (i.e. T is constant) and that the centrifugal effect of all the belts is the same as for the 
flat belt. 


Solution: 


(a) For small pulley, ef = ¢%-3(2207/189) 3 16: for large pulley, ef = e9-25(2707/180) — 3.9. 
Hence the small pulley governs, Then 


T,— mv? _ 7 5000 — 484.8 
T, — my? ey eT 


where T =2 x 10° x 10 x 250 x 10~° = SKN, m =970 x 250 x 10 x 10~® = 2.425kg/m, 
v = n(0.3(900/60) 


power capacity = (7, — Tz)v = (500 — 1914)(14.14) = 43.6kW. 


=3.16, T2=1914N 
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(b) For an open belt arrangement with no idler: angle of wrap on smaller pulley = 
180° —2sin ~! [0.75 — 0.15)/1.5] = 132.8°, on larger pulley = 227.2°. Now 
for small pulley (V-belt in the groove), efajsin 40 — .0.25(1 32.87%/180)/sin17° _ 126 
for large pulley (V-belt on a flat pulley), eft = g0:25(227.2/180) = 9 69, 
Thus, although the capacity of the small pulley is increased, the larger pulley is now the criterion 


5000 — 484.8 
ith ef = 2.69. Using ————— 
wit 2.69. Using T, 484.8 


(5000 — 2163)14.14 = 40.1 kW. 


= 2.69 or T; = 2163N, the new (decreased) power capacity = 


A crossed belt drive is to transmit 7.5kW at 1000 
rev/min of the smaller pulley. The smaller pulley 
has diameter 250mm, the velocity ratio is 2, and 
the center distance is 1.25m. It is desired to use a 
flat belt 6mm thick with an expected coefficient 
of friction 0.3. If the maximum allowable stress 
in the belt is 1.7MPa determine the necessary 
leather belt width b. The leather has a density of Fig. 24-7 
970kg/m>. 

Solution: 

Both pulleys have the same angle of wrap a and the same power capacity. 
a= 180 +2sin~!(R + A/C = 180 +2 sin (10 + 5)/50 = 214.8° 


sy—m'v? fq 1.7.x 108 — 1.665 x 10° __9.3(214.82/180) r: 
ee 3 1.665x10° > » 82 = 663.9kPa. 


where m'=970 x 1x 1?7=970kg, v= 7(0.25)1000/60) = 13.1 m/s 


? Power _ 7.5 x 10° T=7) 572.5 
Us a = = =——=—_ = 572.5N, A= = = 
Bing 0h 2) == ap I 25N ASG, 110° 56639 x 10° 
552.6 x10~°m? and the belt width b = (552.6 x 107 °)(6 x 107°) = 92.1 x 10~* m. Use 95mm belt 
width. 


‘A V-belt drive is to transmit 18.5kW from a 250mm pitch daimeter sheave operating at 1800rev/min to 
a 900mm diameter flat pulley. The center distance between the input and output shafts is 1m. The 
groove angle @ = 40°, and the coefficient of friction for the belt and sheave is 0.2, and the coefficient of 
friction between the belt and flat pulley is 0.2. The cross section of the belt is b2 = 38mm wide at the 
top and b, = 19mm wide at the bottom by d = 25mm deep. Each belt weighs 11kN/m? and the allowable 
tension per belt is 900N. How many belts are required? (Note: analyze for one belt first.) 


Fig. 24-8 
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Solution: 


While the thickness of a flat belt is ordinarily negligible with respect to the diameter of a pulley, the 
thickness of a V-belt may not be negligible. Determine the pitch diameter of the V-belt on the flat pulley 
by assuming that the pitch diameter is measured to the centroid of the belt section. 


= _ —_ d(b; +2b2) _25(19 + 76) 
CG. ee 
Distance from base to C.G. is ¥ 3b, +b,)  3(19 +38) 


Pitch diameter of larger pulley = 900 + 2(13.9) = 927.8, or pitch radius = 463.9mm. 


For small pulley, « = 180° — 2 sin~? [(463.9 — 125)/1000] = 140.4°, For large pulley, « = 219.6°. 
efalsine 


= 13.9mm. 


Compare the capacities, , of the two pulleys: 
Small, ¢9-2(140.47/180)/sin 20° _ 4 1g Large, e9-2(219-62/180)/sin 90° _ 4 1.5. 


The larger pulley governs the design. (Note that the angle of the V-belt is slightly larger than 40°, but the 
belt will wedge into the 40° groove.) 
The area of one belt =4(b,; +b2\d) =4(0.019 + 0.038)(0.025) = 713 x 10-°m? and the tension 
on the slack side of a belt is found from 
Ty — my _ efalsin%ee 900 ~ 799(555)10~* 
T2 — my? > T; —799(555)10~> 


where m = (11,000 x 71.3 x 10-6) <= = 799 x 107? kg/m, v = m(0.250)(1800/60) = 23.56m/s 


=2.15, Tz =655.8N 


Power per belt = (7, — T2)v = (900 — 655.8)(23.56) = 5753W 
Number of belts required = (18,500)/(5753) = 3.22. Use 4 belts. 


8. A 225mm pulley is keyed to a shaft, and the center plane of the pulley overhangs the nearer bearing by 
250mm, as shown in Fig. 24-9 below. An open belt arrangement is used. The pulley is driven by an 
1800rev/min motor through a flat belt with a 1 to 1 velocity ratio of the pulleys. The belt is 9.5 by 
150mm, and weighs 970kg/m*. The coefficient of friction between the belt and pulleys is 0.3. The belt 
is run at its maximum capacity with a maximum belt stress of 2MPa. 

It is decided that the power capacity is to be doubled; and, of the several possibilities, this problem 
will concern itself with the effect of increasing the belt width. Assume that the belt width is to be 
increased, with all other conditions remaining the same. (a) How much should the belt width be increased 
to double the power capacity? (b) Assuming that the center plane of the pulley remains at the same 
distance from the nearer bearing (that is, 250mm), by how much are the bearing forces increased? The 
distance between bearings is 450mm. Assume that power is taken from the shaft through a flexible 


coupling. Flexible Coupling a 
225mm 
————— 
T, 
Loads for A 4.34KN 
initial condition 
Fig. 24-9 
R, «2.41 KN 
Loads after belt 4 8.68KN 
width is doubled 
R, = 4.821 
Solution: 


(a) If the width of the belt is doubled, the power capacity is also doubled. 
(6) If the belt is transmitting its maximum capacity, the tension 7; on the tight side = 
2x 10°(150 x 9.5) x 107° = 2.85KN. To find T> for the initial condition (both pulleys have the 
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same capacity): 
T, — my? _ 2850 — 1.382(450) _ 0.3% 
T,—my? °° —T, —1.382(450) 
where m = 970(150 x 9.5 x 10~°) = 1.382kg/m, v = 7(0.225)(1 800/60) = 21.21 m/s. 
Resultant force at pulley causing bearing reactions = T; + T; = 4.34KN. 
The bearing reaction at B is found by taking moments about 4. The bearing reaction at A is 
found by summing forces. 
4.34(0.7) —Rp(0.45)=0, Re =6.75KN and Ry, +4.34—6.75=0, Ra =2.41kN 
If the power is doubled, the bearing reactions are doubled, i.e. R', =4.82KN and Rp = 13.50KN. 
Thus the increases in the bearing forces are 2.41KN for the left bearing at A and 6.75KN for the 
tight bearing at B. 


Tz = 1.49kN 


A pivoted motor drive has several advantages over a fixed center drive. One of the advantages is that the 
stretch in the belt is automatically taken care of by the effect of the weight of the motor. Another 
advantage claimed is the reduction in bearing loads for operation at partial loads, depending on the 
proportions used. If the power transmitted from the motor to the pulley A is 25% of full load capacity, 
what are the bearing loads at C and D, expressed as a percentage of full load bearing loads? Neglect the 
weight of the armature. 


Pulley A Pulley B 
Diameter (mm) 150 150 
Coefficient of friction 04 0.5 t 
Angle of wrap 180° 180° Armature D 


The belt has speed 15m/s, is 100mm wide by 3.2mm 


thick, and density 1.1Mg/m?. The motor mass is 
68kg. 
Solution: 


() 


(0) 


The first step is to analyze for full load capacity. 
Isolate the motor and pulley as shown. Taking 
moments about the center of the pin £. 
—68 x 9.81 x 150+ T; x 75 + Tz x 225 — 150 x 158.4=0 
or (1) T; +372 = 1650 

Since maximum capacity means that the 
belt is on the point of slip, or maximum friction 
is being utilized on the motor pulley (with eft 
for the motor pulley being less than e!® for the 
driven pulley), 

T,-mv?_ of 11-792 _ 04s 


5 ens cv kar 
or (2) T,; —3.51T2 =—199 
where m = (1.1 x 10°)(100 x 3.2 x 107°) 
= 0.352kg/m* 
and = v=15m/s = 2(1.1 x 10°)(100 x 3.2 x 10-6) 15? sin 90° 


The simultaneous solution of (/) and (2) is Sean 


T, = 798N, Tz =284N; and T; + Tz = 1082N. wey 

At quarter load, designate the forces on the belt as J and T. Taking moments about £, 
(3) -68 x 9.81 x 150 + T;(75) + T2(225) — 150(158.4) = 0 

and recognizing that at quarter load (7; — T)=4(T — T2). 


(4) T; — T; =4(798 — 284) = 128.5N 
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10. 


11. 


12. 


13. 
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Solving equations (3) and (4) simultaneously, T; =509N and 1} =380N 


— my? 


5 
Note that ae =e! does not apply at quarter load since maximum power is not being 


transmitted, i.e. the belt is not on the point of slip. 


(c) The bearing loads at quarter capacity, as a percentage of those at full capacity, are 
Ti +7; —2mv? _ 889 — 158.4 
T, + Tz —2mv? 1082 — 158.4 


SUPPLEMENTARY PROBLEMS 


A workman raises a load with the aid of a winch, as 
shown in Fig. 24-11, having an ungrooved cast iron drum. 
He takes 4 turns of the 25mm rope about the drum and 
exerts a pull of 330N on one end of the rope. The drum 
is 250mm in diameter and rotates at 25rev/min. The 
rope mass is 0.3kg/m, and the coefficient of friction is 
0.10. (a) What load can be raised by this combination? 
(6) How much power is required? Ans. (a) 4.06kN 
with centrifugal effect negligible. (6) 1.34kW based on 
a torque of (4060 — 330)(0.275/2) = 513Nm 


A leather belt is to transmit 22kW from a 250mm 
fibre-covered driver pulley running at 1200rev/min to a 
600mm steel pulley. The coefficient of friction between 
the steel pulley and belt is 0.30 and that between the 
driver and belt is 0.40. The distance between shafts is 
1.8m. Assume that the maximum allowable working stress in the belt is 1.7MPa and that the belt mass 
density = 970kg/m*. Which of the following belts would be more suitable, a belt 9mm thick or a belt 
12.5mm thick? Calculate the required width of belt. 
d_ 250 


Ans, A 9mm belt would be preferable for a greater belt life (2: 7 = 28) than a 12.5mm belt 


= 0.79 = 79% 


330N 


Seer 


Fig. 24-11 


(¢- Sas 20). The belt width for a 9mm belt is 169mm (use 170mm wide). 


A V-belt operates on two sheaves having pitch diameters of 250mm and 800mm. The groove angle of 
the sheaves is 36° and the contact angle of the small sheave is 140°. The maximum allowable belt load is 
90ON and the V-belt mass is 0.523kg/m. The smaller sheave rotates at 1150 rev/min, and 26kW is to be 
transmitted. For a coefficient of friction of 0.2, how many V-belts should be used, assuming each one 
takes its proportional part of the load. Ans. 2.78 belts; use 3 belts. 


An electric motor drives a compressor through V-belts. The following data are known: 
Motor Pulley Compressor Pulley 


Pitch diameter 225mm 1200mm 
Angle of contact 2 radians 4.28 radians 
Coefficient of friction 0.3 03 
Groove angle 34° flat pulley 
Power transmitted 17.5kW 

Speed 1800 rev/min 


Each belt has a mass of 0.3kg/m and the maximum permissible force is 450N per belt. Determine 
(a) fo(sin $6) for motor pulley and for compressor pulley, (6) mv? for one belt, (c) the tension on the 
slack side of the belt, (d) the power per belt, (e) the number of belts required. 
Ans. (a) 2.06 for motor pulley, 1.284 for compressor pulley; compressor pulley governs design. 

(6) 135N, (c) 380N, (d) 1.48kW/belt, (e) 11.8; use 12. 


14. 


15. 


16. 


17. 


18. 


19. 
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An electric motor is to drive an exhaust fan. A flat leather belt is to be used. The following data are 
known: 


Motor Pulley Fan Pulley 
Diameter 300mm 1200mm 
Contact angle 2.5 radians 3.78 radians 
Coefficient of friction 03 0.25 
Speed 900 rev/min 
Power transmitted 22kW 


The belt is 6mm thick, the maximum permissible stress is 2MPa, and the density is 970kg/m?. (a) Which 
pulley governs the design? (6) What width should be used? 
Ans. (a) fo for smaller pulley = 0.75, fa for larger pulley = 0.945; smaller pulley governs. 

(5) 0.273m; use 275mm. 


An electric motor drives a compressor by means of a flat leather belt. The following data are known: 


Motor Pulley Compressor Pulley 
Diameter 250mm 1500mm 
Angle of wrap 4 radians 3.5 radians 
Coefficient of friction 0.25 0.3 
Speed 1200rev/min 


(Note that an idler pulley is used.) The belt is 6mm by 200mm cross section and has density 970kg/m?. 
If the maximum allowable belt tension is 2.7KN, determine the power capacity. Ans. 24kW 


An open belt drive delivers 15kW when the motor pulley which is 300mm diameter turns at 1750 rev/min. 
The belt is 10mm x 150mm and has p = 970kg/m*. The driven pulley, which is 1.2m diameter, has an 
angle of contact of 200°. What is the maximum stress in the belt assuming a coefficient of friction 03 
for both pulleys? Ans. 1.37MPa. 


A V-belt drive transmits 11kW at 900rev/min of the smaller sheave. The sheave pitch diameters are 
173mm and 346mm. The center distance is 0.76m. If the maximum permissible working force per belt 
is S6ON, determine the number of belts required if the coefficient of friction is 0.15 and the groove 
angle of the sheaves is 34°. The belt mass =0.194kg/m. Ans. 3.16; use 4 belts. 


A 1.35m diameter steel flywheel is to be connected to a 0.4m diameter rubber faced motor pulley by 
means of a double ply leather belt which has a thickness of 8mm. The center distance is 3m. The coef- 
ficient of friction for leather on steel is 0.20 and for leather on rubber is 0.40. The leather has an 
allowable stress of 2.75MPa, and the joint efficiency is 80%. Density of leather is 970kg/m?. If 45kW is 
transmitted with a belt speed of 24.5m/s, determine 

(a) the maximum permissible working stress, 

(b) e! for the pulley which governs the design, 

(c) the necessary belt width. 


Available widths of belt are: 
2.5mm increments from 10 — 25mm 10mm increments from 100 — 200mm 
5mm increments from 25 — 100mm 25mm increments from 200 — 350mm 


Ans. (a) 2.21 MPa, (b) 2.0, (c) 282, use 300mm 


Design the flat belt drive, given the following 
information. A transmission shaft rotating at 
500rev/min drives a milling machine which - alee) 
requires 3.75kW at 75Orev/min. A 300mm 
diameter cast iron pulley is located on the trans- 
mission shaft. A preliminary design proposes 
using a belt 4.75mm thick which has density 
970kg/m*. The allowable stress is 2MPa, the 
two pulleys rotate in opposite directions, the 
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center distance of the shafts is 750mm, and the coefficient of friction is 0.30 for both pulleys. Determine 
(a) the diameter of the smaller pulley, (b) the stress on the slack side, (c) the required area of the belt, 


(d) the necessary width. 
Ans. (a) 200mm, (b) 676MPa, (c) 361mm”, (d) 75.9mm, use 80mm 


Determine the percentage increase in power capacity made possible in changing over from a flat belt to a 
V-belt drive. The diameter of the flat pulley is the same as the pitch diameter of the grooved pulley. The 
pulley rotates at the same speed as the grooved pulley. The coefficient of friction for the flat belt and 
the V-belt is the same, 0.3. The V-belt pulley groove angle @ is 60°. The belts are of the same material 
and have the same cross section area. In each case the angle of wrap is 150°. 
Ans. 45%. (Ratio of power capacity of V-belt to that of flat belt is 1.45.) 


(a) Determine the number of V-belts required to transmit 30kW under the following conditions: 


Small Sheave Large Sheave 
Speed 1120rev/min 280rev/min 
Pitch diameter 225mm 900mm 
Groove angle 34° 34° 


Maximum working load per belt = 560N, coefficient of friction = 0.15, center distance of sheaves = 
875mm, mass of belt = 0.3kg/m. 


(b) To save expense, it is proposed that the large sheave be made without grooves and that the V-belts 
Tun on the surface of the ungrooved pulley. Assuming that the length of the belt will not change 
(and also that the angles of wrap will not change), what is the power capacity? 

Ans. (a) 6.4, use 7, (b) For 7 belts, 20.9kW 


A pivoted motor drive is shown schematic- 

ally in Fig. 24-13. The two pulleys are of 

the same size, 0.3m in diameter, and the 

belt strands are horizontal. The driving 

motor runs at 800rev/min the belt is 6mm 

thick and 225mm wide, the motor weighs 

2.7KN, the coefficient of friction is 0.2, 

and the belt density is 970kg/m>. Deter- 

mine: 

(a) the tensions in the belt for counter- 
clockwise rotation of the motor pulley. 

(b) the power capacity for counterclock- 
wise rotation of the motor pulley. 

(c) the maximum stress in the belt for counterclockwise rotation of the motor pulley. 

(d) the tensions in the belt for clockwise direction of rotation of the motor pulley. 

(e) the power capacity for clockwise rotation of the motor pulley. 

(f) the maximum stress in the belt for clockwise rotation of the motor puliey. 

Ans. (a) 1833N, 1074N, (6) 9.54kW, (c) 1.36MPa, (d) 2662N, 1516N, (e) 14.4kW, (f) 1.97MPa 


Several pulleys are driven by the same belt, 
as shown in Fig. 24-14. Pulley 1 drives the 
belt; pulleys 2, 3, and 4 take power from 
the belt. Assume for all pulleys the same 
value of friction coefficient between belt 
and pulley. The belt is not to slip on pulley 
1 even though all other pulleys are loaded 
to the point of slippage. Determine the 
minimum angle of wrap necessary on pulley 
1, in terms of the angles of wrap on the 
other pulleys. 

Ans. 1 =a2 +03 +04 


Fig. 24-13 


Chapter 25 


Welding 


INTRODUCTION. There are many phases of welding which are important and rightly deserve a place in 
machine design considerations. For the designer, the immediate problem is the determination of the size of 
weld necessary for a given part, and this dictates a stress analysis where parts are subject to load, either static 
or fluctuating. The procedures as recommended by the American Welding Society (AWS) with modifications 


as recommended by The Lincoln Electric Company, will be used. 


A designer is required to use the design stresses and procedures as specified by the various codes for 
structures, bridges, and pressure vessels where procedures are conservative. A machine designer, on the other 
hand, has greater freedom in designing machines, in general. The viewpoint in this chapter is one to permit 
freedom and flexibility in design. 


TYPES OF WELDED JOINTS. 


qd) 


Q) 


Butt welds, See Fig. 25-1. 


According to the Lincoln Electric 
Co., a butt weld, when properly made, 
has equal or better strength than the 
plate and there is no need for calculat- 
ing the stress in the weld or attempting 
to determine its size. It is necessary to 
match the electrode strength to plate 
strength when welding alloy steels. 

Several of the codes suggest reduc- 
ing the strength by some factor, the 
efficiency of the joint. Where the 
strength is to be reduced, the equation 
for the allowable force on a butt weld 
is given by 

Fay =sptLe 
where 
Fu = allowable force, N 
5 = allowable stress for the 
weld, N/m? 
t = thickness of plate, m 
L = length of the weld, m 
e= efficiency. 


Fillet welds. 


Fig.25-1 Butt Welds 


Fillet welds are classified according to the direction of the load: (a) parallel load, (b) transverse 


load. See Fig. 25.2 on page 302. 
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F. Parallel 
all Loading 


(2) 
Fig. 25-2 


The plane of maximum shear stress in 


Ne 


Parallel Load 
| fs 
672 
‘Transverse 
Loading Transverse Load 
Fan (2) 
Fig. 25-3 


the conventional 45° fillet weld is the 45° throat when 


subjected to a parallel load and the 674° throat when subjected to a transverse load, as shown in Fig. 25-3 
above. This results in greater strength for a transverse load. 


Leg size is the basis of specifying a weld 
in the United States (throat is used in Eur- 
ope). The size of a fillet weld is specified by 
the leg length of the largest inscribed isosceles 
tight triangle or the leg lengths of the largest 
inscribed right triangle. 

The leg length of a fillet weld with equal 
legs is given by w and the leg lengths of a 
fillet weld with unequal legs are given by a 
and b, as shown in Fig. 254. 

The throat dimension f for a fillet weld 
having equal legs is obtained by multiplying 
the size of the fillet weld (the leg length) by 
0.707, i.e. t = 0.707w. See Fig. 25-5. 

The actual throat t, obtained with auto- 
matic welding is larger than the theoretical 
throat t (See Fig. 25-6). For a penetration 
of p, the leg length is (w + p), and the throat 
dimension is 0.707 (w +p). AWS does not 
allow for the extra strength due to penetra- 
tion, although the effect can be taken into 
account if desired. 

Stress in a fillet weld shall be considered 
as a shear stress on the throat for any direc- 
tion of applied load. 

The allowable parallel load ina statically 
loaded fillet weld is 
Fau = Saud =SauW cos 45° L =0.707SauwL 
where 5,1; = allowable shear stress = 13,600 
psi (94 MN/m”) according to AWS Code. 

A = throat area at 45° = 0.707wL 


w = leg size 


w | : a | ! ~ 
w b 
Fillet weld with Fillet weld with 


equal legs unequal legs 
Fig. 25-4 


Throat = 0.707w for 
equal leg weld 


Fig. 25-5 


Manual Automatic 
c¢ = Root of Weld tg = Actual Throat 
d = Root of Joint t = Theoretical Throat 
Fig. 25-6 
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The allowable transverse load in a statically loaded fillet weld is 
° wh ; © 
Fu = sau A/sin 67.5" = san (aaremas)/ 67.5° = 0.828 sanwL 


(See Problem 2 for a proof of this). 
where Say) = allowable stress = 13,000psi (94MN/m?), the same as for a parallel loaded fillet weld 
A = throat area at 674°, = 0.765wL 
w= leg size 
According to AWS, if part of the load is applied parallel and part transverse, the allowable parallel 
load must be used. Where bending or torsion is encountered, the procedure of analyzing the weld is to 
treat it as a line with no cross sectional area. It can be shown that the property, such as section modulus, 
of any thin area is equal to the property of the section when treated as a line multiplied by its thickness, 
with negligible error. P 


Consider bending: S=5 


where M = bending moment; Z = section modulus; s = stress 
If the section modulus Z,, of a weld, treated as a line, is determined, the dimensions are (length). 
For parallel loading (0.707(Zw)(w) gives the section modulus of the weld, where w is the leg size of the 
weld. Thus M M 
S70) (707 W) 
The quantity M/Z gives units of force/length and is represented by the symbol f. Thus 
s=f/0.707w 
M a 7h 
(0.828\Z,,)Qw) (0.828)w * 
The above procedure permits finding the size of weld directly. 


Similarly, for transverse welds, s = 


The corresponding section modulus in bending, Z,,, and polar moment of inertia in torsion, Jy, of 
13 typical welded connections with the weld treated as a line are shown in Fig. 25-7 below. Section 
moduli from these formulas are for maximum force at the top as well as the bottom portions of the 
welded connections. For the unsymmetrical connections shown, maximum bending force is at the bottom. 
If there is more than one force applied to the weld, these are found and combined. All forces which 
are combined must occur at the same point in the welded joint. 
The section modulus and polar moment of inertia are used in the standard design formulas, as listed. 
For secondary welds, the weld is not treated asa line, but standard design formulas are used to find the 
valve of f for the weld. The symbols used are: 
b = width of connection, m 
d = depth of connection, m 
A =area of flange held by welds in shear, m* 
J = moment of inertia of entire section, m* 
C= distance to outer fiber, m 
hickness of plate, m 
J = polar moment of inertia of section, m* 
P= tensile or compressive load, N 
Nx = distance of x axis to face, m 
Ny = distance of y axis to face, m 
V = vertical shear load, N 
M = bending moment, Nm 
T = twisting moment, Nm 
Ly = length of weld, m 
Zw = section modulus of weld, m? 
J, = polar moment of inertia of weld, m? 
= stress in standard design formula, N/m? 
n= number of welds. 
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Fig. 25-7 (a) 


Courtesy The Lincoln Electric Co. 
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Treating 
the Weld 
as a Line 


f 


Primary Welds 
transmit entire load 


Secondary Welds 
hold section together — low stress 


Courtesy The Lincoln Electric Co. 
Fig. 25-7 (5) 


If intermittent welds are to be used, determine the ratio R of the calculated leg size for continuous 
welding and the actual leg size to be used with intermittent welding: 


calculated leg size, continuous weld 
actual leg size to be used, intermittent weld 


The length of intermittent welds and distance between centers is given as a function of R. A represent- 
ation such as 30 — 40 means a weld 30mm long with a distance of 40mm between the centers of two 
consecutive welds. BS 5499 uses the notation 30(10) to mean a weld 30mm long with a gap of 10mm 
between two consecutive welds, which gives the same result as the previous notation. 


R= 
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R Length of intermittent welds 
(percent of continuous weld) and distance between centers 


The following values of fatigue strength (MN/m? of fillet welds) are a guide to design of fillet welds 
under varying load. The values are based on a more conservative limiting value of strength used in bridge 
design as recommended by AWS. Expressed in SI units these recommended values are, 


(J) Allowable fatigue strength for fillet welds for 2,000,000 cycles = 1 zi K MN/m? or 84MN/m?, 
whichever is the least. x 
70 


——— MN/m? or 84MN/m?, 
aye 

80 

1-4K 


(2) Allowable fatigue strength for fillet welds for 600,000 cycles = 
whichever is the least. 


(3) Allowable fatigue strength for fillet welds for 100,000 cycles = 
whichever is the least. 


(For other types of welds, refer to the AWS Bridge Code, Section 208, Design for Repeated Stress.) 


MN/m? or 84MN/m?, 


minimum load _ minimum stress 
maximum load maximum stress 
(varies in one direction), K = —1 if load is completely reversed. 

Any abrupt change in section along the path of stress flow will reduce the fatigue strength. It is not so 
much a matter of welding reducing the fatigue strength as it is the effect of the shape or geometry. 

The fatigue strength related to the number of cycles can be expressed by the empirical formula 


Np \* 
Spa =SpB Na 


where sya = the fatigue strength for V4 cycles 
Sp = the fatigue strength for Ng cycles 
c= the constant which varies slightly with the specimen. 0.13 has been used for butt welds and 
0.18 for plates in axial loading, tension and/or compression. 


Rule of thumb for welds which are not calculated: For a full strength weld for both parallel and trans- 
verse loading, the leg size of the weld should be 3/4 the thickness of the plate, the full length of the plate, and 
the plate should be welded on both sides. For design where rigidity is the criterion, use a leg size of the weld 
equal to 3/8 the thickness of the plate. 


In the above, K = . K =+1 for steady stress, K = 0 if load is released 


iF 
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SOLVED PROBLEMS 


Show that the plane of maximum shear occurs at 
45° for a parallel load on a fillet weld of equal 
legs, as shown in Fig. 25-8; neglect bending. Deter- 


mine the allowable force F,1; per meter of weld oF, 
if the allowable shear stress is 94MN/m?, and the —_2F- le 
weld leg is 10mm. kL P| <p 
3 

—_ Ver ity 
(a) Consider the free body with the two welds cut Lis a 

symmetrically with the vertical. 
(6) Designate the dimension of the throat of the 

arbitrary section as ft’. The area of a weld of 

the isolated portion is A = t'L, where rt’ = 

w/(sin 6 + cos 0). 


hes 


Fig. 25-8 


. . _f_F _F(sin@ + cos @) 
(c) The shear stress is a a a a a 


(d) Differentiate s, with respect to 0, and set the derivative equal to zero for maximum: 


which is satisfied when cos @ = sin 6, or 0 = 45°. 
2F F 
(e) Substituting 9 = 45° into (c), Ss(max) = — sam where f is the throat at 45°. 
(f) The allowable load per meter length of weld is F,y/L = ss¢anyw/V2 = (94 x 10°)(0.01)/\/2 = 665kN/m. 


Show that the plane of maximum shear force 

occurs at 674° for a transverse load on a fillet weld 

of equal legs. Neglect bending. Determine the 
allowable force per meter of weld if the allowable 
shear stress is94MN/m? and the weld leg is 10mm. 

Solution: 

(a) The free body is shown in Fig. 25-9. Assume 
the two welds share the load equally. The shear 
force is F, and the normal force is F,. Sum- 
ming the vertical components. 

+2F — 2F, sin 6 — 2F, cos 8 =0 

(5) Assuming that the resultant of F, and F, is vertical, then the horizontal components are equal and 
opposite: F, cos @ = Fp sin §. Substituting F, = (Fs cos 4)/(sin @) into (a), 

2F; cos 8 

sin 8 

(c) The throat dimension for the section taken is r' = w/(cos 6 + sin 6). 

.- fs _Fs _(F sin 6)(cos 6 +sin 0) 
(d) The shear stress is s, = ee as : 
(e) For maximum s,, find angle @ which defines the maximum shear by setting ds,/d@ = 0. 
CON ae : a = 
a0 WE [(sin 6)(— sin 6 + cos 6) + (cos 6 + sin @(cos 6)] =O 
Using the substitutions cos? 9 — sin? @ = cos 26 and sin @ cos 6 =4 sin 26, this gives sin 20 = —cos 20, 
tan 26 = —1, 20 = 135°, and 6 = 674°. 


(f) Maximum stress is found by substitution of @ = 674° into (d): 


Fig. 25-9 


+ 2F — 2F, sin @ — (cos6)=O or F,=Fsin@ 
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(F sin 674°)(cos 674° + sin 674°) _1.21F _0.924F 
Se(max)= wh a ne? 


where f is the throat at 674° 


(g) Allowable force per meter length of weld is F/L = 0.82855¢a11yw = 0.828 x 94 x 10° x 0.01 = 778kN/m 


How is the loading distributed in welds with parallel loading if the welds are relatively long? 


Solution: 


If the welds are long, the loading is not distributed uniformly. The maximum loading per meter of 
weld depends on the length of the weld. Values of allowable load per meter of weld should be reduced 


to about 90% that for short welds. 


Treating the weld as a line, determine the section modulus Z,, in bending 
of a weld d inches high. Refer to Fig. 25-10. 


Solution: 
+hd | d I 
Moment of inertia / = y dy=—, and Z,=—-= 
—’d 


Treating the weld as a line, determine the moment of inertia J,, about the 
center. 


Solution: 
+d @ 
Referring to Fig. 25-10, Jy -| y dy=—. 
Ma 12 
Treating the weld as a line, determine the section modulus LW. 
about the x-x axis. Refer to Fig. 25-11. : b = 
Solution: 
From Prob. 4, the moment of inertia of the vertical lines 
about the x-x axis is 7; = 2(d3/12) = 43/6. = x 


The moment of inertia of the horizontal lines is J, = 
2[b(d/2)?] = bd? /2. 

The total moment of inertia about the x-x axis is /=/, + 
Ly = (a? 6) + (bd? /2). 


¥ - Bs Fig. 25-11 
ut y) 
ie section modulis Zp ae Oe YB 
c a/2 3 

Treating the weld as a line, determine the moment of inertia In b cm 
about the center of gravity. Refer to Fig. 25-12. ai | 
Solution: 3/7 

Consider each line separately, determine the effect of each, Va 
and add the parts. x x 


Consider the top line, with a differential element dx. The 
integral of the product of the length of the element and the 
square of the variable distance to the center of gravity is 

%b 
Jw, = Pdx= 2 (4/2)? +x? ]dx 
° 
=2(2) (2) 42 (2) ee 
2 2) = BND 4 12 


The contribution by the bottom line is the same: Jy = ack +— 


Fig. 25-12 
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db? d? 

By analogy, the polar moment of inertia of each vertical line is Jw, = Jw =] tp: 
343p2G43bd2 +a? (b+d)? 
The total polar moment of inertia Jw = Jy, +Jwy +Jws *Jws ab tds te Oe 


8. Determine the required fillet weld size for the bracket shown in Fig. 25-13 below. 


10.450MN/m 


72.92KN/m 
(assumed uniform) 


= 0.609MN/m 
B 
Direct Shear Twisting Combining Direct Shear and 
Torsion Effects at Point 4 
Fig. 25-13 
Solution: 
(@ Determine the center of gravity of the weld, treating the weld as a line with no thickness. See 
Fig. 25-7(a). Be 1202 


By symmetry, V, = 120mm, Ny Faun 100s TaAO eee 


(b) Replace the original 35kN force by a force of 35KN at the c.g. and a couple = 35 x 10°(0.570) = 
19.95KN m (causing twisting). 
(c) The vertical force of 35KN is assumed uniformly distributed over the weld and gives ara = 


(35 x 10°)/(0.12 + 0.24 + 0.12) = 72.92kN/m 
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(@) Now determine the effect of the twisting couple. The polar moment of inertia of the weld, treating 
it as a line, is 
(2b +d)? vO +d)? _ (0.24 +0.24)° _ 0.127(0.12 + 0.24)? 
12 Qbt+d 12 0.24 + 0.24 
(e) At points A and B, themaximum value of f from twisting is 


TC _ 19.95 x 10°/0.12? + 0.09? 
Dea eae 


where C = distance from center of gravity to point being analyzed. 


= 5.328 x 1073 m3 


0.09 
The vertical i =0. 
e component f, piso 0.562 = 0.337MN/m 


0.12 
The horizontal tt fr = SH ————. x 0562 = 0: 
¢ horizontal component fy edt +002 x 0.562 = 0.450MN/m 


Note that f, and f, can be obtained directly by using the horizontal and vertical distances 
Ch = 90mm and C, = 120mm in f= TC/Jy. 


(f) Combining the horizontal and vertical components at point A, gives 
frot = VO.45)2 + (0.073 + 0.337)? = 0.609MN/m 


(g) The weld size is w = f,o¢/0.707san = 0.609/0.707 x 94 = 9.2mm, say 10mm 
Note that the allowable stress is 94MN/m?, the allowable value for parallel loading being used 
where there is a combination of transverse and parallel loading. 


(A) An alternate analysis, which is justifiable on the basis of the distribution of the transverse shear force 
as used in beam analysis, is to consider the top and bottom welds as carrying no transverse shear 
force. The maximum transverse shear stress in a rectangular section is 3V/2A at the neutral axis. 
Thus the direct shear at point A is zero and at point E 

3 V_ _3 35,000 


Laz ig =F" O94 7 0-219MNim 


At point A the value of f due to torsion alone, is 0.562MN/m, 10kN 
as determined in (e) above. 


200 


The size of weld is critical at point A (and point B) and is 
= 0582 
(0.707)(94) 
9. A circular bar is welded to a steel plate. The bar diameter d = 50mm 7" 
Determine the size of weld required. 
Solution: 
Bending moment =10(0.2)=2kNm. Shearing force = 10kN 
Section modulus of weld treated as a line is [see Fig. 25-7(a)] 
=4nd? = 4n(0.05)? = 1.964 x 1073 m? 
Highest loading occurs at top and bottom, where 
Sg =M/Z = 2000/0.001964 = 1.020MN/m 
Vertical shear, assuming uniform distribution of the shear force, gives 
= V/Lw = 10,000/(0.05 x 7) = 0.0637 MN/m 
Resultant f=+/1.022 + 0.06372 = 1.022MN/m 
1.022 


Size of weld w = @70704 = 15.4mm, a 15mm weld should be satisfactory. 


8.5mm 


10. A plate girder is fabricated by welding. What size of fillet welds to join the flanges 
to the web is required for a transverse load (shear force) of 700KN applied at the 
section under consideration? Refer to Fig. 25-15. Fig.25-15 50 
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Solution: 


The weld required at the junction of the web and flange is considered as a 
secondary weld, inasmuch as it is required to hold the parts together. The deflection 
of the beam is not affected significantly even if the weld is omitted. 


Considering the weld at the junction of the web and flange 


f= VAY _(700,000)(0.0125)(0.525) _ 
In (0.00789)(2) 
where V=shear force = 700,000N 
A =area of section above the weld = (0.25)(0.05) = 0.0125 m? 
Y = distance to the center of gravity of the area above the weld (= 0.525m) 
1 = moment of inertia of the whole section about c.g. axis of I-beam (= 0.00789m7) 
n= number of welds (= 2). 
The weld leg size w = 0.291/(0.707)(94) = 4.4mm (leg size of continuous ve 
Even though there may be little or no stress on some welds, for 
practical reasons it is best not to put too small a weld on a thick plate. 
The adjacent table can be used as a guide. Thus the minimum weld size [ot iomm 
as calculated is 4.4mm for a continuous weld. However, by the adjacent | over 10 up to 20mm 
table, the minimum weld is 10mm for a 50mm plate. Note that the leg | over 20 up to 30mm 
size of the fillet weld need not exceed the thickness of the thinner plate. | °V°" = impitosOraing 
Because of the greater strength of the 10mm weld, intermittent or opie em 
welds can be used. Lincoln Electric Co. recommends that the size of the 
fillet weld used for design calculations or determination of length should not exceed 3 of the web thick- 
ness, or 3(10) = 6.67mm. This recommendation is based on limiting the shear stress in the thinner plate 
to 94MN/m? (as given previously). Thus, even though a 10mm weld is to be used, the calculations will 


be based on a weld of 6.67mm 
size of continuous weld needed __ 3 


MS size of intermittent weld used 6.67 Base 

From the table for percent of continuous weld, using the value for 44% the length of intermittent 
weld and spacing is 100 and 225mm. 

A final recommendation, then, for the weld is a 10mm weld (leg size), 100mm long, on 225mm 
centers. 

A rectangular beam is to be welded to a plate. The maximum load of 14KN is applied repetitiously. 
Determine the size of weld required for 10,000,000 cycles. Assume the shear load is distributed uniformly 
over the entire weld. Refer to Fig. 25-16 below. 

Solution: 

Consider the horizontal welds where the bending stress is maxi- 
mum (the top and bottom welds are stressed the same). 

The bending moment varies from a maximum of 14,000(0.15) = 
2100N min one direction to a maximum of 2100N m in the opposite 
direction. The shear force varies from 14KN up to 14KN down. 

The section modulus of the weld is Z,, = bd + d”/3 = (0.05)(0.075) 


2 
+ (2978) = 0.00563 m? 


=0.291MN/m 


neues ul 
ete _0373MNim —-0.373MN/m 
Due te di = -= a 
e to bending fg =M/Zy, 0.00563 0.373 MN/m , 
Vv 14,000 %, 
t eS ee ear % ear wy 
Due to shear fs =7 = 5/6 ,95) + 2(0.075) | 0 02°MNIm <0.086MN/m ® = 0.056MN/m % 
Hence feo = VO0.3732 + 0.0562 = 0.377MN/m Lt aad 


The maximum f varies from 0.377MN/m in one direction to 
0.377MN/m in the opposite direction. This is true for both top and 
bottom welds. 50 
The fatigue strength for 2,000,000 cycles is —— 1-4K MN/m? or 80MN/m? whichever is the less, 
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minimum stress 


where K = = __| since the load is completely reversed, thus cares = 33.3MN/m?. 


maximum stress ey 1) 
The fatigue strength for 10,000,000 cycles is 
pogo 2 
07} = 632) = 27,.2MN/m 
10 x 10° p-20 
The weld size w = 0.377/(0.707)(27.2) = 19.6mm say 20mm. F =| 


12. Determine the load capacity of the single plug weld shown 
in Fig. 25-17. Use an allowable shear capacity of 94MN/m?. 
The load is steady. 
Solution: 
Shear area = 47D? =47(0.02)? = 314 x 10-6 m? 
Allowable force F = (94 x 10°)(314 x 10~°) = 29.5kN, 


SUPPLEMENTARY PROBLEMS 


13. A 10 x 25mm bar is welded to a 100mm diameter cylinder. Determine the size 
of a 45° fillet weld. Assume transverse shear is uniformly distributed in the weld. 
Use an allowable shear stress of 94MN/m?. 
Ans. For a bending moment of 180N m, a section modulus of weld Z,, = bd + 
a /3 = (0.01)(0.025) + (0.025)? /3 = 0.458 x 10~ nf and a resultant f value of: 600N 

(0.393? + 0.0086? = 0.393MN/m’, the size of weld = 0.393/(0.707 x 94) = N 

5.91mm. Since the load is essentially transverse to the weld, a smaller weld #100 300 ii [2s 
could be used. However, a final size of w = 6mm is satisfactory. Fig. 25-18 10 ar 


14. Determine the size of fillet weld required for the flat plate loaded as shown in Fig. 25-19 below. 
Ans. w= 10mm for an allowable stress of 94 MN/m?. 


20KN (constant) 


150 


15. A channel is welded to a support. For a steady load of 20KN, determine the size of weld required. 
Assume that the vertical ook is uniformly distributed on the weld. Refer to Fig. 25-20 above. 
Ans, Zw =11.25 x10~*m?, fz = 0.444MN/m, fv = 0.08MN/m, ftot =0.451MN/m and w=6.79mm 
for allowable stress of 94MN/m?, use w= 7mm 
16. A channel is welded to a support as shown in Fig. 25-21 above. The load is applied in a varying fashion 
from zero to a maximum of 20KN. Assume the vertical load is uniformly distributed on the weld. 
Determine (a) the maximum resultant f value, (b) the minimum f value, (c) the allowable stress in the 
weld for 2,000,000 cycles, and (d) the size of weld. 
Ans. (a) 0.451MN/m (same as Prob. 15). (b) Zero. (c) For K =0, allowable stress = 50MN/m?. 
(@) w= 12.6mm, use w = 13mm. 
17. A calculated necessary weld size is 5mm. A 10mm fillet weld is to be used intermittently. Determine the 
spacing. Ans. Use a 10mm weld with 75mm runs at 150mm centers. 


18. A plug weld used in a plate 25mm thick has a diameter of 40mm. What is the design load for an allowable 
shear stress of 94MN/m?? Ans. 118kN 


Chapter 26 


Flywheels 


FLYWHEELS. A flywheel and a governor are devices to control speed variation in an engine, the difference 
being that a flywheel redistributes energy within a cycle to control speed, while a governor controls the 
amount of fuel to an engine to match the load requirements to maintain a specified speed. If we picture a 
governor operating in a fixed position, the function of the flywheel is then isolated in its function of limiting 
the speed variation. 

If the load output requirements are constant and the power input is constant, no flywheel is needed. 
If the power input is variable, with the load output requirements constant, a flywheel can be used to advantage 
to smooth out the operation; if the power input is constant and the load output requirements are variable, 
again a flywheel can be used to advantage to smooth out the operation. 

Examples of machines that use flywheels effectively are punch presses and internal combustion engines. 
In punch presses the rate of energy input can be thought of as constant and the output variable; in internal 
combustion engines the rate of energy input is variable and the rate of load output may be constant or variable. 


RIM FLYWHEEL. The mass of the rim of a rimmed flywheel can be determined by any one of the following 
equivalent forms: 


He ae __2KE____2KE 
V5 Vi-Vi Pw — 03) 
where m, = mass of rim alone, kg 
K =empirical number to account for the effect of the hub, spokes, shaft, etc., which unless other- 
wise specified can be taken as 0.90 


E=energy to be given up by the flywheel, or energy to be stored in the flywheel. This can also be 
considered as the maximum variation of energy from the mean energy requirements, N m 


V, = maximum speed of a point on mean radius r of rim, m/s 

V2 = minimum speed of a point on mean radius r of rim, m/s 
V=4(V, + V2) =mean speed of a point on mean radius of rim, m/s 
6 = coefficient of speed fluctuation =(V, — V2)/V=(w, — w2)/w 

«@, = maximum angular velocity of the flywheel, rad/s 

2 = minimum angular velocity of the flywheel, rad/s 
w =4(w, + w2) = mean angular velocity of the flywheel, rad/s. 


SOLID DISK FLYWHEEL. 


ie nee Ps 
WaseWig ea, ra(wi — 0) 
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where m = mass of the disc flywheel, kg 
£ = energy to be supplied by the flywheel, J 
Vm = mean velocity of a point on the outside of the disc 
5 = coefficient of speed fluctuation = (Vig — V20)/Vm =(w1 — w2)/w 
V,, = maximum velocity of a point on outside radius of disc flywheel, m/s 
V2, = minimum velocity of a point on outside radius of disc flywheel, m/s 
To = outside radius of plate flywheel, m 
«9 = maximum angular velocity of disc flywheel, rad/s 
2 = minimum angular velocity of disc flywheel, rad/s 
«@ = mean angular velocity of flywheel, rad/s 


SOLVED PROBLEMS 


1. Derive the equation for the necessary weight of the rim of a rimmed flywheel: m, = om c 


Solution: 
The kinetic energy £ in Joules given up by a flywheel is 
I, 
E=Ho(wi — 03) = 55 (Pot - P3) 
where J, = moment of inertia of the flywheel and shaft on which flywheel is mounted, kg m? 
@}, W2 = respectively the maximum and minimum angular velocity of flywheel, rad/s 


r= any arbitrary radius. Ifr is taken specifically as the mean radius of the flywheel rim, then 
the equation can be written 


B= S504 VI)= (Ni + Va — Va)= AVON) = 5 


where V,, V2 = seer ag the maximum and minimum velocity of a point on the mean radius of the 
tim, m/s 
V = mean velocity of a point on the mean radius = $(V, + V2), m/s 
5 = coefficient of speed fluctuation =(V, — V2)/V. 
Consider that the moment of inertia of the flywheel is made up of two parts: 
To =mrke +mskz (1) 
where m, = mass of rim, kg 
k, = radius of gyration of rim, m 
ms = mass of hub, spokes, shaft and other masses rotating with the shaft, kg 
Xs = radius of gyration of hub, spokes, shaft and other masses rotating with the shaft, m. 
If the rim thickness is small compared to the mean radius of the rim, k, is almost equal to the mean 
radius r: k ¥ r. Dividing equation (/) by r” and setting % = r*, we obtain 


which when substituted into E = (I,/r>)V75 gives 
B= (m+ )v2s or Ime = ay 
Rewriting and then setting K = 1 — me 7 
E mskz_V?5\ _ KE 
me og (1— "EE - Te 


The value of K is generally around 0.90, and unless otherwise specified may be taken as 0.90. In 
other words, the effect of the hubs, spokes, and shaft is to contribute about 10% of the required moment 
of inertia. 

In general, the total mass of the flywheel can be taken as about 1.15m, in preliminary analysis 
before final dimensions are established. 
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A cast iron flywheel rim has mean radius 600mm, thickness 152mm, and width 200mm. Compare the 

exact moment of inertia with the approximate value of mr*, where r is the mean radius. The density of 

cast iron is 7000kg/m?>. 

Solution: 

(a) The exact moment of inertia of the rim, considering the difference of the moment of inertia of two 
cylinders, is 


il 
> + mir = (2000 x 0.6767) F210 x 0.524?) = 291 kg m? 


where =m, = weight of cylinder with radius 75 = arabp= (0.6767 )(0.2)(7000) =2000kg 
mj = weight of cylinder with radius r;= mr} bp = m(0.5247)(0.2)(7000) = 1210kg 
To = outside radius = 0.676m, r; = inside radius = 0.524m 
b = width of rim = 0.2m, p = density = 7000kg/m?. 


1 
T= 5 moro — 


(b) The approximate moment of inertia, considering the rim as a thin ring, is 


Inpprox = mr* = (2000 — 1210)(0.6)? = 284kg m? 


The percent error = 21 (100) =2.5% 
Derive the equation for the required mass of a circular plate used as a flywheel: m et 
juat a :m= 4 
ce a oy r xi 7a(wt — 03) 
lution: 


The kinetic energy F in Joules given up by a flywheel is 
E=$M(wi — 02) 
where = moment of inertia of plate flywheel, kg m? 
«1 = maximum angular velocity of flywheel, rad/s 
«2 = minimum angular velocity of flywheel, rad/s 
The moment of inertia of a flat plate flywheel of mass m and outside radius ro is J = 4(m)r3. Then 
ai (ery Veer See? Sertoli 
£05 (Fma)iat-o) oe mac op 
A flywheel for a punch press must be capable of furnishing 2.7kJ of energy during the 4 revolution 
while the hole is being punched. The maximum speed of the flywheel is 200rev/min and the speed 
decreases 10% during the cutting stroke. The mean radius of the rim is 915mm. (a) Calculate the approx- 
imate mass of the flywheel rim assuming that it contributes 90% of the energy requirements (K = 0.90). 
(b) Determine the approximate total mass of the flywheel assuming that the mass of the flywheel is 1.15 
times that of the rim. (c) What is the coefficient of speed fluctuation? 


Solution: 
@ iis SO 2(0.90)(2.7 x 10°) 

"= F(a — 3) (0.915) [(2r x 200/60)" — (2m x 180/60)"] 
(6) Approximate total mass = 1.15(69.6) = 80kg 


= 69.6kg 


(c) Coefficient of speed fluctuation 6 = ———— = “——— = 0.105. 
i) 


A two cylinder engine with cranks at right angles develops 75kW at mean speed 400rev/min. 
The coefficient of speed fluctuation is to be no greater than 0.03. The mean diameter of the flywheel is 
1.2m. The maximum variation of energy per revolution is found to be 20% of the mean energy, as found 
from a dynamic analysis of the actual forces in the engine. If the arms and hub contribute 5% of the 
flywheel effect (K = 0.95), determine the necessary dimensions of a square rim section of cast iron 
which has density of 7000kg/m?. 

Solution: 


3 
Energy output per cycle, M,8 = [es [> ni] = 11.25 x 1073 
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Maximum variation of energy per cycle, £ = 0.20(11.25) = 2.25kJ 
Mean velocity V = res = 0.6[27(400/60)] = 25.14m/s 
KE 
mass of rim, m, = V5" m™Dmtbp 
0.95(2.25 x 10°) 
De = A(1.2)tb(7000) 
(25.14)°(0.03) ME LN) 
where D,, = mean diameter, m; f= rim thickness, m; b = rim width, m; p = density, kg/m*. Solving, 
t=b=65.4mm, use 66mm 


SUPPLEMENTARY PROBLEMS 


6. 


10. 


STRESSES IN FLYWHEELS. The stress in what is called a free rotating 


A gas engine develops 60kW at 1800rev/min mean speed. The maximum variation of energy per revolu- 
tion is 27% of the mean energy, and the allowable coefficient of speed fluctuation is 0.02. Assume that 
the rim provides 95% of the needed flywheel effect (K = 0.95). The mean velocity of the flywheel rim 
is limited to 43 m/s. Determine the mean diameter and the mass of rim required. Ans. 456mm, 13.9kg 


A gas engine develops 60kW at 1800 rev/min mean speed. If the maximum variation of energy per 
revolution is 27% of the mean energy, and if the allowable coefficient of speed fluctuation is 0.02, 
determine the necessary mass of flywheel. Assume all the flywheel effect comes from the flywheel. The 
flywheel is to be a plate of outside diameter 456mm mounted on the shaft. Ans. mass of plate = 29.2kg 


A crusher drive-shaft rotates at maximum speed of 60rev/min and requires an average power input of 
75kW. If the maximum energy variation per cycle is equal to the mean energy of the cycle and if the 
speed must not drop more than 10% during the crushing operation, determine the required mass of a 
flywheel rim with a mean diameter of 2m. The crushing operation occurs in each revolution of the drive- 
shaft. Assume K=0.95. Ans. 1.9Mg 


A cast iron flywheel rotating at 40rev/min maximum is to furnish 100kJ of energy to a punch during 4 
revolution with a 10% reduction in speed. The maximum velocity at the mean radius of the rim is not to 
exceed 15m/s. What cross section area of the rim is necessary if 95% of the flywheel effect is produced 
by the flywheel? Cast iron density = 7000kg/m?, Ans. 0.0282m* 

A single cylinder double acting engine delivers 185kW at 100rev/min mean speed. The maximum varia- 
tion of energy per revolution is 10% of the mean energy, and the speed variation is limited to 2% either 
way from the mean speed. The mean diameter of the rim is 2.4m. Assuming that the hub, spokes, and 
shaft contribute 5% of the flywheel effect (K = 0.95) and that cast iron density = 7000kg/m*, determine 
(a) the coefficient of speed fluctuation, (b) the mass of rim, (c) the cross section area of the rim. 

Ans. 0.04, 1670kg, 0.0316m? 


ting is a very simple quick approximation for the stresses in the thin rim of, 


a rotating flywheel. The effect of the spokes is neglected and only the a 


stress due to inertia loading is considered. 


(a) Consider half a ring isolated as shown in Fig. 26-1. The differen- 
tial mass dM is 
dM = r(d6)tbp 
where r=mean radius, m 
d@ = differential angle subtended by the differential 
mass, radians 
t = thickness of rim, m; b = width of rim, m 
p = density, kg/m? 
(b) The differential inertia load f = (mass)(acceleration) = 
((d)tbp) (ras), where cw = angular velocity in rad/s Fig. 26-1 
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(c) The vertical component of the differential inertia load is dfy = [Hd)tbp(rw*)] sin 6. Note that 
horizontal components balance. 


(d) The vertical component of the inertia load is balanced by the tensile forces at the cut sections: 
‘aus 
2F | 1(d0)thp(res*) sin @ =r? thpws”[— cos 0]5=rthpw* (2) 
° 


(e) Assuming that the tensile stress s,(Pa) is uniformly distributed across a section, then 
2F = 2(5,tb) =r thpw* (2) 
or Sp = 7 pu” = py* 
where v = rw is the velocity (m/s) at the mean radius. 
SOLVED PROBLEM 


11. Determine the maximum permissible velocity py in a cast iron thin rim of a flywheel if the maximum 
allowable tensile stress s; in cast iron is 27.5 MPa. Cast iron: p = 7000kg/m?. 


Solution: 
S¢=pv?, 27.5x10°=7000r?, v=62.7m/s 
Note that bending in the rim has been neglected. 
SUPPLEMENTARY PROBLEMS 


12. Determine the maximum permissible velocity in a steel thin rim of a flywheel if steel density = 7.85 x 
10° kg/m? and the allowable stress is 138MPa. Ans. 133m/s 


13. Considering the cast iron rim of a flywheel as a thin ring and considering the thin rim as a free rotating 
ring, determine the maximum tensile stress due to rotation. The rim has width 150mm, thickness 100mm, 
and mean diameter 750mm. The flywheel is rotating at 2000rev/min. Ans. 43.2MPa 


THE MAXIMUM TENSILE STRESS in a thin rotating rim of a flywheel where bending as well as the normal 
stress due to inertia is considered, is more complicated. An equation developed from those derived by Timo- 
shenko on a rational basis, taking into account the axial force in the spokes, bending, and normal stress, 
obtained on the basis of treating the rim as a thin ring and neglecting the curvature in the rim is, from ‘ ou 5. 


using the sign which gives the larger value, 


Re cos@ 2r (1 cosd 
arts [1-22 (}-$2)] 


where 5S; = tensile stress. 

v = velocity at the mean radius, m/s 

b = width of rim, m; t = thickness of rim, m 

¢@=angle from centerline between spokes to the section where the stress 
is being found 

2a = angle between spokes 

r= mean radius of rim, m 

C=a constant depending on the cross section area of the rim, area of a spoke, proportions of the 
tim, and angle between spokes. C is given by 


co | 1_(sin2a, a) 1), 1 (sinda a) A 
f [2sinr?a\ 4 ~2) 2} 2sin?a\ 4 2) Ay 


where A =area of cross section of the rim = bt 
A, =area of cross section of a spoke. 


Fig. 26-2 
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The numerical values for C for different numbers of spokes, to simplify the arithmetic, are: 


4 spokes (2a=90°): C= 127 (0.00608) + 0.643 + 4 
1 


Co. 12/7 A 
6 spokes (2a = 60°): C=—3- (0.00169) + 0.957 + — 
1 


8 spokes (2a=45°): C= ca (0.00076) + 1.274 a 
1 


2btpv* 


The axial force F in each spoke is F = 30 


SOLVED PROBLEM 


14. (@) Determine the maximum tensile stress in the thin rim of a steel flywheel rotating at 600rev/min 
(207 rad/s). The mean radius of the rim is 1500mm (r= 1.5m). The flywheel rim is 200mm thick 
(t= 0.2m) and 300mm wide (b = 0.3m). The area of a cross section of the rim is A = bt = 0.06m?, 
Each of the six spokes is constant in cross section with a cross section area A, = 0.01m7, (Find the 
maximum tensile stress in the rim at two sections, ¢ = 30° and ¢ = 0°.) 
(b) Compare the stress determined with that of a free rotating ring. 
(c) Calculate the axial stress in each spoke. 


Solution: ‘ 
i 05 
(@) For 6 spokes, C= = (0.00169) + 0.957 +4 = HSE al (0.00169) + 0.957 + a = 8.10. 
1 . i 


At the section of the rim where the spoke is located, ¢ = 30°. The stress at this section is 


aan [: cos, 2r (:-$2)] 


~3Csina Ct\a sine 
=7850(94.26)? [: cos30° (1.5) (.) =| 


~ 3(8.10) sin 30°” 8.10(0.2)\ 7/6 sin 30° 
= 69.75 x 10°[1 — 0.0714 + 1.85(1.91 — 1.74)] 
= 86.7MPa, using the + sign for the maximum 
where v =rw =94.26m/s 2a = 60° for 6 spokes. 
At the section of the rim midway between spokes, ¢ = 0°. The stress at this section is 
1 1.5, 1 1 
PRES a6) [) — 36.10) sin 30°* Se (ze ~ Sin =) 
= 69.75 x 10°[1 — 0.0824 + 1.85(1.91 — 2)] 
= 75.8MPa, using the — sign for the maximum 


The maximum tensile stress in the rim occurs at the section where the spoke is located and is 
86.7MPa. 


(b) The stress in a free rotating ring = py” = 7850(94.26) = 69.75MPa 


86.7 — 69.75 
69.75 ce) 


=24.3% from that obtained with a very simple case of a free rotating ring for the particular given 
data. 


The maximum stress taking into account bending is 86.7 MPa, an increase of 


2btpv? _ 2(0.3(0.2)(7850) 
3C 3(8.10) 
The stress in each spoke = F/A, = 344 x 107/0.01 =34.4MPa. 
SUPPLEMENTARY PROBLEMS 


15. Given the same data as for Problem 14 except that cast iron is to be used instead of steel, determine the 
maximum stress in the rim. For this cast iron assume p = 7490kg/m> Ans. 82.7MPa 


(c) The axial force in each spoke is F = (94.26)? = 344kN. 
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16. A cast iron flywheel rim is 100mm thick by 200mm wide and has mean radius 900mm. The maximum 
tensile stress in the rim is to be limited to 5SMPa. The cross section area of each of 4 spokes is set at 
6450mm*. Cast iron density is 7000kg/m?. 

(@ Determine the maximum velocity at the mean radius without exceeding the maximum permissible 
stress for the following: 

(1) Assuming the rim is to be treated as a free rotating ring. 

(2) Analyzing for the section of the rim at the spoke (¢ = 45°). 

(3) Analyzing for the section of the rim midway between spokes (¢ = 0°). 
(b) Determine the maximum stress in a spoke for the maximum allowable velocity determined in part (a). 
Ans. (a) 88.6m/s, 73.1m/s, 80.5m/s. Maximum velocity without exceeding 55MPa is 73.1m/s, as 

dictated by the most stressed section occurring in the rim where the spoke is located. 
(b) 7.93 MPa (for v = 73.1 m/s) 


APPROXIMATE STRESSES IN FLYWHEEL RIMS of ordinary construction are given by the Lanza equation: 
s=V? (s: 6 +5) a0%) 


where —_s = tensile stress, N/m? 


d= mean diameter of rim, m The constants are derived from 
t = thickness of rim, m a consideration of p: see Question 
V = velocity of the mean radius, m/s 17, below. 


n= number of spokes 
where the effects of inertia loading and bending are accounted for by the two terms, with approximately 3/4 
of the stress being due to the tensile stress in the rim due to the inertia loading and 1/4 of the stress being due 
to the bending of the rim considered as a beam fixed at the ends (at the spokes) and loaded between spokes by 
the inertia load. 


SOLVED PROBLEMS 


17. Assuming the maximum stress in a flywheel rim can be approximated, as suggested by Lanza, by adding 
3/4 of the stress computed by considering the rim as a free rotating ring and 1/4 of the stress computed 
by considering the rim as a straight beam of length equal to the arc between arms, fixed at both ends, 
and loaded uniformly with inertia forces, derive the equation for the maximum stress s. Take the density 
as 7490kg/m>. 

Solution: 
(a) The stress s; (Pa) in a free rotating ring is 
=pv? = 7490? 

where v = velocity in m/s. 
(b) Consider next the bending stress sz in the rim treated as a straight beam fixed at both ends, the 

length being the arc distance between spokes. 

Mc _6M ‘ 
PS ae for a rectangular section beam 


The bending moment M at the ends of a beam rigidly held at both ends and uniformly loaded is 


_1 1 [ndbtp, , 2] md _3.08 x 10° d* btw” 
-pm-% | reese |= a 
where W = inertia load = (mass)(acceleration) = DOM a. 7), N 


d=mean diameter of rim, m; b = width, m; t= thickness, m 
w = angular velocity, rad/s; n = number of spokes; L = 1d/n, m 
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Substitute this value of M into the equation for s2 and obtain 
6M _ 6(3.08 x 10°)d?q* _ 18.48 x 10°dV* 
oe me tn? 
73.92 x 10°dV? 
Bee 

in 


s2= 
(c) Then s=0.75s, +0.25s2 =0.75(7490V)* + 0.25 
= 1037? (50 + 8x) , the Lanza equation. 


Use the Lanza equation to determine the maximum tensile stress in the thin rim of a cast iron flywheel 
rotating at 600rev/min. The rim has mean radius 1.5m, thickness 200mm and width 300mm. Six 
spokes are used. Note that the data is the same as for Problem 15 above. 


Solution: 


Veho= 1 ( 


22609) nals) = 94.25 rad/s (high for cast iron). 


Beer ee 18.5d\ _ 113 5 18.5(3)\ _ 
s=10°V' (s+ 10°(94.25)° ( 5.6 + 57658 ) = 118Mpa. 


Comparison of the approximate result above with the stress of 82.7 MPa using the rationally derived 
equation in Problem 15 of the preceding section shows that the approximate equation gives a greater 
value of stress and is thus on the conservative side. 

Note also that for the procedure used, the maximum stress could be reduced considerably by 


increasing the number of spokes. 


STRESSES IN ROTATING DISKS OF UNIFORM WIDTH, as might occur in solid plates used as flywheels, 
are given by the following equations: 


Disks with holes: 
Radial stress for any radius r: 


-» (#22) [-()*-(2)°-(9)] 


Tangential stress for any radius r: 


-()[-(2)-@29) 6-2] 


The maximum radial stress occurring at r= V/rirq is 


+ 2 
sono (E22\( 0) 
8 To 
Fig. 26-3 


The maximum tangential stress occurring at r = 7; is 


pees ty ate n\? 
St max = pv? 4 u+3 \7, 


where S,max = maximum radial stress, N/m? 
St max = intial stress, N/m? 

p = density, Pte i 

b= Poisson’s ration (0.30 for steel, 0.27 for cast iron) 
’oW), peripheral velocity, m/s 
7; = inside radius of plate, m 
To = outside radius of plate, m 

r= variable radius, m. 


p= 
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Solid disks: 
The general equations for radial and tangential stresses in solid rotating disks ara a bit different from 
those for disks with holes. 
Radial stress for any radius r: 
p(a3) [: (£)'] 
mas 8 Tes 
Tangential stress for any radius r: 


_ <9 HES 3u+1(r\? 
St = pv (3 ) [23 = 


The maximum radial stress and maximum tangential stress are equal and both occur at r = 0: 


2(ut3 
Sp max = St max = = pv? 8 


SOLVED PROBLEMS 


19. Determine the maximum radial stress and the maximum tangential stress in a steel plate (Poisson’s ratio 
p= 0.3) rotating at 3000 rev/min. The radius of the hole in the plate is r; = 100mm and the outside radius 
of the plate is rp = 300mm. Where do the maximum stresses occur? Steel used has p = 7770kg/m?. 


Solution: 
(a) The maximum radial stress is, for v = rg = 0.3(2m x 3000/60) = 94.25 m/s 


+3 ri \? 0.3+3 0.1)? 
semax =r? (#43) (1 -2) = 7749425) ( 5 ) (1-23) = 12.65 MPa 


‘0 
This stress is located at r= Vrjrp = V(0.1(0.3) = 173mm. 


(b) The maximum tangential stress is 


meat 
= 7770(94.25) (28 elie \f [rts 


This stress occurs at r=7; = 100mm 


20. A solid steel rotor 900mm long and 300mm in diameter rotates at 3000 rev/min. What are the maximum 
radial and tangential stresses and where do they occur? Steel density = 7.77Mg/m?, and Poisson’s ratio 
=03. 

Solution: 
Here v = rgw = 0.15(2m x 3000/60) = 47.12m/s 


+3 
Sp max = St max = pv (2)- 7770(47.12)? one 
The maximum stresses occur at the center of the rotor. 


SUPPLEMENTARY PROBLEM 


21. A steel forging has a diameter of 600mm and rotates at 6000 rev/min. The center of the forging is defective 
and it is proposed to bore out the center to a diameter of 200mm. Determine the maximum stresses for 
the solid and hollow forgings. Steel density = 7770kg/m?. Poisson’s ratio is 0.3. 
Ans. Solid forging: sy max = 114MPa, st max = 114MPa 
Hollow forging: s, max = 50.6MPa, s+ max = 233MPa 
Note that the bored forging has a higher tangential stress. 


| Chapter 27 | 


Projects 


The following projects are suggested for practice in applying the principles of the preceding chapters in 
more comprehensive situations. These projects involve, in varying degrees, combinations of analysis, synthesis, 
ingenuity, proportioning of parts, use of codes, drawing and sketching, selection of materials, safety considera- 


tions, economic factors, life expectancy, and other related ideas. 


1. Design of a Hand Screw Press — 10KN capacity 
A 10KN capacity hand screw press for general Handwheel 
usage is to be designed. Preliminary specifications 
have been established as shown in Fig. 27-1. While a 
complete design would require the making of the 
detailed drawings, this project will involve only the 
analysis of the various parts together with an assembly 
layout drawing. A scale sketch of each proposed part 
as necessary for analysis purposes is to accompany 
the calculations. Sufficient information should be 
shown on the scale sketches to permit a draftsman to 
make detail drawings. 
The layout drawing is to show two views: the 
one shown in the figure and a side view. 


Suggested Materials 


. Frame — Cast Iron 

Pressure Plate — Cast Iron 

. Screw — 0.25% carbon steel 
Bushing — Mn. Bronze 

. Bolts — Steel 


Bronze Bushing 


Fig. 27-1 


wVPwune 


The following questions indicate some of the factors to be considered in the design. 


A. Design of Screw 
(1) What type of thread should be used? V-thread, Square thread? Coarse or fine thread? 
(2) May this screw be treated as a short compression member? A column? 
(3) Ifa column, what is the unsupported length? What is the end conditions constant? 
(4) Is there an axial load? A bending load? A torsional load? An eccentric load? Any other load? 
(5) Is the type of loading the same on either side of the nut? 


350 Square Pressure 
Plate, Self-Aligning 


(6) What combination of loading will cause the maximum stress and at what point (or points) will it 


occur? 
(7) What should be the efficiency of the screw? Is overhauling desirable? 
(8) What provisions, if any, should be made for lubrication? 


(9) What factor of safety is required? On what physical properties of the materials should it be based? 
Ultimate strength? Endurance limit? Yield point? What is the danger of overload? To press? To 
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operators? Should design be based on rigidity or strength? Design for steady or variable loading? 
Shock? Stress concentration? 

(10) What is the probable range of the coefficient of friction for the screw and nut? For the collar? What 
effect does this have on the loading? Is the design safe if the maximum probable coefficient of 
friction is used? What effect does the choice of materials have on the values of the coefficients to 
be used? How is the thrust to be transferred from the screw to the pressure plate? What effect does 
this have on the torque required? 

(11) What size handwheel is required? 


B. Design of Bushing 
(J) What should be the length of the nut? What effect does increasing the length to diameter ratio have 
on load distribution on threads? 
(2) Should it be integral with the frame? If not, how should it be attached? 
(3) How is the thrust to be transferred from screw to frame? 
(4) Should bushing or frame fail first due to overload? 
(5) What is the stress distribution in bushing? What thickness wall should be used? 


C. Design of Pressure Plate 
(1) What is the pressure distribution on plate? 
(2) Is resultant load eccentric? 
(3) What is the stress in plate? Are approximations needed? 
(4) How is screw to be attached to plate and still allow self-alignment? 


D. Design of Frame 
(J) What are the loads in the vertical section? In the curved section? In the horizontal section? 
(2) As a first approximation, assume a rectangular section in which the width is equal to five-eighths of 
the depth. 
(3) Modify this section to form a T-section and check. Make any changes indicated 
(4) What should be the width of the T-section? Is there a minimum set by other parts such as the hub 
around the bushing? The width of base required for foundation bolts? 
(5) May the curved section be analyzed as for a straight beam? 
(6) Is rigidity of the frame important? 
E. Design of Foundation Bolts 
(2) What loads must the bolts resist? 
(2) What is the distribution of loads among the bolts? 
(3) Should all bolts be the same size? Why? 
(4) What allowances should be made for wrench clearances? 
(5) What size bolts should be used? 


2. Valve Stem Analysis 


A cam of circular profile works against a 75mm diameter flat faced follower as shown in Fig. 27-2 below. 
The analysis is to be made for 90° of counterclockwise rotation of the cam. 

For the position shown, the spring force is 300N and the force P is 450N. As the follower is raised the 
spring force increases linearly to 515N and the applied force P decreases linearly to 180N. 

The weight of the follower is to be determined. The follower is made of steel, 7830kg/m*. The weight 
of the spring may be assumed to be approximately 2.5N. 
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The cam rotates at a uniform speed of 1800 rev/min counterclock- 
wise. Coefficient of sliding friction is 0.25. 


Find: 

(a) The maximum stress in the valve stem for the position shown. 

(6) The maximum stress in the valve stem during 90° counter- 
clockwise rotation of the cam. (Analyze for 0°, 30°, 60°, 90°. 
Plot results. Analyze for any other position, as necessary.) 
Assume that the equivalent mass of the spring in the inertia 
analysis is 1/3 the mass of the spring. 

(c) The maximum contact stress between the cam and follower 
during the 90° of rotation. 

(d) Design a spring for the given specifications. A maximum 
design stress for the spring is limited to 500MN/m’, shear. Fig. 27-2 


3. Single Stage Speed Reducer 


A single stage right-angle speed reducer is to be designed as compact as possible for application with a 
bread mixing machine. Four kilowatts is to be transmitted at 115Orev/min of the high speed shaft with a 
velocity reduction of 3 to 1. Power is to be applied through a V-belt drive and taken from the output shaft 
through a flexible coupling. The velocity ratio of the pulleys is 1 to 1. 

Base the selection of the bearings on satisfactory operation for two years, with 10 hours per day, 6 days 
a week operation. Limit the pitch diameter of the pulleys to 150 minimum. 

Since the machine is to operate in a dusty atmosphere, proper sealing is extremely important. 

An itemized two view assembly drawing with a bill of materials is required. 


4. Speed Reducer 


The planetary spur gear speed reducer shown in Fig. 27-3 below has 3kW supplied to the input shaft 
through a flexible coupling. The input shaft rotates at 1200 rev/min. Power is transmitted with no shock under 
24 hours/day service. 

There are three planet gears, equally spaced. The internal gear is held stationary. 

The gears are to be made from 0.3% carbon steel. 

(a) Determine the size of shafts for the transmission of the 

power. Power is taken from the shaft by a coupling. 

(5) Determine the smallest diameter gears which can be used 
if the velocity ratio is 8:1. No fewer than 15 teeth are to 
be used on any gear. Use 20° stub teeth. Check dynamic 
and wear loads. 

(c) Determine the face width of the gears. 

(d) Determine the size of the pin in the arm on which a Taper Shaft J 
planet gear rotates. The pin is 0.3% carbon steel HE= DE 

(e) Determine the bearing loads. The bearings on each shaft 
are 150mm apart. 

(f) Describe the transfer of the torque in the unit. How 
much torque must be applied to the base? Does this 
torque depend on the direction of rotation of the input 
shaft? 

(g) Specify the size of bolts to be used in the base. 

(A) Determine the size of key to be used with the gear on 
the input shaft. Key is to be made from 0.2% carbon 
steel. 


Output Shaft 
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5. “Turbo-prop” Speed Reducer 


‘A 600KW turbine-propeller aircraft engine rotates at 13,500rev/min and the propeller is to be geared 
down to 900rev/min. Four hundred and fifty kilowatts is transmitted to the propeller, the rest being used in 
the jet thrust. Design requirements for aircraft and aircraft accessories are prescribed in detail to account for 
wind gusts, gyroscopic forces, maneuvering, and landing. This project will be simplified by assuming essentially 
steady loading conditions. One of the tests that the reducer must pass is a 1000 hour bench test. While the 
manner of loading during the bench test is involved, exacting, and rigorous, again a simplification will be made 
that the engine will be subjected to 200% loading for 250 hours and 100% loading for 750 hours. 

Minimum weight is an essential requirement. 

The reduction from 13,500rev/min to 900rev/min is 
too much for a single stage reduction. The proposal is made Se 
that a single stage reduction be used in conjunction with a 
planetary gear arrangement, as shown in Fig. 274. 

The diameter of gear 2 may be taken as 150mm. The Power from the ‘ 
diameter of gear 7 is to be three times that of gear 8. Eiaing 13,300 FEY _ 

A sectional layout of the parts, to scale, is to be made, Fig. 27-4 
including bearing assemblies. 

The housing for the reducer is a project in itself. Do not take time to analyze the housing. Design the 
gears and shafts and select bearings and proportion the housing to suit the gears, shafts, and bearings for the 
layout. 

The number of planet gears to be used affects the proportions. Arbitrarily, use three planet gears. 

Further considerations: 
1. Materials: Use high strength steel or alloys. 
2. For assembly of the gears, two conditions must be met: 
(a) Nz +N = even number (b) (N2 + Ne)n = integer 
where V2 = number of teeth on gear 2, Ng = number of teeth on gear 6, n = number of equally spaced 
planet gears. 
. Use velocity of engagement of gear teeth, not absolute velocity, in finding gear dynamic loads. 
_ Use mean cubic loads for bearing, shaft, and gear loads. 
Minimum margin of safety for the gears should be 0.2. 
. Consider possibility of hollow shafting. 
. Note that gear tooth loads on the planet are completely reversed. 
. The airplane has a design speed of 500km/h. The efficiency of the propeller may be taken as 85%. 
Neglect friction loss in the reducer. 


OIA wW 


6. Air Cylinder 


An air cylinder is to be designed for operation at 550kN/m?, The maximum air pressure available in the 
plant where the cylinder is to be used is 1000kN/m?. Thus the size of cylinder is to be based on a pressure of 
550KkN/m? but the stress analysis will be based on 1000KN/m?. 

The applied force required during the “out” stroke of the piston is 5.4kN. Although the frictional 
resistance in a well designed cylinder is approximately 5% of the theoretical force of the cylinder, it is advisable 
that the cylinder size be determined which is capable of exerting approximately 14 times the force which is 
considered sufficient for the job. Thus, the size of the cylinder will be based on a pressure of SSOKN/m? and a 
total required force of (14)(5400) = 8100N. 

The required force on the “in” stroke of the piston is 670N which, on the basis of the 14 factor given 
above, requires a force 1 KN in design of the cylinder on the return or “in” stroke. 

The stroke of the cylinder is to be 1.5m. 
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The cylinder is to be double acting and is to be cushioned 25mm at both ends. Needle valves are to be 
used to control the flow of air from the cushioning area. Provision is to be made to allow a fast start of the 


piston. 
The materials to be used for the various parts are: 
Piston rod 0.2% carbon steel 
Cylinder Seamless steel tubing 
Cylinder heads Good grade of cast iron 
Piston Good grade of cast iron or 0.2% carbon steel 


The cylinder is to be mounted, by appropriate lugs, on a surface parallel to the piston rod. Four mounting 
bolts are to be used. To minimize the stress in the mounting bolts and to maintain alignment, thrust blocks 
may be located at the inner edges of the mounting surfaces. 


The piston rod end is to be designed for a pin connection. 
The following points are some of the items to be considered in the design: 
(J) Prevention of rusting of cylinder bore from the condensed moisture from the compressed air. 
(2) Proper glands and packing to prevent air leakage. 
(3) Ease in adjustability of the packings. 
(4) Use of fine threads versus coarse threads. 
Required: 1. A complete set of calculations. 


2. Sketches of all parts. 
3. A sectional view, with parts itemized. 


7. Bearing Puller 


Various methods are available for removing machine members which are fitted with interference. One 
method is the use of an arbor press, another method is the use of a vice and drift, and still another method is 
the use of a puller (known as a wheel puller). 

For this project, it is desired to design a puller for a specific application: the removal of ball bearings 
assembled with interference between the inner race and shaft. 

The puller is to be adjustable so that it may be used with single row radial types of bearings having outside 
diameters ranging from 80 to 130mm. The bore diameters range from 40 to 55mm. 

The maximum interference between the shaft and inner bore of the largest bearing encountered in the 
large size bearings is 0.04mm for the tightest fit used. For this fit, the maximum radial pressure between the 
inner race and shaft is approximately 20MN/m?. 

The bearing puller is to operate by pressing against the inner race so as not to damage the bearing. 

The maximum bearing width is 35mm. The center line of the bearing is at a maximum distance of 
200mm from the end of the shaft. 

Required: 1. An assembly drawing 

2. A complete set of calculations. 
3. Sketches of each part. 


8. Geneva Index 


A belt conveyor is moved intermittently by means of a geneva mechanism, Fig. 27-5 below. The conveyor 
is driven by a sprocket mounted on the same shaft as the geneva wheel. For this particular application the 
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design data are: Roller 
Angular velocity of driving crank = 12rev/min (constant) conveyor Belt 
Driving crank radius = 150mm 
Distance between pivots = 150V/2mm 
Sprocket diameter = 200mm 
Conveyor belt and load = 11kN 
Friction drag of belt = 7SON (constant) 
Roller and wheel width = 20mm 
Roller diameter = 20mm 
1. To determine if this design is satisfactory an analysis of 
the accelerations, forces, and stresses is required. The 
following are to be determined: 
(@) Maximum angular acceleration of the geneva 
wheel 
(b) Maximum roller force 
(c) Maximum torque on driven shaft 
(d) Maximum roller contact stresses for given roller 
(e) Maximum stress at Section A-A 
(f) The shaft diameter for the driving shaft Fig. 27-5 
(g) The shaft diameter for the driven shaft 
(h) For the 20mmsteel roller, determine the brinell 
hardness required for the roller. 
(A satisfactory roller diameter if the roller width 
is reduced to 15mm and the contact stress is 
limited to 700MN/m?. 
2. The total equivalent mass polar moment of inertia of the rotating parts (referred to the axis of the 
sprocket wheel) is 12.5kg m?. Taking this into acccunt determine the same information required in part 1. 
3. The conveyor belt rests on 200 rollers each 50mm in diameter with a polar moment of inertia of 
0.0025kg m?, the polar moment of inertia of each of the two sprocket wheels (one at each end of the 
conveyor belt) is 0.8kg m7’, and the polar moment of inertia of the geneva wheel is 0.4kg m?. For this 
case determine an equivalent mass polar moment of inertia referred to the sprocket axis. Solve for the 
information requested in part 1. 


XX 


100... ccket 


Driving Torque 


9. Automatic Control 


A sequence of operations in an electrically controlled machining operation is to be initiated by an 

operator pressing a pushbutton. The following events are to occur: 

(J) Pressing a pushbutton actuates an oil pump motor and a four way electric solenoid valve controlling 
a hydraulic cylinder, providing that a work piece is not in position. A green light goes off and a red 
light goes on to inform the operator that the machine is loaded. 

(2) The piston rod moves to its extreme outward position, locating the work piece in position. The 
piston rod is retracted automatically to its initial position. 

(3) The four way solenoid valve of a hydraulic clamp is actuated to hold the work piece in position. 

(4) When the hydraulic clamp is applied, a hole is drilled, the drill retracts, and the hydraulic clamp is 
released. 

(5) The four way solenoid valve controlling a second hydraulic cylinder is actuated to push the work 
piece to its next position, the travel being perpendicular to the cylinder feeding the machine. 

(6) When the piston rod reaches its limit of travel, the piston rod is caused to return to its initial position, 
lighting a green light for the operator's benefit to inform him that the cycle can be repeated. The 
red light goes off. 

Providing all necessary interlocks and safeties and providing for manual operation in case of a jam, design 

a control circuit to perform the required operations. 240V three phase power supply is available. 
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10. Water Level Automatic Control 


Water level is to be maintained in a 250 x 
250mm vertical tank as shown in Fig. 27-6. Water 
is flowing through an orifice in the bottom of the 
tank at a rate of CAgV2gh, where C is the orifice 
constant, Aq is the area of the orifice, and h is the 
water level height. The values of C and Ag are such 
that the flow rate is 10-*/h m3/s, with h in m. A 
float having a cross sectional area A is connected 
to a regulating valve V, as shown. 

Under equilibrium conditions, the fluid force 
tending to close the valve is balanced by the spring 
force. Equilibrium conditions exist when the flow 
into the tank is equal to the flow out of the orifice, 
and the lever is in a horizontal position. For a 
deviation in lever position, there is a change in the 
hydraulic force tending to close the value of 1750x 
Newtons where x is the vertical displacement of the 
valve disk in meters. The change of rate of flow 
from equilibrium of the water through the valve is 
given by (0.065x)m?3/s. The change in water level, fist atten mid Fig. 27-6 
or deviation, is denoted by c. The moment of 
inertia of the lever assembly, including the float, 
float rod, and valve referred to the fulcrum of the 
lever may be taken as 0.006kg m?. 

Determine the best choice of the float area A and the spring constant k, when the diameter of the float 
is limited to a range of 10-30mm, and the spring constant k is limited to a range of 150—18,000N/m. Also, 
determine whether damping is necessary for stability. 


11. Tank Design 


The purpose of this project is to acquaint the student with the general procedure of design under the 

ASME Code. 

Problem: It is required to store approximately 40,000 liters of liquid propane for use as a gaseous fuel. Propane 
has a vapor pressure of 830kN/m? at 20°C and 1.448MN/m? at 40°C. The storage tank is to be 
designed for a working pressure of 1.7MN/m? in accordance with the ASME Code for unfired 
pressure vessels. 


12. Bar Cutter 


A portable, dependable, light weight, hand operated device is required to cut 10mm diameter low carbon 
steel bars. It is desirable to have the minimum of distortion at the cut surfaces. The unit should be compact 
and easily carried. The unit is to be hydraulic. 

Required: (/) A complete set of calculations together with sketches of each part. 

(2) An assembly drawing. 


PROJECTS 


329 


13. Book Alternator 


Books come from the binding operations, pass 
through a wrapping machine, and proceed to the 
packing section. 

Before the books can be properly packed for 
shipment, it is necessary that every other book be 
rotated through 180 degrees. Fig. 27-7 shows the 
books before and after rotation. 

60 books a minute is the rate of production. 

Design a device to rotate every other book. Suf- 
ficient design should be shown to permit management 
to decide if the idea is worthy of consideration and 
subsequent detailed design and construction. 


coe { 7 joes} 
— Of ees 


Fig. 27-7 


Consider that sufficient space is available to provide for the necessary arrangement. 


Spaces between books = 14 times book length. 


14. One Man Passenger Elevator 


Purpose: 

The purpose of this project is to create a prelim- 
inary design and to make recommendations for the 
installation of a one man passenger elevator which has 
been requested by a customer. This preliminary design 
will be concerned only with the functional and engi- 
neering aspects of the installations. 


Problem: 


A residence has a conventional stairway from 
the first floor to the second floor, but no provision is 
provided for going from the first floor to the basement 
except by ladder or outside entrance. It is proposed 
to install a one man passenger elevator to operate 
between the first floor and basement. Fig. 27-8 shows 
the permissible head room and clearances provided. 
Note that it is necessary to erter the elevator from 
the right on the first floor and leave from the left in 
the basement. 


Preliminary Design Requirements: 


Proposed Elevator Shaft 


First Floor 


Basement 


Fig. 27-8 


(J) Since this is a preliminary study, several alternate arrangements for the proposed installation should 


be investigated. 


(2) After having decided upon a feasible arrangement, prepare a preliminary scale drawing showing the 


necessary elevation, plan, and auxiliary views. 


(3) Prepare a preliminary estimate covering the cost of equipment and installation. 
(4) Write a letter of transmittal to the customer in the form of an engineering proposal. 
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15. Grass Mower 


A manufacturer has decided to build and sell lawn mowers. With the recent number of serious accidents, 
he is interested in marketing a product that is safer than any mower now available. In fact the sales appeal of 
safety is so strong that large quantities of a mower could be sold on safety alone. A survey of the present 
mowers shows that there are only three basic types: 

(1) Conventional reel 

(2) Rotary 

(3) Sickle bar (the type used on farm mowers and mowers that cut along the highway). 

All of these types are dangerous even though guards are placed on them for protection. 

As a design engineer for the company, you are given the following job: Design a machine that will remove 

all grass to a proper level and will be safer than conventional types. 


16. Barrel Hoist 


A manufacturing company has the following problem: 

Small parts are a large portion of this business and several operations are required on each part. The 
nature of the operations required on different orders is such that it is not practical to handle these parts on a 
production line. As a result, parts are shipped from one department to another in steel drums. Even though 
these drums are normally not filled over three-quarters full, some drums weigh as much as 2500N. These drums 
are transferred between departments by motorized cart and 
are set within 2m of the hopper for the machine that is to per- f-~ 5890— 4 89 
form the next operation. The operator of the machine must | 9 Aa 


dump the contents of the drum into the hopper beside his ie 
machine. The top edge of the hopper is 1.5m from the floor. 

Design a device that will enable each operator to fill his 
hopper when necessary. State clearly any necessary assump- U 
tions and design with the following in mind: safety, original Boric ad op 
cost, ease of operation, power requirements, space require- a Rim Detail 
ments, versatility. 

The size of the steel drums is shown in Fig. 27-9. Fig. 27-9 


17. Globe Valve Design 


A 25mm Globe Valve is to be designed for use with salt water at 95°C. The following specifications are to be 
met: 
(a) Valve to be suitable for 2.8MN/m? operating pressure. 
(b) Monel metal to be used, except for handwheel, which is to be malleable iron. (A satisfactory substi- 
tute metal for monel may be used.) 
(c) Non-metallic valve seat disc to be used. 
(d) Proper seals to be used to insure no leakage. 
(e) Ample flow areas to be provided. 
(f) Minimum thickness of monel castings to be 3mm 
(g) “Non-rotating” valve seat disc to be used. 
(h) A non-rising valve stem is a necessary feature of the design. 
(®) Valve stem to be 45° with the axis of the pipe. 
Required: (J) An itemized section assembly drawing, together with a bill of materials. Overall dimensions 
only are to be shown. 
(2) Acomplete detail drawing of the valve stem, showing all necessary dimensions and machined 
surfaces. 
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18. Statistical Fits 


Statistical quality control makes use of the natural laws of the statistical distribution of dimensions which 
exists when parts are machined and assembled. The spread of dimensions resulting from a machining process 
closely follows the frequency distribution pattern of the standard normal statistical or probability curve. The 
natural spread of a machining process is usually taken as +30 since 99.73% of the area under the normal curve 
falls within these boundaries. Each machine has its own natural spread which may be determined by measuring 
a large number of parts and preparing a frequency histogram, or the standard deviation o may be calculated as 


where n= total number of parts measured 
x = dimension of individual parts 
ee 
ie 
n 
The standard deviation, o, as determined from the above, is then multiplied by six to give the natural 
spread of the process based on +3 spread. 
When applying the above to the fitting of mating parts such as a shaft and bearing, the standard deviation 
for the two processes g, and op are related to the standard difference deviation, og, by 


0a = V0} + of 


where 0, = standard deviation of shaft producing process 
0» = standard deviation of bearing process 
oq = standard deviation of the shaft and bearing dimension differences 


If all the processes are kept centered with respect to a mean dimension, we may then expect that 99.73% 
of all the mating parts will have fits ranging from —3ag to +30g. 

The experiment called for in this project is intended to demonstrate the application of statistical quality 
control to the assembly of mating parts, if we pretend that the number of spots which show for each throw of 
the dice corresponds to the measurement of a dimension. The experiment will show that statistically the range 
of clearances is considerably less than might be predicted by assuming the worst possible combination of fits. 

Dimensioning of machine parts should take advantage of the random statistical distribution which occurs 
75.06 
75.01 
. The dimensions shown have been selected in such a way so as to correspond to numbers as might be 


in practice. Consider a shaft dimensioned as 75.035 + 0.025 or 
; 75.02 
75.12 
obtained in throwing dice, one dice for the shaft and 2 dice for the bearing. The analogy can be considered as 
follows: If one dice is thrown, the maximum is 6 and the minimum is 1. Then the range of the spots corresponds 
to the range in dimensions in (hundredths of a mm) (1 to 6=0.01mm to 0.06mm) Or, if the analogy is 
considered further, a throw of 1 on the dice would correspond to a shaft size of 75.01 and a throw of 6 would 
correspond to a shaft size of 75.06. Since measurement of actual shafts would involve a necessary variation or 
error, we can think of the numbers on the dice as corresponding to actual shaft dimensions as might be found 
by measurement in the shop. 
In a similar fashion, the hole dimensions correspond to the values as might be found from throwing 2 
dice with a minimum point value of 2 (or minimum hole of 75.02) and a maximum value of 12 (or maximum 
hole of 75.12). 


A. Determine each of the following: 
(1) The mean value of shaft diameter. 
(2) The mean value of hole diameter. 
(3) The maximum possible clearance. 
(4) The maximum possible interference. 
(5) Assuming that the natural spread of the machining operations corresponds to the tolerance, find the 
6c spread of the shaft. 


and a bearing dimensioned as 75.07 + 0.5 
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(6) Assuming that the natural spread of the machining operations corresponds to the tolerance, find the 


60 spread of the hole. 


(7) Find the 60 deviations of the assemblies. 
(8) Find the mean deviation. 
(9) Determine the maximum clearance expected for 99.73% of the parts and the minimum clearance 


expected for 99.73% of the parts. 


Using nine dice, determine and record the interference or clearance obtained by throwing 6 dice to 
correspond to a hole dimension and 3 dice to correspond to a shaft dimension. Since a large enough 
sample is necessary, perform the operation 100 times. Plot the following: 


(1) A frequency distribution curve or histogram of the shaft dimensions. 
(2) A frequency distribution curve or histogram of the hole dimensions. 
(3) A frequency distribution curve or histogram of the differences of hole and shaft dimensions. 
=z 
(4) Calculate the mean value X of the clearances, ¥ = = 
where x = a measured clearance, m = total number of measurements. 


=z 
(5) Calculate the standard deviation, o = Bas x) ‘ 
n 


Summarize your findings. 


19. Card Feeder 


Cards of different colors are received in stacks of 2000. The cards measure 130 x 75 x 0.15mm. The 


cards are to be fed into a machine which, by photoelectric means, will sort the cards into separate stacks of the 
same color. The rate of feed is to be no less than 1000 per minute. 


Two problems exist: 


(J) The means by which the cards are to be fed singly into the machine. 
(2) The means by which cards which have been identified as to color are to be separated into 
separate stacks. 


Solutions involving sketches of proposed designs for either or both problems are desired. 


20. Runaway Truck Project 


Ocassionally trucks have brake failures on level roads or on steep inclines. You, as a designer, are asked 


to submit a bid for an emergency means of bringing a runaway truck to rest. The design is to be made for a 
semitrailer truck loaded to its capacity. 


The requirements of this project are as follows: 


(1) Investigate the means by which a runaway truck may be brought to rest and investigate the 
feasibility of the idea. 

(2) Specify the requirements of a satisfactory design, as capacity, manner of operation, safety 
features, cost, and other pertinent specifications. 

(3) Propose as many methods as possible. 

(4) Select what you feel to be the best method and make a design layout drawing, to scale. Make 
such views and/or sections as are necessary for clarity or description of the design. Dimensions 
need not be shown on the drawing. All necessary calculations for sizing of parts must accompany 
the layout. 

(5) Estimate the cost per unit. If the design is used, it is estimated that 10,000 units will be made. 

(6) Submit a report to management with the proposed design, briefly summarizing advantages, 
disadvantages, salient features of the design, cost, and your recommendation as to the desirability 
of pursuing the project further. 
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21. Automatic Control Preform Press 


A description of the mechanical operation of an automatic preform press is given on pages 10 and 11 of 
Design News, Volume 16, No. 2. The operation is summarized as follows: 

(1) A sliding block with an appropriate cavity to measure the proper volume of phenol resin transports 
the powder to a die chamber and ejects a completed preformed disk. A pneumatic cylinder operates 
the sliding block. 

(2) The die chamber is formed by the retraction of the lower ram. After dropping the powder into the 
chamber, the sliding block immediately moves back to its initial position beneath the hopper. 

(3) The upper ram then moves down, compressing the powder into shape at approximately 42MN/m?. 
The upper ram dwells for several seconds under load after which it rises. 

(4) The lower ram then elevates the completed preform to the table top and stays in position until the 
sliding block moves forward on its next cycle. 

(5) When the sliding block moves forward, its leading edge pushes the completed preform over the edge 
of the table to a conveyor belt. The lower ram then descends to form the cavity for the preform 
powder. 

The entire action is controlled by limit switches which energize the hydraulic and pneumatic circuits 
through solenoid valves. The timer is adjustable to allow for a variable dwell of the upper ram. The lower ram 
has an adjustable stroke which is varied by an adjustment screw. 

Providing for all necessary interlocks and safeties, design a control circuit to perform the required 
operations. The air cylinder uses plant air pressure, 600kN/m?. A separate electric motor and pump are 
required for the hydraulic cylinders. 

Manual operation should be provided for in case of a jam. 

415V three phase power supply is available. 


22. Automatic Auto-Throttle Control 


Since the construction of super-highways has been extensive and will increase in the future, longer 
continuous car trips are being made. 

The use of the present foot accelerator causes considerable fatigue to many drivers during long trips. A 
manufacturer of auto specialty parts has asked you as a member of its design staff to investigate the feasibility 
of installing a manually set, automatically released throttle to alleviate fatigue caused by use of the foot 
actuated accelerator. 

Submit a report of your feasibility study including the following items: 

(J) Make a preliminary sketch of a practical design which might be used. Safety features must be 
incorporated in the design. 

(2) Prepare a rough estimate of the manufacturing cost to produce your design at a rate of 10,000 
units per month. 

(3) Prepare a preliminary customer's manual giving a step-by-step procedure for installing your unit 
on a specific make of car. 
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The following projects (23 through 36) were used at Purdue University in an experimental design course 
by P. G. Reynolds of the E. I. duPont de Nemours and Company, Inc. 


23. Catalyst Injection System 


A continuous process for making a plastic requires injection of a catalyst into a pipe line at a uniform 
rate of 10cm? per hour against an operating pressure of 70MPa. This requires the time of one operator on a 
continuous basis to do the work by essentially a hand technique, so the operating superintendent has requested 
you to design a system to do this job automatically. Normally a run lasts for about 30 days before the unit is 
shut down for a catalyst change. 

Changes must be justified on a saving basis. Operation costs are £5000 per year per man and continuous 
operation requires 4 men per week on the basis of a 40 hour work week. A return of about 20% is expected on 
the investment because of the risk of early obsolescence. The return on investment should be based on a 
depreciation of 6% and a tax rate of 52% on the profits. 

Note: The information in the above paragraph can be used for problems 23 through 36 where labor 
savings apply. 


24. Safety Device on Powder Belt 


A belt 150mm wide is conveying black powder between two buildings 8m apart. The second building is 
a storage unit holding 2000kg of powder which may explode if there is a spark. It is necessary to design a 
mechanism which will cut the belt, shower the area with water and seal the hole in the baricade if fire becomes 
visible on the belt. 

The operating people indicate that about £20,000 is the maximum which can be spent on this type of 
device. Otherwise, an intermittent conveyor system can be justified. 


25. Bite-Wing X-Ray Assembly Machine 


Develop the design of a machine to assemble bite-wing dental X-ray films at a rate of thirty a minute. 
The machine should cut the film from a roll, wrap it with the covering materials, inspect it and collect the 
finished products in boxes of 100. 

This machine would do the work of 10 people using hand methods and must be justified on that basis. 
Determine the return on the investment on the machine. 

(The student should obtain samples of bite-wing X-ray film to see what is involved in this operation.) 


26. Bag Packing Machine 


Dynamite with the general characteristics of brown sugar is packed into Skg bags by hand. In order to 
handle 16,000kg/shift of the material, a five man operating group is required plus a one man truck to bring 
material and take away the packaged material. Two operators scrape up the material, put it into a bag and 
weigh it at the rate of 5 bags per minute for each operator. Two additional men then fold the bags shut and 
tape the tops closed. A final man takes the bags, puts then into a box, and tapes it closed. 

We have been asked to design a machine to do this work with one operator plus the truck driver. Please 
provide the optimum unit to do this job in terms of reliability and cost. 

Also investigate what is the most economical solution to the problem: complete mechanization or a 
combination of part mechanization and the rest hand labor. 
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27. 22 Cartridge Assembly Machine 


A munitions manufacturer decided that it would be necessary to modernize their production facilities 
for producing 22 calibre cartrdiges. About 20,000,000 cartridges per year are manufactured, of which about 
50% are long rifles and 25% each are longs and shorts. 

You, as the engineers, have been requested to develop preliminary designs for a machine to assemble the 
cartridges from the components and collect them in groups of fifty for boxing. The machine should have a 
capacity 50% greater than the annual requirements to take care of seasonal swings. It has been estimated that 
£300,000 could be invested in the machine if it did not require more than 3 operators per shift. Shells, bullets, 
powder and primers will be supplied as components to the machine. 


28, Automatic Tyre Mounting Machine 


Automobiles are being assembled at the rate of 40 per hour on an assembly line. This requires, by hand 
techniques, a crew of about 12 men for the tire installation on wheels. Design a machine for assembling 
tires on the wheels semi-automatically, requiring no more than two operators. Can the cost of the machine be 
justified by the savings? 


29. Tube Fitting Tester 


Hydraulic operation of equipment and servo controls requires the use of a large number of hydraulic 
fittings. In the field these fittings often leak and cause trouble even though tightened. We have been asked to 
work out some sort of testing machine which will take the many types of hydraulic fittings and test them to 
determine which would be most suitable for field installation. 

It has been decided that a maximum of £20,000 would be spent for the construction of such a unit. 


30. Refrigeration Unit 


A plant has a refrigeration load of 30,000kg/h in the summer met by evaporation of ammonia at a 
pressure of 170kN/m? gauge. It has been the practice to use this vapor in a process, but the operation is 
changed so this can no longer be done. During the summer, as a result of the decreased heating load, there is a 
large surplus of 100kN/m? gauge steam available for process use. Determine the most suitable system to 
handle this refrigeration load in terms of operating economy and develop the design and control system. 
Determine the cost. 


31. Circulating Pump 


An ammonia synthesis unit is being designed to produce ammonia at a pressure of 40MN/m?. This 
requires a circulating unit to process about 6m3/min of gas of approximately 75% N2 & 25% Hp at operating 
conditions. The pressure drop is 3MN/m? across the pumping unit. You have been asked to evaluate possibilities 
and propose a design which will cost less than £50,000 and result in the minimum operating and maintenance 
cost. 
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32. Wire Spooling Machine 


At the present time a plant is operating wire spooling equipment with 3 operators per shift around 
the clock to supply wire wound on spools. The wire is 1.5mm diameter copper with a 0.5mm thick plastic 
coating. The spools vary in length from 20m to 140m in 20m intervals. 40% of the spools are 40m in length; 
30%, 60m in length; 10%, 20m in length; and the remainder 5% each. We have been asked to design a machine 
which will produce 22 spools/min and convey them to another production machine and to operate with one 
man. This machine would normally need to operate only one shift. We are to work up the design of a machine 
which will do the work and can be justified on a monetary basis. 


33. Operator Protection 


A man is operating a press which has to produce 20—25 pieces a minute. The operator has to put in the 
fresh piece and remove the finished piece. Work out controls and protection systems which will eliminate any 
chance of the operator or his assistant getting hurt. Inadequate safety control has handicapped the machine to 
the point where we can only obtain 75% of its capacity. Can we justify the installment of the safety equipment? 


34. Paint Remover 


A new paint product is to be marketed which has outstanding life if applied over bare wood. To sell this 
broadly requires a device or technique which will rapidly remove old paint. This device must work at least 10 
times as fast as any presently available device and must be able to sell for no more than £40. Provide a solution 
to this requirement. 


35. Box Lining Device 


We are confronted with the problem of lining boxes, at the rate of 6 per minute, with wax paper. The 
boxes at present vary from 300m to 450mm width by 25mm variations and from 400mm to 600mm in 
length by 25mm increments. It requires three operators per shift to line boxes at this rate by hand techniques. 
The lining when folded into the boxes must provide a complete waterproof pocket and the edges must extend 
75mm beyond the edge of the box. Develop a machine to do this operation efficiently and determine whether 
it can be justified. 


36. 100,000 RPM Motor 


We have need for a prime mover to provide an output of a minimum of }kW at 100,000rev/min. It is 
possible to spend up to £10,000 to fabricate a unit to meet this requirement. If possible, a 1} kW motor 
would be desirable for general use and it could be used by the hundreds if it could be manufactured for as low 
as £1000 each. What could be provided? 
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AFBMA (Anti-Friction Bearing 
Manufacturer’s Association), 256 
AGMA, bevel gears, peak load rating, 243, 247 
worm gear power rating, heat dissipation, 251, 252 
wear, 250 
Allowable stresses, belt materials, 291 
bevel gears, 242 
helical gears, 235 
helical springs, 195—196 
shafting, 114 
spur gear teeth, 225 
worm gears, 249 
Allowable wear load, bevel gears, 243 
helical gears, 236 
spur gears, 227 
worm gears, 250 
Allowance, 18 
Alternating stresses, 73 
American Standards Association, 18 
Amplitude, vibration, 90 
Angular deflection, shafting, 116, 119 
Anti-friction bearings (see rolling bearings) 
Area moment method, deflections, 38, 39 
ASME Code, shafting, 113-120 
Assembly of shrink fits, 21 
Attitude (lubrication), 280 
Axial deflection, 37 
Axial loading, 8 
Axial pitch, worms, 249 


Back cone, bevel gears, 241 

Ball bearings (see Rolling bearings) 

Band brakes, differential, 181 
self-locking, 181 
simple, 180—181 
simple two-way, 181 

Basic hole standard, 18 

Basic size, 18 

Beams curved, 26 
curved, solved problems, 29—34 
deflections, area moment method, 38—39 
deflections, conjugate beam method, 39 
deflections, step functions, 40 

Bearings (see Rolling bearings, Journal 

bearings, Lubrication) 
Belleville springs, 192, 197 
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Belt drives, allowable stresses, 291 
angle of wrap, 290, 291 
flat belt stress equation, 290 
minimum pulley diameter, 291 
pivoted motor, 297 
power capacity, solved problem, 294 
power transmitted equation, 290 
shaft loads, solved problem, 293 
solved problems, 292—298 
supplementary problems, 298—299 
tension equation, derivation, 292, 293 
V-belts, solved problem, 295 
Bending, axial load, and torsion, 9, 10 
Bending moment diagrams, 11 
Bending moments, shafting, 115 
Bending stress, 7,8 
curved beam, 26 
Bevel gears, 
AGMA peak load rating, 243, 247 
AGMA rating for wear, 243, 247 
allowable stress, 242 
back cone, 241, 242 
classification, 241 
crown gears, 241 
durability by AGMA Standards, 
solved problem, 247 
dynamic load, 243 
dynamic load, solved problem, 245, 246 
endurance load, 243, 244 
external, 241 
face width, 242 
force components, 207—208 
formative number of teeth, 243 
hypoid, 241 
internal, 241 
Lewis equation, 242 
material factors, 244, 247 
pitch angle, 241 
pitch diameter, 241 
solved problems, 244—247 
spiral tooth, 208 
straight tooth, 207 
strength by AGMA Standards, 
solved problem, 247 
strength design, formulas, 242 
supplementary problems, 248 
transmitted force, 242 
velocity factor, 242 
virtual number of teeth, 243 
wear load, 243—246 
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Biaxial loading, 10 
Bilateral, tolerances, 18 
Birnie’s equation, 21 
Bolt loading, bolt joints in tension, 156 
external load, 156, 159 
fatigue strength, 158 
impact, 157, 162 
initial load, 156—157, 159 
joint separation, 156, 159 
nut height, 158 
resultant load, 156—157, 159 
Soderberg diagram, 162—164 
solved problems, 159—163 
stress, 161—162 
stress concentration, 158 
stresses in tension, 157 
supplementary problems, 163—164 
thermal expansion, 160 
torque, 157 
Brakes, band, 180—182 
coefficient of friction, 182 
definition, 178 
double shoe, 179 
external shoe or block, 178 
heat dissipated, 182 
heat generated, 182 
internal shoe, 180 
long pivoted shoe, 179 
rigid shoe, 178 
self-actuating, 178 
self-locking, 178 
single block, 178 
solved problems, 183—187 
supplementary problems, 188—189 
uniform wear, 179 
Buckingham, dynamic tooth load, 225, 236 
equation, spur gears, 225 
equation, helical gears, 236 
Butt welds (see Welded joints) 


Cc 


Castigliano’s theorem, 42—43 
Centroidal axis, 26—28 
Circular pitch, helical gears, 234 
spur gears, 222 
worm gears, 249 
Circulating power, planetary gear trains, 211 
Classification, bevel gears, 241 
Clearance, 18 
Clutches, coefficient of friction, 165 
cone, 166 
definition, 165 
multiple disk, 165 
solved problems, 168—176 
supplementary problems, 176—177 
torque capacity, 165—166 
Coefficient of friction, brakes, 102 
collar, 146 
disk clutch, 165 
in belt drive equations, 290, 291, 292 
journal bearings, 281, 284, 285, 288 
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Coefficient of friction (cont.) 
rolling bearings, 255 
threads, 146 
Column action, helical springs, 194 
shafting, 114 
Columns, critical load, 46 
end conditions, 46 
equivalent stress, 47 
Euler equation, 46 
factor of safety, 47 
J.B. Johnson formula, 46 
safe load, 47 
slenderness ratio, 47 
solved problems, 66—68 
supplementary problems, 71 
Combined stresses, solved problems, 8—15 
supplementary problems, 15—17 
Cone clutch, axial forces, 167 
friction radii, 166, 169 
power capacity, 107, 175 
torque capacity, 166, 173-174 
Conjugate beam, deflections, 39 
Couplings, axes collinear, 131 
axes intersecting, 131 
axes parallel, 131 
design based on friction, 132 
design based on number of bolts, 132 
Falk type, 134 
flexible, 131 
rigid, 131-134 
solved problems, 132—136 
supplementary problems, 137 
universal joint, 131, 135-136 
Critical damping, 90 
Critical load, columns, 46 
Critical speeds, 101 
Dunkerley equation, 102, 109 
first, 101 
flexible supports, 108 
frequency equation, 103, 108 
higher, 103 
influence coefficients, 103 
multi-mass, 102 
Rayleigh-Ritz equation, 102, 104 
second, 101 
shaft of constant cross section, 102 
shaft design, 121 
single mass, 101 
solved problems, 103—109 
supplementary problems, 110—112 
Crown gears, definition, 241 
Curved bar, strain energy, equation 
development, 48 
Curved beams, 26 
differential strain energy, 43 
formula development, 31—32 
maximum stress, 27 
neutral axis, 26 
section property, 27—28 
solved problems, 29—34 
strain energy, transverse load, 42 
supplementary problems, 34—36 
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D 


Damping, critical, 90 
equivalent, 89 
ratio, 90 
Deformation, rolling bearings, 257 
Deformation, area moment method, 38 
axial, 37 
Belleville springs, 197 
angular shafting, 116, 119 
Castigliano’s theorem, 42 
conjugate beam, 39 
development of shear equation, 56—57 
due to shear, 41—42 
effect of shoulders and grooves, 65 
graphical integration, 43—45 
helical springs, 192 
lateral, 38 
multi-leaf springs, 191 
shaft design, 121 
solved problems, 48—65 
step function, 90 
supplementary problems, 69—71 
tapered shaft, 65 
torsional, 37 
Deflection and buckling of 
machine members, 37 
Design process, 1, 2 
Dimensions, basic, 18 
Disk clutch, axial force, 165—166 
friction radii, 165, 169 
number of contact surfaces, 165 
torque capacity, 165 
uniform pressure, 165, 169 
uniform wear, 165, 169 
Dunkerley equation, 102, 109 
Durability, AGMA Standard for bevel gears, 
243, 247 
Dynamic capacity, rolling bearings, 258 
Dynamic load, bevel bears, 243, 245—246 
helical gears, 236, 238 
spur gears, 225 
worm gears formula, 249 


E 


Efficiency, screw mechanism, 146 
worm gearing formula, 251 
Endurance limit, 73 
Endurance load, bevel gears, 243, 244 
helical gears, 236 
spur gears, 226 
worm gears, formula, 250 
Endurance strength, 73 
finite life, 86 
Goodman diagram, 74 
Soderberg line, 74 
Energy, flywheels, 313, 314 
spring, 92 
Energy method, vibration, 92 
Engineering design, 1, 2 
Equivalent column stress, 47 
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Equivalent damping constant, 89 
Equivalent mass, 89 

Equivalent maximum normal stress, 76 
Equivalent maximum shear, 75, 76 
Equivalent normal stress, 75 
Equivalent spring constant, 89 

Euler equation, 46, 47 


F 


Face width, bevel gears, 242 
helical gears, 234 
spur gears, 222 
Factor, geometric, 72 
stress concentration, 72 
Factor of safety, column, 47 
variable stresses, 74, 75 
Fatigue, bolt loading, 158 
helical springs, 195-196 
machine members, 73, 74 
spur gears, 228 
spur gear teeth, 225 
welded joints, 306 
Fillet welds (see Welded joints) 
Finite life, 86 
First critical speed, 101 
Fits, 18—20 
Flexible supports, critical speeds, 108 
Fluctuating stresses, 73 
Flywheels, description of function, 313 
disk type, 313, 315, 320, 321 
rim type, 313, 314, 316, 317, 319 
speed fluctuation coefficient, 313 
solved problems, 317—321 
supplementary problems, 317—321 
Force analysis, helical gears, 234 
Force transmitted, vibrations, 91 
Forcing function, 90, 91 
Form factor, helical gears, 235 
spur gears, 227 
Formative number of teeth, bevel gears, 243 
helical gears, derivation, 237 
Frequency equation, 103, 108 
Frequency, natural, 101 
Frequency ratio, 90 
Frequency of vibration, fundamental, 92 
Friction, brakes, 182 
clutches, 165 
gears, 205 
rolling bearings, 255, 256 
threads, 146 
worm gearing efficiency, 251 


G 


Gear forces, components, 205 
bevel gear, components, 207—208 
friction losses, 205 
helical gear, components, 205—206 
planetary gear trains, 211 
solved problems, 212—216 
spur gear, components, 205 
supplementary problems, 217—221 
worm gear, components, 210 
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Gear teeth, formative number, 235 
virtual number, 235 
Geometric factor, 72 
Goodman diagram, 74 
Graphical integration, bending deflections, 
43-45 


H 


Heat dissipated, brakes, 182 
journal bearings, 284 

Heat generated, brakes, 182 
journal bearings, 278 

Helical gears, allowable stress, 235 
Buckingham equation, 236 
circular pitch, 234 
circumferential circular pitch, 234 
dynamic load, 236, 238 
face wdith, 234 
force components, 205-206, 234 
formative number of teeth, 235, 237 
form factor, 235 
helix angle, 234 
Lewis equation for, 235, 236 
limiting endurance load, 236 
maximum power, solved problem, 239 
module, 234 
normal circular pitch, 234 
normal module, 234 
pressure angle, 234 
solved problems, 237—239 
strength design, solved problem, 237 
strength equation, 235 
supplementary problems, 240 
velocity factor, 235 
virtual number of teeth, 235, 237 
wear load, 236, 238 

Helical springs, allowable stresses, 195—196 
buckling, 193 
deflection, 192 
fatigue, 195-196 
parallel, 193 
series, 193 
shear stress, 192 
spring ends, 194 
spring index, 192 
surging, 195 
Wahl factor, 192 

Helix angle, helical gears, 234 
threads, 145—146 

Higher critical speeds, 103 

Hypoid gears, description, 241 


I 


Influence coefficient, 103 
Installation of rolling bearings, 265 
Interference, 18 
Interference fits, Birnie’s equation, 21 
forces and torque, 21 
Lame’s equation, 20 
pressure, 20, 23 
stresses due to, 20 
tangential stress, 20—21, 23 
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J. B. Johnson equation, 46 
safe load, 47 

Journal bearings, attitude, 280 
bearing pressure, 278 
coefficient of friction, 281, 285, 288 
dimensionless parameters, 278, 279, 280 
eccentricity, 280 
end leakage, 282, 288 
film pressure, 278 
friction coefficient, 279 
heat dissipated, 284 
heat generated, 278, 286, 288 
imperfect lubrication, 278 
minimum film thickness, 280, 281, 282 
oil flow rate, 282, 288 
oil selection, solved problems, 286, 288 
perfect lubrication, 278 
permissible load, solved problem, 287 
Petroff’s equation, 280 
power loss, solved problem, 287 
Raimondi & Boyd design curves, 280 
Sommerfeld number, 280 
surface temperature, solved problem, 286 
temperature rise of lubricant, 283 
thick film lubrication, 278 
thin film lubrication, 278 
typical practice, 279 

Judgment in design, 1 


K 


Kennedy keys, 138 
Keys, design of square and flat keys, 
138-139, 141 

gib-head, 138 
Kennedy, 138 
solved problems, 141—142 
square, 138, 141 
supplementary problems, 143—144 
torque capacity in compression, 139 
torque capacity in shear, 139 
Woodruff, 138, 142, 144 

Kinetic energy, vibration, 92 
flywheels, 313, 314 


L 


Lame’s equation, 20 
Lateral deflection, 38 
shaft design, 121 
Lateral rigidity, shafting, 115 
Lead, worm gearing, 249 
angle, worm gearing, 249 
Lewis equation, bevel gears, 242 
helical gears, 235, 236 
spur gears, 224 
worm gears, 249, 250 
Limits and Fits, 18—25 
Loading, axial, 8 
Loose fit, 18 
Lubricants (see Lubrication, oils) 
Lubrication, film pressure distribution, 
277, 278 (see also Journal bearings) 
imperfect, 278 
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Lubrication (cont.) 
kinematic viscosity, 277 
lubricants, 276 
perfect, 278 
Saybolt Universal viscosity, 277 
solved problems, 285—288 
supplementary problems, 289 
thick-film, 278 
thin-film, 278 
viscosity, 276, 277 
viscosity vs. temperature, oils, 285 


M 


Machine design, defined, 6 

Machine vibrations, 89 

Magnification factor, 91 

Mass equivalent, 89 

Material factors, bevel gears, 244, 247 
worm gears, 250 

Maximum normal stress, 6 

Maximum shear, planes of, 7 

Maximum shear theory, general, 6 
shafting, 113 

Maximum stress, design, 6 

Maximum transverse shear, 8 

Mechanics review quiz, 2—5 

Metal fits, 18 

Modes of vibration, 92 

Moments, shaft bending, 115 
shaft torsion, 115 

Mounting rolling bearings, housing, 266 
shaft, 265 

Multi-leaf springs, bending stress, 191—192 
cantilever, 190 
deflection, 191 
extra full length leaves, 190-192 
semi-elliptic, 190 


N 


Natural frequency, 101 

Neutral axis, curved beams, 26—28 
Normal stress, equivalent, 75, 76 
Notch sensitivity, 73 


oO 


Oils, density vs. temperature, 277 
Saybolt viscosity number, 277 
Overhauling, threads, 146, 148, 151—152 


P 


Petroff’s equation, journal bearings, 280 

Phase angle, 91 

Pins, knuckle joint design, 139, 141 
tapered, 140 

Pitch, circumferential circular, 234 
normal circular, 234 
worm gears, 249 

Pitch angle, bevel gears, 241 

Pitch diameter, bevel gears, 241 

Plan of study, 5 


341 


Plane of maximum shear, 7 
Planes of zero shear, 6 
Planetary gear trains, circulating power, 211 
forces, 211 
Potential energy, vibration, 92 
Power screws, axial load, 146 
coefficient of friction, 146, 148—153 
efficiency, 146 
overhauling, 146, 148 
solved problems, 148—153 
supplementary problems, 154—155 
Power transmitted, belt drives equation, 290 
Pressure angle, helical gears, 234 
spur gears, 222 
Pressure in interference fits, 20, 23 
Principal stresses, 6 
Projects, 322—336 
Proportioning of parts, 72 
Punch press, design of flywheel, 315 


R 


Radial factor, rolling bearings, 
257, 258, 260, 261 
Raimondi and Boyd, journal bearing 
design curves, 280 
Rayleigh-Ritz equation, 102, 104 
Repeated stresses, 73 
Resonance, 92—93 
Reversed stresses, 73 
Review quiz, 2—S 
Rigidity, general, 37 
shafting, 115 
Rolling bearings, 
advantages and disadvantages, 255 
AFBMA recommendations, 259 
AFBMA standards, 256 
AFBMA static rating, solved problem, 268 
application considerations, 255 
basic load rating, 259, 260 
basic static load rating, 257 
coefficient of friction, 255, 256 
dynamic capacity, 258 
equivalent load, 259, 260, 264 
equivalent radial static load, 
solved problem, 268 
friction, 255, 256 
friction power loss, solved problem, 267 
friction torque, 256 
housing mountings, 266 
installation, 265 
life, 258, 259 
life conversion, 264 
life estimates, solved problem, 269 
permanent deformation, 257 
radial factor, 257, 258 
rating life, 259, 260 
seals, 266 
selection, general, 255 
shaft mountings, 265 
shields, 266 
specific dynamic capacity, 258, 269 
solved problems, 267—274 
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Rolling bearings (cont.) 
static capacity, 256, 268 
static equivalent load, 257 
static load, 257 
Stribeck’s equation, 256, 267 
supplementary problems, 275 
temperature, 266 
thrust factor, 257, 258 


s 


Saybolt Universal viscosity, versus 
kinematic viscosity, 277 
Sciences underlying machine design, 2 
Screw threads (see Threads) 
Second critical speed, 101 
Selected average interference, 22, 25 
Selective assembly, 22, 25 
Shafting, allowable stresses, 114 
angular deflection, 116, 119 
ASME Code, 113-120 
bending moments, 115 
column action factor, 114 
critical speed design, 121 
design equations, 113 
lateral deflection, design, 121 
lateral rigidity, 115 
machinery shafting, 115 
maximum shear theory, 113 
shock and fatigue factors, 113—114 
slope through bearings, 121 
solid vs. hollow, 113, 120-121 
solved problems, 116—127 
standard sizes, 115 
supplementary problems, 128—130 
torsional moments, 115 
torsional rigidity, 115 
transmission shafting, 115 
Shafts, critical speeds, 101 
Shear, planes of zero, 6 
Shear deflection, 41, 42, 56 
Shear stress, general, 7 
equivalent, 75, 76 
key, 139 
Shear theory, design, 6 
Shock and fatigue, shafting, 113-114 
Shrink fits, assembly, 21 
Single degree of freedom, 89 
Size basic, 18 
Slenderness ratio, columns, 47 
Soderberg, bolt loading, 162-164 
helical springs, 195 
line, 74 
Sommerfeld number, journal bearings, 280 


Speed, coefficient of fluctuation, flywheels, 313 
reducers, worm gears, solved problems, 252 


Splined connections, 140, 142 
solved problem, 142 
Spring constant, equivalent, 89 
Spring energy, vibration, 92 
Springs, Belleville, 192 
design, 190 


Springs, Belleville (cont.) 
energy stored, 193 
helical, 192 
multi-leaf, 190 
spring rate, 192-193 
solved problems, 198—202 
supplementary problems, 202—204 
Spur gears, allowable stresses, 225 
BHN, 227-228 
Buckingham equation, 225 
definitions, 223 
deformation factors, 228 
dynamic load, 225 
force components, 205 
form factor, 227 
fundamental law of gearing, 223 
interference, 223 
Lewis equation, 224 
permissible tooth error, 226 
pitch vs. tooth error, 226 
solved problems, 229—232 
standard modules, 224 
stress in teeth, 224 
supplementary problems, 233 
surface endurance limit, 227-228 
teeth proportions, 223 
terminology, 222 
tooth endurance strength, 225 
tooth strength, 224 
wear load, 227 
Square thread, 145 
Standard, basic hole, 18 
Standard sizes, shafting, 115 
Standards, AGMA for bevel gears, 243 


Static equivalent load, rolling bearings, 257 


Steady state vibration, 90 
Step functions, deflection, 40 
integrating, 41 
Strain energy, axial loading, 42 
bending, 42 
bending equation development, 48 
curved bar, 48 
curved beam, 42 
shear, 42 
torsion, 42 
transverse force, curved beams, 42 
Strength, factors influencing, 72 
Strength design, bevel gears, formulas, 
242, 245, 246 
helical gears, solved problem, 237 
spur gears, 224 
worm gears, Lewis formula, 249 
Stress, bending, 7 
concentration, 72 
concentration factor, 72, 74, 158 
disk type flywheel, 320, 321 
flywheel rims, approximate, 319 
Lanza equation for flywheels, 319 
maximum normal, 6 
maximum shear, 7 
minimum normal, 6 
principal, 6 
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Stress (cont.) 


shear, 7 

thick rim flywheel, 317 
thin rim flywheel, 316 
torsional, 7 


Stresses, 6—17 


allowable shafting, 114 

Belleville springs, 197 

bending, 8 

bending and axial loading, 9 

bending, axial load, and torsion, 10 

bending and torsion, 9 

bolts, 157 

bolts in tension, 157 

combined, solved problems, 8—15 

curved beams, 26 

due to interference fits, 20 

helical springs, 192 

in simple machine members, 
solved problems, 8—15 

multi-leaf springs, 191-192 

spur gear teeth, 224 

threads, 146 

torsion and axial load, 9 


Stribeck’s equation, derivation, 267 


rolling bearings equations, 256 


Study plan, 5 


is 
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U 


Uniform pressure, disk clutch, 165, 169 
Uniform wear, disk clutch, 165, 169 
Unilateral tolerance, 18 


v 


Variable loads, 72 
solved problems, 76—86 
supplementary problems, 86—88 
Variable stresses, 73 
equivalent normal stress, 75—76 
equivalent shear stress, 75—76 
factor of safety, 74, 75 
finite life, 86 
fluctuating, 73 
repeated, 73 
reversed, 73 
surface correction factor, 75 
V-belts (see Belt drives) 
Velocity factor, bevel gears, 242 
helical gears, 235 
worm gears, 249 
Vibration, critical damping, 90 
damping ratio, 90 
energy method, 92 
equivalent damping, 89 
equivalent mass, 89 
equivalent spring constant, 89 
force transmitted, 91 
forcing function, 90, 91 


free, 90 

frequency ratio, 90 
fundamental frequency, 92 
general procedure of analysis, 89 
kinetic energy, 92 


Tangential stress, interference fits, 20—21, 23 

Tapered shaft, deflection, 65 

Temperature, journal bearing, 283, 286 
metal fits, 24 

Threads, square, 145, 148 


angle normal to profile, 145—146 
bearing pressure, 147 

helix angle, 146 

lead, 146 

pitch, 146 

square, 145 

stress area, 147 

stresses, 146—147 

terminology, 145 

worm gearing, 249 


magnification factor, 91 
models, 92 

multi-degree of freedom, 92 
phase angle, 91 

potential energy, 92 
resonance, 92—93 

single degree of freedom, 89 
spring energy, 92 

steady state, 90 

steady state amplitude, 90 


solved problems, 93—98 
supplementary problems, 99—100 
transient, 90 

transmissibility ratio, 91, 92 


Thrust factor, rolling bearings, 
257, 258, 260, 261 

Tolerance, 18, 19 

Torque, disk clutch, 165 


keys, 139 Virtual number of teeth, bevel gears, 243 
splined connection, 140 helical gears, derivation, 237 
Torsion, 9 Viscosity, definition, 276 


Torsional deflection, hollow member, 37 kinematic, 277 
rectangular member, 38 typical oils, 285 
Torsional moments, shafting, 115 units, 277 
Torsional rigidity, shafting, 115 Ww 
Torsional stress, 7 
Transient vibration, 90 
Transmissibility ratio, 91, 92 
Transverse shear, maximum, 8 
Transverse shear stress, 7 


Wear, AGMA rating for bevel gears, 243 
Wear load, bevel gears, 243, 244, 245, 246 
helical gears, 236 
helical gears, solved problem, 238 
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Wear (cont.) 


spur gears, 227 
worm gears, formula, 250 


Welded joints, bracket design, problem, 


309, 310 
butt welds, allowable force equation, 301 
design for fatigue, problem, 311 
design formulas, 305 
fatigue strength, 306 
fillet welds, allowable load equations, 
301, 302, 303 
girder design problem, 311 
intermittent welds, 305, 306 
load distribution, 308 
maximum shear, 307, 308 
moments of inertia, 308, 309 
polar moments of inertia, 303, 304 
tule of thumb design, 306 
section moduli, 303, 304 
solved problems, 307—312 
supplementary problems, 312 


Woodruff keys, 138 
Worm gears, AGMA approx. proportions, 


solved problem, 252 


Worm gears (cont.) 
AGMA power rating, heat dissipation, 
250—252 
AGMA recommended proportions, 251 
allowable stress, 249 
axial pitch, 249 
circular pitch, 249 
description, 249 
design, solved problem, 252, 253 
dynamic load formula, 249 
efficiency formula, 251 
endurance load formula, 250 
force components, 210 
heat dissipation, solved problem, 252 
lead, 249 
lead angle, 249, 252 
Lewis equation, 249, 250 
material factor, 250 
pressure constant, 251 
solved problems, 252—254 
strength design, Lewis formula, 249 
supplementary problems, 254 
velocity factor, 249 
wear load, formula, 250 
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